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PREFACE.

THE Science of Optics is generally divided into two parts,

Geometrical and Physical. The former treats of the propa-

gation, reflexion, and refraction of rays of light according to

certain definite laws
;
the latter deduces those laws as con-

sequences of a certain hypothesis as to the nature of light,

and in addition explains numerous phenomena which geo-

metrical optics leaves unaccounted for. The main subject

pf this Text-Book is Physical Optics, but throughout I

have purposely avoided drawing a very decided line between

the physical and geometrical portions. For this course

there have been several reasons. The whole science of

geometrical optics rests on the rectilinearity of rays of

light. To explain the existence of these on the principles of

the undulatory theory is one great difficulty of physical

optics, and meets us at the very outset of the subject.

Many propositions deduced in books on geometrical

optics from the laws of the reflexion and refraction of rays

can equally well be established as direct consequences of

the undulatory theory, and these have been treated some-

what fully in the chapter on prisms and lenses, which has

thus travelled out of the region usually indicated by the

title of the book.
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Again, to understand at all the arrangements of ap-

paratus requisite for most optical experiments it is necessary

to have a clear idea of the action of various combinations

of lenses, and this has led to a detailed account of at least

two forms of telescope. Much that relates to the spectro-

scope and spectrum analysis is usually considered geo-

metrical. The physical cause of the dark lines in the solar

spectrum and the connexion between the various kinds of

spectra, however, form part of my subject, and accordingly a

considerable portion of the book has been devoted to

dispersion, achromatism, and the geometrical theory of the

spectroscope.

In only one or two sections of the book has any know-

ledge of mathematics beyond very simple trigonometry been

assumed. As a necessary result of this some of the methods

used will appear long and clumsy to those who are

acquainted with the differential and integral calculus. But

I wished to establish as rigidly as I could considering the

limits allowed me the fundamental principles of the sub-

ject, and to escape the necessity of begging my readers to

believe that, were those limits somewhat enlarged, I could

prove much of what they were asked to assume in reading

the book. Perhaps, however, it will be well for those who

are approaching the subject for the first time to take for

granted some of the propositions discussed in the earlier

chapters. The rectilinear propagation of light with the

laws of reflexion and refraction, and the explanation of the

existence of rays, are among the most difficult points con-

sidered, and they meet us at the very threshold in Chapters

II. and III. Those readers to whom these chapters

present great difficulties will find it best to assume at first

that we can show from the principles of the undulatory
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theory why light travels in straight lines and is reflected and

refracted according to certain laws. FresneFs theory of

double refraction too will, no doubt, present difficulties,

and the section dealing with it has been written rather with

the view of giving a physical idea of the subject to those

who have already attacked it from the mathematical stand-

point.

The proofs of the work have been read through and

corrected by my friend Professor Forsyth, of the University

College, Liverpool, and many improvements are due to his

suggestions. Mr. Merrifield, the general editor of the series,

has always been ready to help me with his kind advice
;

while the frequent references to the writings of Professor

Stokes, at whose request I undertook the book, will show

how much I am indebted to him.

Several sections that are new to the text-books have

been taken from the optical papers of Lord Rayleigh, while

for others I have to thank the MS. notes and lectures of

my friend and tutor, Mr. T. Dale, Fellow of Trinity College,

to whose teaching I owe it mainly that I have been able

to write the book.

My thanks are also due to Mr. M. Miley of Trinity

College, from whose photographs of apparatus in the

Cavendish Laboratory some of the woodcuts have been

taken.

TRINITY COLLEGE, CAMBRIDGE :

October 1882.
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PHYSICAL OPTICS.

CHAPTER I.

INTRODUCTION. WAVE MOTION.

c FORMS of energy
'

is a term used to denote most of the

branches of physical science at the present time. Light,

heat, and sound are forms of energy ; forms, that is, in

which energy is recognised by our different senses ;
and

many of the laws of optics may be deduced from the

fundamental principle of the conservation of energy. We
must, therefore, endeavour at the outset to form a clear

idea of what is meant by energy and the conservation of

energy.

According to the usual definition, that which changes or

tends to change the state of rest or motion of a body is

called force. When a force is applied to a body, then it in

general produces motion, and in so -doing is said to do

work. If the force is balanced by a system of other forces

there is no motion, and hence no work. The work done by
a force is measured by the product of the force multiplied

by the distance resolved in the direction in which the force

is acting through which it moves the point at which it is

applied.

The power to do work that is, to produce motion

against resistance is called energy ;
and a body may pos-
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sess this power from various causes and in various forms.

My arm is a source of energy. I can lift a weight from the

ground and place it at a height above, and in so doing I

shall have performed a definite amount of work --that is to

say, an amount measured by a certain number of units of

work
;
and when I have placed the weight at the required

elevation, my body has lost exactly that amount of energy.

In England the unit of work is generally taken as the

amount required to raise one pound (avoirdupois) through
one foot. If, then, we suppose the weight to be one pound,
and that I have raised it by the aid of some machine

through 32 feet, I have done thirty-two units of work in

raising the weight, neglecting for the present the work done in

raising my arm, and overcoming the friction of the apparatus,

and so forth. But these thirty-two units of energy have not

been lost. They exist in the weight and can be obtained

from it by allowing it to fall to the earth again. When the

weight is at rest at a height of 32 feet, its energy is said to be

potential, so far at least as it depends simply on its position

with reference to surrounding objects. But a body may
possess energy from other causes besides its position. A ball

fired from a cannon is a source of energy, and does work
when it strikes the target at which it is aimed. Its energy

depends on its momentum and its velocity, and is measured

by half the product of these two. Energy in this form is said

to be kinetic. All moving bodies possess kinetic energy. If

we suppose the weight dropped in a vacuum, then at each

instant until it reaches the ground it still possesses thirty-

two units of energy ;
but its energy is no longer all poten-

tial. Some of it depends on the motion of the body ;
and

this part is, we have seen, called kinetic. The rest is po-

tential, and the sum of the two is always equal to the

original energy of the weight, or thirty-two units. After the

body has dropped one foot it has one unit of kinetic energy,

thirty-one units of potential, and so on. If I had taken a

weight of m Ibs. and raised it to a height of A feet, the
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energy of the weight would be measured by m/i, or the pro-

duct of the weight multiplied by the height through which

it had been raised
; and if the weight be now allowed to fall

freely (and we neglect the resistance of the air), this will be

the constant amount of the sum of the kinetic and potential

energies. When the weight is just on the point of reaching

the ground, the whole of its energy is kinetic, and is exactly

equal to the potential energy of the body before it began
to fall that is, to mh.

But when the body has been reduced to rest by impact
with the ground, it appears to have lost all its energy. It

has no kinetic energy, apparently, for, so far at least as

we can see, it is at rest
;
and it has no potential energy, for

it can fall no further. Let us consider the question a little

more closely. When the body struck the ground there was

a considerable noise. Now sound being due to the small

vibratory motions of the particles of the air, these moving
particles possess energy, which they have acquired at the

expense of the falling weight. Besides, heat has been

produced by the impact, and heat is a form of energy,

being due, in fact, to the small motions of the mole-

cules of the heated body. Light, too, may have been

emitted if the impact has been sufficiently severe. Thus

the energy originally communicated to the weight by my
arm has been changed, first into the visible form of kinetic

energy, and then from that into the forms to which we

give the names of heat, and sound, and light ;
and if we

were to measure the energy in these three forms respect-

ively, we should find that the sum was just equal to that

originally expended in raising the body. The energy has

been transformed, but remains unaltered in amount. And
this is what is meant by the conservation of energy.

Professor Maxwell J states it thus :

' The total energy of

a body or system of bodies is a quantity which can neither

be increased nor diminished by any mutual action of these

1 Heat : Text-books of Science.
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bodies, though it may be transformed into any of the forms

of which energy is susceptible.'

We are to consider light, then, as one mode in which the

energy of a body becomes known to us
;
and luminous

bodies are those which are of themselves capable of chang-

ing part of the energy they possess or receive into this form.

Those bodies which possess the power of transmitting the

energy of light are said to be transparent. No known body
is perfectly transparent : all absorb some part of the light

which enters them that is to say, they change the light-

energy into some other form, usually heat.

The energy of a system, we have seen, is either potential

or kinetic Potential energy is due to the configuration of

the system and the forces between its various parts ; kinetic

to the motion of the parts. If, then, light is a form of

energy, it must be kinetic or potential, or a combination of

the two.

Now light is propagated from point to point in straight

lines with a definite velocity. This was first discovered by
a Danish astronomer, Olaus Roemer, in 1676, from observ-

ations on the times of eclipse of Jupiter's satellites. Motion

of some kind, then, is involved, and light-energy is not

purely potential. It is, therefore, either kinetic, or a com-

bination of the two. There are two methods in which

energy is usually transferred from point to point, and corre-

sponding to these two methods two theories have been pro-

posed to account for the phenomena of light.

A luminous body may be considered as a source of

energy emitting in all directions a number of material par-
ticles which travel through space with a definite velocity,
and carry with them their kinetic energy ;

endowed also,

it may be, with potential energy from the forces which

they exert on each other and on other forms of matter.

We must further suppose that when these particles come
in contact with the retina they give rise to the sensation of

vision.
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This is the basis of the emission theory, which was

elaborated at length by Newton, and by means of which he

was enabled to explain the phenomena of the rectilinear

transmission, reflexion, and refraction of light.

It has also been applied to explain other optical prob-

lems, but each new explanation required additional hypo-

theses, until at last they grew so numerous that, to quote
from Verdet's Introduction to the works of Augustin Fres-

nel,
' To overturn this laboriously built scaffolding (penible

hhafaudage} of independent hypotheses, it is almost sufficient

to look them in the face and try and understand them '

(Verdet :

'

CEuvres,' tome i. 344). In fact, the emission

theory has failed to stand the test of a crucial experiment

devised by Arago.

Another method, however, in which energy is trans-

mitted, is known. Sound is a form of energy, and there are no

moving particles emitted from the sounding body so as ulti-

mately to reach the ear. The surface of a sounding body is in

a state of rapid vibratory motion, each particle of which it is

composed performing a series of small oscillations about its

position of equilibrium. The motion is communicated to

the layer of air in contact with the body, and from it to the

next layer, and so on to the next until it reaches the ear
;

and setting the tympanum in vibration produces the sensa-

tion of sound. In this case, each particle of air moves

backwards and forwards about its position of rest in the

same direction as the sound travels.

This is not always the case in wave-motion
;
the directions

of vibration and transmission are sometimes at right angles

to each other. We will take an illustration. Suppose we
have a file of men of the same height. Let the first man, A,

bend his knees and move his head gradually downwards for

5" ;
then let him recover his original position during the

next 5". When he has been moving for i", let the next

man, B, begin to do the same. After another second let c

follow, and so on. And suppose that ABC, &c., return to
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their original positions after moving each for 10", and

remain there.

Thus a depression is formed in the line of the men s

heads which travels onwards so as to pass from one man to

the next in one second. A wave is propagated along the

column. Each man's head moves a short distance at right

angles to the direction of wave propagation, and then re-

turns to its original position.

FIG. i.

E ...
D 5 Seconds

B
'

A

*
B *lO&cmtk

A B C D E

J&jSeeads

Now let us suppose that instead of a number of inde-

pendent beings, each moving in obedience to a common

command, we have a series of material particles, ABC,
lying initially at rest in a straight line. Let us move A in a

direction perpendicular to this line, and suppose that there

is some connection between A and B, and that when A has

been in motion for i", it draws B after it, causing B to

begin to move at right angles to the line ABC just as A had

done i" previously. Suppose, further, that when B has been

in motion for i" it produces the same effect on c. Our
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line of men is replaced by this series of particles, and fig. i

represents the particles after 5", 10", 15" respectively.

Thus in virtue of the action between the particles the

wave of depression, carrying with it its energy, is transmitted

along the line.

The state of things described in this illustration can be

realised approximately at least by experiment. For take a

long elastic tube and fill it with sand. Suspend one end

from the ceiling and let it hang vertically, the other end

being closed. The sand renders the

motions of the tube slower, and so

makes them better visible to the eye.

Take the lower end in the hand and

stretch the tube slightly. Jerk the tube

at right angles to its length, bringing the

hand back to its original position. By
this time a portion of the tube A B will

be in motion, and the form will be as

in fig. 2. If the hand remain at rest

the displaced portion B A will appear
to run along the tube; the form after

an interval will be as in fig. 3. The

space A B corresponds exactly to the

depression in our column of heads or

low of particles. A has moved exactly

as the particle A in fig. i, only probably
at a greater rate, and its motion is fol-

lowed by all the particles above it ; the energy communi-
cated to A exists partly as potential, partly as kinetic, in the

space A B, and is transmitted along the tube.

So far we have supposed the head of our first man or

our first particle A to remain at rest after the one excursion.

Suppose now that instead of coming to rest the motion is

in each case continued upwards in the same manner as

previously, and let us consider the particles. The particle

A reaches its original position after an interval of 10" ; it
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continues to move upwards for 5", then comes to rest for an

instant, and finally returns to its original position. At the
j

end of the eleventh second B has reached its first position, i

but as before it is drawn on by A, and in its turn draws c <

on after it, repeating again the motion of A at an interval of

i" later.

FIG. 4.

lOSeconds

jffStctteda

20Seconds

C *

^ ^
25 Seconds

A *

Thus the wave of depression is followed by one of ele-

vation of exactly similar form, to be followed by a second

depression, if we suppose the vibratory motion of A to

continue. Fig. 4 gives the arrangements of the particles at

intervals of 5", and we see that the energy communicated
to A is thus transmitted from particle to particle along the
line. Each particle moves backwards and forwards through
a small distance

; the form of the system of particles travels
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on uniformly in a direction at right angles to the motion of

the individuals. We can realise this state of motion with our

tube. For the present we will suppose it of very great

len crth_the reason of this will appear shortly.
'

The first disturbance was caused by jerking the tube to

the right Instead of allowing the hand to remain at rest

in its original position,
let this jerk be followed by an

exactly similar one to the left, occupying the same
^

length of time. The first disturbance to the right

will be followed by an equal one to the left, travel-

ling up the tube at the same

rate. This will be succeeded

by a disturbance to the right,

if we suppose the hand again

moved in the same manner ;

and by thus moving the hand

backwards and forwards in

equal periods of time, a series

of waves is propagated along

the tube.

Let T be the time of a

complete oscillation; then

fig. 5 gives the form of

the tube at times o, I, r.

Each particle moves through

a small distance about its

position of initial rest; the

form of the wave is transferred onward at a uniform rate,

carrying with it the energy communicated to the end

the tube. This rate is the velocity of the wave,

length X is the distance traversed by the disturbance

a complete time of vibration T" or BB', fig. 5 (
r
)-
^l l

take any point P, fig. 6, on the tube at any instant, and

let us move along the tube till we reach the next poirt P,

which is moving in exactly the same manner as P, then r
,
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previously the motion of P, was exactly the same as it is at

the time considered, and this motion has been transferred

to P'; therefore PP' = X, and the wave length is the distance

between any one point and the next point on the tube,

which is always moving in exactly the same manner. Again,

- previously to the given instant the motion of P was ex-

actly opposite to that which it has at that instant, so that if

we draw PN perpendicular to the undisturbed position of

the line, and produce it to Q, making NQ = PN
; and sup-

T"
pose that P is moving in direction NP, then -

previously P

was at Q, and was moving in direction NQ. By the time

considered this motion of P has travelled a distance -

up the tube. If then R be a point midway between P

and P' the motion of R is exactly opposite to that of P

or p'. Thus in wave motion the displacements and velo-

cities of two points at distance A. apart in the direction in

which the wave is travelling are always the same in amount

and direction, while the displacements and velocities of

two points
-

apart are equal in amount but opposite in

direction.

It follows, further, from this that two points separated by

any multiple of a complete wave length are at each instant,

after the disturbance has reached the more distant, moving
in the same manner, while two points separated by an odd

multiple of half the wave length are moving in opposite

manners; that is, their displacements and velocities are equal
in amount but opposite in direction. The amplitude of a

vibration is the greatest distance which each particle moves
from its first position. When two points are moving in

exactly the same manner they are said to be in the same

phase. Two points whose original distance apart is a wave-

length, are always in the same phase. If the original
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distance between the two is half a wave-length, the points

are always in opposite phases.

It has been necessary to consider the tube as of in-

Idefinite length, for otherwise after no very long time the

^disturbance would reach the fixed end, and the motion

Iwould become more complicated. We could show that a

jj
certain condition must hold between the time of vibration

land the length, thickness, and material of the tube, in order

|
that such a system of waves as here described may continue

I to traverse it, but this is not requisite for our present purpose.

We have here considered the case of a wave travelling

along a single tube or string in a direction transverse to that

of the motion of the particles which compose the string.

Let us now suppose we have a large number of such

tubes all exactly alike, suspended so as to hang vertically

with their ends all lying in the same horizontal plane.

Suppose, further, that these ends are connected to a plane

piece of wood in such a way that the strings remain parallel

Make the wood oscillate backwards and forwards in time T

in its own plane, so that each point describes a small straight

line. The end of each of the tubes will perform small os-

cillations perpendicular to the length of the tube, just as did

the end of a single tube in the previous section. A series

of waves such as is there described will run along each of

the tubes.

The motion of any point on one of the tubes depends

only on the time and its distance from the end. Hence if

we take any horizontal plane the motion of the points in

which this plane cuts the several tubes will be at each instant

the same for all the tubes, for these points are all equi-

distant from the ends of their respective tubes. Such
a plane constitutes a wave surface. Moreover, the tubes

,-ays remain parallel to each other two points on the

same horizontal plane on any two tubes are always the same
distance apart. If then one tube were initially in contact

with the next, each tube would move independently of the
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other, but they would always remain in contact throughout

their length ;
and if P, P' be contiguous particles on two

tubes at first, P, P' remain contiguous. If we therefore sup-

pose the whole space above our horizontal board filled with I

these tubes, the motion continues as before ;
and if, further,

the contiguous tubes become united along their length,

this will not alter the effect. We have thus arrived at

the conception of a rectangular prism of elastic material,

bounded in one direction by an end perpendicular to its

length, extending indefinitely in the other. The end of

this prism is made to vibrate in its own plane in period r.

Each particle in the plane moves through the same amount

and in the same direction, and in moving draws after it the

particle which originally was immediately above it. The
motion is thus communicated to the next layer of particles,

and from that to the succeeding, and so on.

At any instant all the particles lying in any plane parallel

to the end of the prism are moving in the same manner. A
series of plane waves is said to be travelling through the

prism in the direction of its length, and the direction of the

displacement of each of the particles lies in the wave surface

through the particle, and is perpendicular to the direction

of propagation.

Moreover, if X be the wave length or distance traversed

by the disturbance in the time of vibration, the motion in

any two planes parallel to the end of the prism separated by
a multiple of X is the same at each instant, while the motion

throughout two planes separated by an odd multiple of - is

at each instant the same in amount though opposite in

direction.

The energy communicated to the board exists at any
future time throughout the column of elastic substance, and
travels along it at a uniform rate.

We have thus been led to recognise a second method in

which energy may be transmitted from point to point that
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;'3f 'Wave Motion.' Sound energy travels thus. The sequel

will show us that light also travels in waves.

We have already considered two kinds of waves. In

Ijthe one, sound waves in the air, each particle oscillates in

:the direction in which the wave is moving. In the second

the motion of the particles is perpendicular to that direction.

[Light waves, as we shall see, are of this latter class.

For simplicity we supposed that each particle moved

backwards and forwards in a straight line. This is by no

imeans necessary, and in fact is not usually the case. In

[waves in water the various particles describe curves, fre-

squently circles or ellipses in vertical planes, parallel to

ithe direction of propagation. In light waves the motion of

! any particle is confined to the plane perpendicular to the

(direction of propagation, which passes through the particle,

but may be any small vibration in that plane. To recur to

iour vertical tube, instead of making my hand move back-

wards and forwards in a short horizontal straight line, I may
make it describe a small horizontal ellipse or circle or other

curve. Each succeeding particle above will describe a

similar curve in due time, and the transmission of the energy
will take place as before.

CHAPTER II.

THE RECTILINEAR PROPAGATION OF WAVES.

WE have said that the phenomena of light may be ex-

plained on the hypothesis that they are due to wave motion ;

and we are met with the question, What is the substance

whose motion constitutes light ?

Sound waves are transmitted by the air, but light travels

through space unoccupied by air or indeed by any other

medium the presence of which we can recognise directly.

We therefore make the hypothesis that there exists every-
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where a medium capable of transmitting light vibrations, \

and this we call the ether. We are not sensible of its presence

by its taste, or touch, or smell, or by any direct experiment

We cannot see it, although we believe that without it there

would be no seeing. We cannot weigh it, neither can we

say it has no weight. It exists, we shall suppose, between us

and the furthest star. We see a star because it has set the

ether round it in a state of vibration, communicating to it

energy which has travelled in waves in all directions from

the star. Some portion of this energy reaches our eye,

and thence our brain, producing the sensation of sight.

Further on we may discuss the reasons we have for believing

in the existence of the ether. For the present we shall treat

it as an hypothesis, and attempt to explain by it the results

of various optical experiments.
This is the method we adopt in Physical Science. For

example, we have no direct proof of Newton's laws of

motion. Our first rough experiments lead us to infer that

they are probably true. We apply the laws to the solution

of more difficult problems and compare our results with

observation, as for instance in the calculation of eclipses.

If in a large majority of cases we find agreement between

theory and experiment, our belief in the foundations of the

theory is strengthened, and may for all practical purposes
become a certainty.

And so for the present we start with this hypothesis.
We shall, moreover, assume that the motion which con-

stitutes light takes place entirely in the front of the wave,
that is, perpendicularly to the direction in which the light is

travelling. Later on we shall be able to show that if light is

due to a vibratory motion at all this must be the case.

The phenomena to which we shall first apply the theory
can be explained equally well without this second supposi-
tion

; it is true, however, and serves to keep our ideas clear.

We therefore make it.

This ether, then, is a substance filling space and capable
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jof transmitting wave motion. Its properties are modified to

4some degree by those of the material substance which exists

Twith it in any portion of space. There is ether in what we

'jteall
a vacuum

; there is ether equally in air or glass, the

Aether helping to fill up the interstices between the molecules

^of air or glass. Some of the properties of the ether differ

!jin the air and in the glass, among them the rate at which
:

light energy is transmitted through it
;

still it is the same

'iiether. In a perfectly opaque body, the ether, if it exists,

has ceased to have the power to transmit light vibrations
;

'at present we confine ourselves to transparent media.

A luminous body sets the ether round it in vibration ;

ahis moving layer communicates its motion to the next, and
- so on, and the light is thus transmitted from point to point

i;with a definite velocity.

Our earliest observations teach us that light travels in

{straight lines. An opaque obstacle placed between our eye
land a source of light obscures the light and casts a shadow,
and if the source of light be small and we draw straight

\ lines passing through it and the edge of the obstacle, and

jproduce them to cut a screen behind the obstacle, we shall

,get very approximately at least the outline of the shadow
which is thrown upon the screen.

How does the wave theory account for this, the recti-

i linear propagation of light ? Why does not the light bend

[round
corners as a sound does ? A beam of light coming

: through a hole in the shutter in a darkened room casts a

bright spot of light on the opposite wall and leaves the rest

! almost as dark as before, while a sound made outside is

[heard almost equally well at all points in the room. If the

I two the light and the sound are both forms of energy,

transmitted by wave motion, how is it that there is this great

difference ? Huygens, the real founder of the undulatory

[theory, failed to explain this, and it was Newton's great

objection. It was this difficulty which led him to espouse
so warmly the cause of the emission theory. Perhaps further
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illustration will make the difficulty more apparent. For this

purpose let us return to our tube. If I cause the free end

to vibrate slightly, this motion is taken up by the nexl

particle and transmitted in a straight line it is true
;

bul

suppose I have a large number of these tubes hanging side

by side, if they are all independent the motion of the end

of any one is transmitted, as before, along that tube. Is this

necessarily the case when the tubes are all connected ? Lei

A B, fig. 7, be two adjacent points in the horizontal plane

FIG. 7.

which forms the ends of the tubes, the ends of two ad

jacent tubes in fact, AJ A 2, etc., BJ B2 points on the tube

vertically above A and B respectively. If A and B are un

connected the motion of A is transferred in order to A
t
A

5

that of B to B! B 2. Is this still the case if A B, A, B,, etc., al

form parts of the same connected body ? or is the motioi

of A! affected by that of B, and the motion of BJ by that c

A, and if so, in what way ?

Or again, consider a plane of particles A B c, fig.

Suppose every particle in that plane is vibrating in the sam
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[way, after a definite time the motion of the particles will

rhave been transferred to a parallel plane A' B' c'. Suppose

.that by some means I stop the motion of all the particles

,in a small area D of the plane ABC, what portion of A' B' c'

will this effect ? Shall I be right in drawing a line from D

: perpendicular to the planes to meet A' B' c' in D', and

saying that there will be no motion near D'? This would un-

> doubtedly be the case if the motion of each point were

r transmitted perpendicularly to the wave surface, so that the

i motion round D' would be due entirely to the motion of D,

[but it is not necessarily so if the motion at D' is partly due

to that of the rest of the original plane. Or suppose we
i have but one particle of ether originally set in motion and

Imade to vibrate. It is surrounded on
FIG g

all sides by other particles, and in moving

jmust affect them all in some way. Its

[
motion is transferred to all surrounding [ [

o

I it, and they begin to move. These par-

ticles all lie, it may be supposed, on a

I very small sphere, with the original par-

i tide as centre. From this sphere the

disturbance is transmitted to an adjacent

one concentric with it, and so travels outwards in spherical

waves. All the particles which at any instant lie on a sphere

with the original particle as centre are moving in the same

manner. They are therefore on the same wave surface.

Now take at any instant a point P, fig. 9, on one of

these spheres. Let o be the original particle and let o P cut

an inner sphere in p'. The motion of P is due in some way
to the motion which at some previous time existed through-
out the surface of the inner sphere, but is it due to the

motion of P' alone, or have the other portions of the inner

sphere each contributed their effect to the disturbance at p ?

A single particle at o gives rise to these spherical waves

travelling outwards. Any one particle on the inner sphere, as

p', resembles o in being in vibration. We ought then in

c
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justice to consider it as a centre of disturbance emitting

spherical waves, and contributing its share to the motion of p.

That motion then depends not on p' only, but on all points of

the inner sphere.

In our illustration we considered a point as connected

with a series of others all lying on a straight line alongi

which alone the disturbance travelled. We ought really to!

treat each point as being connected with every other point!

in space. The particles lying on a certain wave front are in

motion, and we wish to find the effect somewhere else, at
a|

point P say. We must suppose, as it were, a series of stringsj

drawn from this point to each particle on the wave
front.)

A wave such as we have been considering travels dowr

each string, and we must combine the effect of the whole

to find the total disturbance at p.

Now suppose o to be a luminous object emittinj

approximately spherical waves, and P my eye, and suppose

that I cannot get quite close to o to find out what is happen

ing there, but that I do know all about the motion of ever)

particle of ether lying on a certain sphere with o as centre

the radius of the sphere being less than o P. To find tht

effect at P, I suppose each element of this sphere to be

centre of disturbance sending waves to P. Now the effec

produced is tha I see o in the direction p o. The ligh

appears o me to come along o P only, and not along
number of lines from all points in the inner sphere. Thi;

sphere is invisible
;

it is not luminous. If the effect a

p is really due to the disturbance at all points of the inne

sphere, and the effect of a vibration of the ether is' to pro
duce vision, how is it that I see, not this sphere, but onl

the point o ? The wave theory apparently leads me to trea

the disturbance at p as due to something at all points o

this inner sphere that is to say, all points of this spher
send light to P, and yet I do not see it.

But further. Suppose o p cuts the inner sphere in p

and I place there an opaque obstacle. This quenches th
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'ibrations of P', and prevents them being transmitted
; but

t does not affect the motion at other points of the sphere.

Chese all send their effects unaltered to p. It would appear
hat the result at P could not be much different from what

it previously was. The effect at P, we have seen, is the sum

t>f
the effects from all the very small elements of the sphere.

: have destroyed a few of these elements it is true, but only

i few. We should apparently be led to expect that I should

inly have altered by a small fraction the effect at P. But

he most superficial observation teaches us that I have

changed the whole effect When I place the small obstacle

>et\veen my eye and the source of light, I cease to see that

source. Destroying P' I destroy the whole. The effect of

ihe rest of the sphere appears to be nothing compared with

that of P'. How, then, can light be energy transmitted by
rave-motion ? Had o been a source of sound and P my
>ar, P' an obstacle to sound a sand-bag, for example the

esult would have been different. The interposition of P'

vould have produced but little effect. The ear at P is con-

scious of a sound coming to it in a general direction, but

lot from a particular point. The sound may be due to the

notion of all points on the inner sphere. Can this be the

jase with the light ?

Light casts shadows
; sound, apparently, does not. Are

hey both transmitted by wave-motion? This difficulty,

then, of the rectilinear propagation of light must be ex-

Dlained before we can proceed further.

We have seen that we ought to consider the total effect

it any point as the resultant of the effects produced by all

the elements of a previous wave-surface.

How, then, are we to find this resultant ? P is a point

:o which various centres of disturbance are sending waves,

fahat is the motion of P ?

Let us suppose that we have but two centres of dis-

urbance, A and B (fig. 10), and that, under the influence of

^ alone, at a certain instant P would be at P'
; while, if B

C 2
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only had produced its effect, P" would at that instant be
thej

position of P
;
P P', P P" will generally be in different direc-i

tions. Let P
t
be the actual position of P. The displace-'

ment of P, due to either A or 1

B, depends on the time and

the distance of P from A or B

respectively. Now the motion

considered is very small, in

the case of light not more than

00005 centimetres
;

so that

p p', P P", are small compared
to A P or B P. Hence, B p and B p' are very nearly equal,

so nearly that we can neglect their difference when compared
with either of them. Now p P", P' P, represent respectively

the effects due to B in the first case when A does not produce

any effect, and in the second when it does.

p' P! depends on B p' in just the same way that P P" does

on B P. In mathematical language P' Pb P p" are the same

functions of B p' and B p respectively, but B p' is almost equal

to B P. Hence P P" and P' p
t
are nearly equal and parallel,

and PP' P! P" is a parallelogram very approximately. Thus,
to find the effect due to the two centres of disturbance,

determine the displacements at any instant due to the two

centres separately and complete the parallelogram, of which

they are adjacent sides
;
then that diagonal of the parallelo-

gram which passes through the position of rest of the

particles gives the resultant effect. We combine these dis-

placements as we do forces in statics, and velocities or ac-

celerations in dynamics. If there be .three or more centres

of disturbance we proceed in the same way.
We have considered the general case first, in which the

displacements due to A and B respectively are inclined to

each other at any angle. Let us now limit this, and suppose
that these two displacements are in the same straight line.

If they be in the same direction, the resultant will be the

sum of the two
; if in opposite directions, the resultant will
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E the difference. Let us call displacements in one direc-

on positive, in the other negative ;
then the effect produced

y the combination is always the algebraic sum of the indi-

idual displacements. If under the influence of A only, the

article would, at a given instant, be at a distance of one

ich from its original position ;
while at the same instant,

nder the influence of B, its displacement would have been

lalf-an-inch, then the resultant displacement is an inch and

half.

So far A and B have been any two centres of disturbance

mitting waves. Let us now suppose the time of vibration and

rave-length to be the same in the two. Then the velocity

if propagation will also be the same. Let X be the wave-

ength, T the periodic time. Recurring to our former figure,

kfter an interval r, the displacement due to A is again

epresented by P p'
;
that due to B by P P". The resultant

displacement of the particle is, therefore, again p p,, and its

velocity is the same as at the beginning of the interval r.

The same is the case after a second interval r. Thus the

motion of the particle repeats itself at equal intervals of

ime, r. The resultant motion is a small oscillation. Two
craves of given period and wave-length combined produce
it the point p the effect of a single wave of the same period

md length. If the displacements due to A and B be not in

he same straight line, the resultant motion will not in

general be rectilinear ; P! will never coincide with p, but

will describe a small curve, which we may show is an ellipse,

ound P as centre. If, however, P P', p p", be in the same

itraight line, the resultant motion is in that line also ; and,

as before, the motion is the algebraical sum of the motions

due to A and B respectively.

If we consider the position of the particles initially lying

on the line A p, they will at any instant form a curve as

n
fig.

1 1.

After an interval -, fig. 12 will give their positions.
4
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The curve is the same as fig. n, but it has been pushed

forward a distance ,
and it has travelled this distance in

4

time -. It has then travelled on with a velocity -, and
4

if we know the form of the curve at any moment, we can

FIGS, ii and 12.

find its form after an interval of t" say, by supposing it to

be pushed onwards for the /' with this velocity.

This curve is called the displacement curve. We may
suppose it constructed for each instant of time during the

interval considered. The ordinates of the several curves

corresponding to the same abscissa, A p, give the displace-

ment of P at the instant for which the curve is drawn.

Let -us construct, also, the displacement curve for the

disturbance from B, corresponding to the same instants of

time, and find the ordinates of the same point, p, at those

FIG. 13.

instants. Combining these with the results for the dis-

turbance from A, each with each, we get the resultant dis-

placement. This construction is true always.

If, now, we suppose that the waves emitted from B are

the same in length, period, and also amplitude, as those from

A, the displacement curve for B is the same in form as that

for A. The two, however, differ in position with respect to
the point p. This is shown in

fig. 13. The upper curve
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iives the motion arising from A, the lower that from B. The

wo curves are the same in form. The second might have

j>een obtained from the first by moving it vertically down-

Lards so as to bring the horizontal line A P to position

[ P ;
'and then, moving it horizontally onwards, so as tc

Kg A into coincidence with B, through a distance (*, sup-

hose! equal to A P-B P. Now, if we know the motion of a

boint at any instant, we have seen that we can find its motion

ft a future time by drawing the displacement curve at the

tiven instant, and supposing it to move forward with

[elocity
X

,
so that it will move over a distance x in time

The displacement curve for B is identical in form and

position with that of A, at a time
T
- previously.

That is

to say, the motion of P due to B is at each instant the same

|

as that due to A at time ~ previously.

Now suppose * =
\,

then ^ = I. Hence the mo-

tion due to B is the same as that due to A half a period

previously.
But the motions of a point at two instants

differing by half a period are exactly opposite. Since, then,

this distance x is equal to
\

the motion of P due to B is

I always exactly opposite to that due to A, and so, on the

I whole, P never moves.

Thus, provided A P - B P is equal to -, the poL

mains at rest, though the waves pass over it. The same is

true clearly if A P - B P is any odd multiple of ?
for the

motions of a point are opposite,
*t all times

an odd multiple of a complete period ;
bi

to B is the same as that due to A at a time ^ previously.
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If then oc =
X, the motion of B is the same as that

due to A at a time
2- r previously ; that is, is opposite

to that due to A at the instant considered. Hence on the
whole P has no motion.

If again we had supposed that x or A P B p was a

multiple of A, the motions arising from A and B
respectively

would have always been identical, and the resultant motion
would have been double of either. In the general case the

resulting motion (at a point) due to two centres of disturb-

ance, each sending waves to that point, is to be found by
determining the motion due to each

separately, and com-
pounding the two. If the displacements of the point due
to each centre be in the same straight line, the resulting
motion is the sum of the two individual motions. If, further
the two centres of disturbance be identical, the total dis-
turbance may at most be double that due to either, and in
this case the difference of the distances of the point con-
sidered from the two centres is a multiple of a wave length
or, which comes to the same thing, an even multiple of half
a wave length, while if the difference of these two distances
is an odd multiple of half a wave length, the resultant dis-
turbance is nothing. In any case the two waves are said to
^nterfere. The result of interference may be to augment the
.fleet due to each source

separately, or it may diminish the
:ct and in some cases destroy it altogetherWe must notice

carefully that if at a point p the condi-

tion AP - BP = i_J X is
fulfilled> that poim

.

s always
at rest

; if A P - B P = * X, then P oscillates in the same time
with tvvice the velocity' and

We may realise this interference phenomena easily witha bowl of water, or, better
still, of mercury. On making ar

indentation in the surface, or dropping Lie small obje"
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\
we get a series of waves diverging in circles from the

iint. The surface of the liquid is ploughed out into a

jimber of crests and furrows.

ij If we start two series of waves by making two indenta-

hns, the resultant motion will be due to the combined

beets of the two. Where crest meets crest, or furrow fur-

Lw, the effect is doubled, at these points the elevations are

Lice as high, the depressions twice as deep as when we

Ll but one series ;
while at the points in which the crest

a wave coincides with the furrow of one from the other

Litre we have no effect, the level of the water is unchanged.

Let us call A and B the centres of disturbance, P any

then if X be the wave length and P be such that

_ B p = 2 n + I

X, P is always at rest.

oint

If we give n a definite value we know that P lies on an

yperbola with A and B as foci, and by putting n equal to

, i, 2, 3, 4, etc., in turn we get a series of hyperbolas which

re all lines of no motion so long as the disturbance lasts.

In the space between these lines the surface fluid oscil-

ates up and down, being at times above, at times below the

nean level.

The motion is greatest along another series of hyper-

Dolas given by AP-BP = X when n has any integral

/alue including zero. We get these interference pheno-

mena without making a second disturbance on the surface

between the waves reflected from the sides of the vessel, and

:he original system, but it is more difficult to calculate the

form of the lines of rest.

The tides on the ocean are a series of waves of periodic

time, about \2\ hours, and at some ports the tidal effects are

considerably modified by interference. This is notably the

case at Batsha. The tidal wave reaches the place by two

passages of so unequal a length that it occupies about six

hours more in travelling through the one than through the

other. The time of high water for the tide coming by one
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passage nearly coincides with that of low water for the othe

and so the only effect is the difference of the two due to th

two passages respectively. Now this difference is very smal

and hence there is but little rise and fall of the water in th

port.

As Professor Tyndall has pointed out, the rapids of th

Niagara river some distance below the falls are an illustra

tion of interference. At about two miles below the falls th

river narrows considerably and the banks are high and steep

The water rushing down breaks against the rocks anc

boulders which cumber the sides. Waves are generatec

which would, were the mass of the water at rest, trave

across the river in circles. This wave motion is compoundec
with the river motion, and in the centre interference effects

on a grand scale are produced between waves which have

really been generated at the sides.

It is this principle of interference which forms the basis

of the undulatory theory of optics, and to which we musl

turn for an explanation of the rectilinear propagation ol

light.

Before doing so, however, it may be useful to give the

mathematical equations which express this vibratory motion,

FlG I4
and to show how the laws ol

interference follow from them.

Let o, fig. 14, be a fixed

point from which waves are

being transmitted. Let P be

any point initially at a distance x from o, and suppose that

at time /, P has been displaced a distance y from its original

position PO perpendicularly to the line o PO. Then y depends
on x and t <yc y =f(x,t).

Now if v is the velocity with which the wave travels, the

displacement at a point distance x' at time f is the same as

that at x at time t provided x x = v(f f).
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1 This is true for all values of /', and hence since f(x,t} is

fcependent of f, putting /= o, we get

J(x,t) = *(x
-

vt\

mere <t>(x vf) means any function of (x vt\ Thus in

live motion y = (j>(x v).

B Again y is a periodic function of x. It has the same

llue at distances x and x + X if X be the wave length ;
and

[fa
know that any periodic function of x of period X may be

fcpanded by Fourier's theorem, provided we choose rightly

fce point from which to measure x, in the form :

Eence

f(x) = i
sin~ + a2 sin^ + &c.

A. A.

(vtx) + &c.
A A

Each of these terms gives an harmonic wave of length X,

, _, &c. There is reason to believe that harmonic waves
2 3

f different length produce different impressions on the eye ;

re restrict ourselves, therefore, to waves of a definite length,

nd for the present take as our expression

2 7T / N

y= a sin (vt x).
\

.f another centre o' at distance x1 sends waves of the same

ength to P, we shall have for it

md the whole disturbance

y=y + y' = a < sin (vt x) + sin (it x'}

7T / ,x 2 7T / , A? + .#"\= 2 a cos (# x') sin -
(
vt

A A \ 2 /

Fhis represents wave motion of which the amplitude is

2 a cos (A: x').A
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-
X, the amplitude is 2 a cos -

*-,

zero, so that there is no motion whenever

We have now to show how interference accounts for tho

rectilinear propagation of light. Let us limit ourselves a

first to the ether lying in the plane of the paper. Let A i

(fig. 15) be a line of particles which are all moving in th<

same manner, a wave front in fact in the plane of the paper

and suppose for the sake of clearness that the motion o

each particle is perpendicular to the paper.

The motion in A B is communicated to the next layei
and so on from it to the next. Suppose, further, that tin

light is travelling from left to right.

We require to find the effect at any point p. For thi

purpose we are to divide A B into a series of small elements
find the effect of each element and add the results. Wi
shall divide into elements in a special manner.

Let X be the wave length.
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Draw P M perpendicularly
to A B and take in A B a series

.-points MI, M 2 ,
M 3, &c., such that

3m in

) on

etv.

c., join P M 15
P M 2, &c.

.

j
Then since the conditions just investigated are satisfied,

L light coming from MI is exactly opposite in phase to that

g from M, that from M 2 opposite to that from M,, anc

n
;
and if we consider points between M and M! they

send to P effects opposite in kind to those from points

veen M
r
and M 9 .

I Thus on the whole the effect of the line M M, is oppos

p that of M! M 2 .

Now the wave length of light is exceedingly small be-

reen 7600 and 4000 tenth metres. 1 Thus the lines M M,,

M 2 , &c, are all exceedingly short

The effect of a small area in illuminating a point will

epend partly on the size of the area and partly on the

ngle which the line joining the point to the area makes

,-ith the area.

In the case we are considering, each of the pieces MM,,

1,11, being very short, this angle is very nearly the same

or two consecutive elements such as M, M 2 ,
M 2 M3.

Thus the effects at P due to two consecutive elements

lie in amount proportional
to the sizes of the elements, but

)pposite in kind. The effect of any one element is diminished

>y that due to the next ;
if the two elements are of the same

;ize the effect of the second destroys entirely that of the

irst. If they differ in size, since the effects are proportional

:o the areas, the resultant effect at P will be of the same natui

is that due to the greater area.

We are led, therefore, to compare the sizes of the

elements M M,, M, M,, &c. Now X being very small we can

neglect X2 unless it is multiplied by some large quantity.

. i metre
1 A tenth metre is

Iplo
~'
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Let P M = b

And so

MM, = x/(PM!
2 PM2

)

=
\/{ (*>*+ -) }

= N/~^~ very near!

M M2 =v/ (PM 2
:i

provided that - is small enough to be neglected com

pared with X.

Thus

M! M2

M2 M3 = v/T\ (N/ 3
- N/ 2), &C.

Now \/ 2 i is small compared with i, \/ 3 VT i<

small compared with \/T i, \/lf y Jis small compared
with \/~3" A/ 2^ and so on.

Thus at first the consecutive elements decrease rapidly
MM

t
is considerably greater than M, M 2 , M, M 2 than M 2 M3 ,

and so on.

But let us consider two consecutive elements N N,, N, N 2

situated so far from M that we may not neglect the term in-

volving \a
.

Let

PN =R-A
; PN

I
= R; PN 2

= R + .
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Draw NK perpendicular to P N,. The two right-angled

:angles M P N, N K N
t
have the angle N! common, they are

prefore
similar.

. NN t _ PN, _ R

The angle NPN! is very small, so that P N K is very

arly isosceles, and P K= P N nearly.

\
.% N

t
K = PN

t
P K =PN, PN nearly=

If we were to find N
t
N 2,

we should have to change R

\
to R + -

2

This would alter
^

R
by a quantity proportional to

;
hence the difference between

N, and N, N 2 depends on \2
,
and is therefore very small,

'hus if we go some little distance from M the consecutive

bments are equal in length; the effects which they send to P,

lerefore, are equal in amount, but opposite in kind They

icrefore destroy each other entirely. The same is the

ase, of corrse, if we travel from M in the other direction

long the wave. This does not happen, it is true, until we

ave passed over a very large number of elements, but then

ach element is so very small that a small space contains

. very large number, and hence the consecutive elements

lestroy each other's effects, except those just in the neigh-

>ourhood of the point M.

Moreover, the effect due to MM
t

is very large compared

frith that due to an element N N
t

at some distance away.
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If we call the effects due to the consecutive elements m^
&c., in order, the whole effect is

1- . . . mn + &c.

and the series is convergent.

After a large but finite number of terms, # suppose, th

consecutive terms become nearly equal. The value of th

latter portion of the series is - (mn m^ ), m^ bein

used to denote the last term.

This is very small compared with the part of the serie

before mn. Hence the resultant effect at p is comparabl
with that produced by the elements of the wave in th

neighbourhood of M.

If my eye were at P, that part of the wave which is nea

to M alone would appear to produce any effect, that is, th

light would seem to me to come in the direction M p.

All this depends on the fact that X is so small that

may neglect X2
. But if A B were a wave of sound it woul<

not be true to say that the effect at P was due to th

part of the wave about M only, so that I should hear th

sound only in the direction M p. Thus we have explaine<
how a line of light is propagated forward through space, an<

why it is that light appears to travel in rays. Of course, i

I block out by an obstacle the portion near M; I remove th<

only part of the wave which produces any visible effect at r

and therefore P ceases to be illuminated. The effect at

is due to the effects sent from all the elements of th<

original wave, but with the exception of the elements near M
the motion sent from any element is exactly opposite to tha
sent from a consecutive one, and the effect is the same as i

we supposed it to arise from the elements near M only.
Now let us consider a plane wave, and endeavour to se>

how it is that light from it as well as from the linear wav.

appears to travel in straight lines.

To estimate the effect of the wave A B c at the point
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iwe must divide ABC into a number of small elements or

[parts,
calculate the effect of each element at p, and find the

|algebraical sum of the whole. Consider then a small area

|a round any point N, the effect of a depends on its area,

(the distance N p, the angle between N p and the direction

lof vibration at N, and the angle N p makes with the wave
normal at N.

It is a somewhat complicated funct of these quanti-

ties, and advanced mathematics are required for its calcu-

lation. The problem has been discussed by Professor

Stokes in his paper on the '

Dynamical Theory of Diffraction.'

Let P M be perpendicular on the wave front and let t" be

the time occupied by the wave in travelling a distance M P.

Then it follows from Professor Stokes's results that the

disturbance at p at any instant is the same as that which

/" previously existed at M. The light reaching p has appeared
to travel along M p. By blocking out a small portion of the

wave round M in general we produce darkness at P.

We may give a general though hardly completely satis-

factory explanation of the way in which this comes about as

follows.

Consider the plane wave as made up of a series of

parallel straight lines, each constituting a linear wave such

as has just been discussed. Let p M be perpendicular to the

wave and M M
I
M 2 , &c., be a line in the wave front per-

pendicular to the series of parallel lines. The effect on p

of any one of the linear waves is very nearly the same as

that of a certain small portion of the line on either side of

the point in which it is met by a perpendicular from P.

The effective portion, therefore, of the plane is limited to a

narrow band lying on either side of the line MM
t
M 2,

&c.

But we might have divided our plane by a series of

parallel lines in some other direction. The effective portion

then would have been limited to another narrow band, also

passing through M, but differing in direction from the first.

We can thus reduce the effect to that of a narrow band of
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the wave through M, but in any direction. It follows then

that the effective portion must be that part of the wave front

which is common to all these bands, that is, an element of

the wave in the neighbourhood of M, and we are led to the

same result as previously.
I have called this explanation unsatisfactory, for it appears

at first sight to be independent of the angles between the|
direction in which the disturbance due to any element is!

being transmitted, and the wave normal and direction of
vibration respectively. Now, in considering the effect of a
linear wave in the previous section, we supposed the vibrations
to be perpendicular to the paper; the angle between the:
directions of vibration and transmission is thus the same for

all the elements, and affects all equally. Hence, so far as
this is concerned, the results of the section still hold.

But in the case of our plane wave this angle varies from
point to point, and is not in general the same along any one
of the linear elements. Let N be any point of the wave.
Let y be the angle between N p and the direction of vibra-
tion between N p and the wave normal. We have seen
that the effects of variations in y have been neglected. The
same is the case with 0. Even in our previous investigation
is a variable, and this fact modifies slightly the conclusions
arrived at. It follows from the more rigid investigation that
so far as variations in the value of are concerned, the
effect of an element as N is greatest when 6 is nothing, and
decreases as 6 increases. (A factor (i + cos 0) is intro-
duced into the

expression.)
Now the results already arrived at depend in great

measure on the fact that the ratio mn to /, is small when *
is considerable. The variation of 6 tends still further to
dimmish this ratio, and the conclusions still hold in the
mam. Again, much of the argument depends on the ratio
f the effects due to two consecutive elements. But in

passing from one element to the next, and y are approxi-
mately unchanged in value, and the ratio of the effects of
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i the two is therefore not much altered by taking into account

the variations of 6 and y ;
so that we may consider the argu-

ment of the previous pages as affording a general explanation
of the rectilinear propagation of waves. It is, however, of

importance to remember that the whole depends on the

smallness of the wave length compared with the other

quantities involved.

Let A B c (fig. 1 6) be a plane front, and let v be the velo-

city with which the wave is being propagated. After an

interval of time t, the wave front,

will have advanced a distance vt

to the position A' B' c'. Each

element of the surface A B c is to

be considered as a centre of dis-

turbances from which spherical

waves emanate, travelling out-

wards with velocity v. At the

:pd of the time / the radius of

each sphere will be vt. They will

all touch the new position A' B' c'

of the wave front. It is the en-

velope of the spheres.

Let P be any point on A' B' c'. Let M be the centre of

the sphere which touches A' B' c' in p. Then we have seen

that the only portion of A B c which is effective in illumi-

nating p is confined to the element near M. And con-

versely the only part of A' B' c' which M is effective in

illuminating is the element near p.

Thus the disturbance at any point of the original wave,
as M, has travelled to the point in which the envelope ofthe

system of spheres is touched by the sphere whose centre

is M. Take now a point Q between ABC, A' B' c', and draw

N' Q N perpendicular to ABC, meeting it in N. N is the

only portion of A B c which would be effective in illumi-

nating Q. But since Q N is less than #/, the disturbance

from N has already passed over Q.
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In each case we have supposed our linear wave front

divided into a series of elements in such a way that the dis-

tances of any two consecutive elements from the point at

which we are considering the illumination differ by half a

wave length.

When a wave of light passes from one medium into

another the velocity of propagation and the wave length are

both altered. The time <of vibration of the molecules of

ether is, however, the same in the two media.

For take a molecule just on the bounding surface, it is

made to vibrate by the action of contiguous molecules in

the first medium, and its period must be the same as those

of the particles which cause it to move. This molecule in

its turn causes the neighbouring particles in the second

medium to vibrate, and that in the same time as itself.

Hence the time of a complete vibration is the same in the

two media. Let us call this time a period. Now in half a

period the disturbance travels through half a wave length.

Instead, then, of saying that the distances of two con

secutive elements from p differ by half a wave length, we

may say that the times taken by the disturbances to travel

from the two elements respectively to P differ by half a

period, and this statement of the fact will in future be the

more useful.

When a wave front has been thus divided we shall speak
of it as divided into half-period elements with reference to

the point.

We have considered hitherto only a plane wave front, a
similar method will apply to a wave of any form.

To determine the illumination at P due to a series of

given waves; as previously we considered first the effect of a
wave front in the form of a straight line let us now take any
curve

(fig. 17).

Let M be a point on the curve such that the time taken
by the disturbance in

travelling from M to p is a maximum
or minimum. We shall call M a pole of p.
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In any isotropic medium as air or water the distance

M P is a maximum or minimum
; it is not so in all bodies.

Take a series of points M,, M 2 , &c., beginning from M
so as to divide the wave into half-period elements. The
effects sent by any two con-

secutive elements to P are op-
FlG- I7<

posite. Then, as before, we may
show that the first element M MJ
is greater than any of the others;

that at first the elements decrease

rapidly; that after travelling

along the wave for only a short

distance from M the effects of

consecutive elements become

very nearly equal and very small

compared with that of the first, so .that in this case also the

effect of the whole wave practically depends on a small

portion of it in the neighbourhood of the pole. By placing
an opaque obstacle at the pole we in general destroy the

whole effect at p.

If we have a wave front in the form of any surface we
can treat it as made up of a series of curves, and show here

too that the portion of the wave front which is effective in

illuminating a given point is limited to a small area in the

neighbourhood of the pole of the point. We can, moreover,

determine the position of the wave front at any instant from

that at a previous time by a construction identical with that

used fcr plane waves.

We shall first explain the term wave surface. If one

particle in the medium be made to vibrate, in general the

motion travels outwards in all directions. As we go along

any line from the particle there will, at any given instant,

be a point beyond which the motion has not penetrated.

These points corresponding to all possible directions lie on

a surface
; and this surface is called a wave surface.

The wave surface then is the surface passing through the

5G197
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points, which are at the moment considered just beginning to

move. In an isotropic medium the disturbance during a

given interval travels an equal distance in all directions
; the

wave surface is a sphere. In a crystal it has a different

form,

To determine then the position of a wave front after an

interval /", its position at the beginning of the interval being

known, divide the original wave into a series of elements.

Describe a series of wave surfaces corresponding to the

time and with each of these elements respectively as centre.

The surface which envelopes all these wave surfaces is the

new position of the wave front, and, as previously, we may
show that the disturbance at any point of the original wave,

as M, has travelled to the point of the new wave front in

which it is touched by the surface centre M.

Wave surfaces described in this manner will frequently

be referred to as secondary waves, to distinguish them from

their envelope, which will be spoken of as the wave front.

In all cases of the transmission of light the effect at any

point P depends on that portion of the original wave front

from which the light can be propagated to P in the least

time.

CHAPTER III.

REFLEXION AND REFRACTION.

WE have seen that the hypothesis of transverse waves of

very short wave-length travelling in the ether, combined
with the principle of interference, serves to account for the
rectilinear propagation of light. Now, when a wave of

light in one medium is incident on the surface of a second
and different medium, part of the light is reflected back into
the first medium, part is refracted into the second, each

according to definite laws. For two isotropic media the
laws are as follows :
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The incident and reflected or refracted rays lie in a

plane which also contains the normal at the point of inci-

dence, and on opposite sides of the normal. The reflected

and incident rays make equal angles with the normal at the

ipoint of incidence. The refracted and incident rays make

jwith the normal at the point of incidence angles the ratio

of whose sines depends only on the two media and the

nature of the light.

Let us proceed to deduce these laws as consequences of

the wave theory.

Each element of the bounding surface, as the incident

wave reaches it, becomes in its turn a centre of disturbance,

and from it secondary waves are propagated in both media.

FIG. 18.

The effect at any point P is the resultant of the disturb-

ances sent to P from all the elements of the surface.

The secondary waves, propagated back into the first

medium, produce the reflected wave ; those in the second

give rise to the refracted wave.

We will consider in detail the case of a plane-wave inci-

dent on a plane surface and suppose that both media are

isotropic, so that the secondary wave surfaces are spheres.

As previously, let the wave front taken first be a straight

line, AB (fig.
1 8), cutting the surface in A. Let A c be the

surface. Let B c be perpendicular to A B, v the velocity of

light in the first medium, t the time it takes the disturb-

ance to travel from B to c, r the time of a complete period ;

then BC = vf.
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The disturbance of the surface in the neighbourhood

of c is due to a small portion of the original wave A B

about B.

As soon as the wave cut the reflecting surface at A, A

became a centre of disturbance, from which a secondary
wave travelled outwards with velocity v. At the end of

the interval /, when the disturbance, at B has reached c, the

radius of this spherical wave will be v /. Let c D be a line

in the plane of the paper touching this sphere in D. Then
A D = B c. Let M be any point in the original wave. Draw M L

perpendicular to A B to meet the surface in L. At some instant

during the interval t the point L became a centre of disturb-

ance, which has also travelled outwards in a spherical wave.

The time occupied by the disturbance at M in reaching

L is
M L

. Therefore the time during which the secondary

wave centre L has been travelling is t
,

and since its

velocity is v its radius is v / M L, or B c M L.

Draw L F perpendicular to B c, L p perpendicular to c D.

Then the triangles F c L, p L c, are equal in all respects :

.'. PL = CF = BC BF = BC ML.

.'. p is on the secondary wave arising from L, and c D

touches that wave.

Thus CD touches all the secondary waves. We shall

prove that it is the front of the reflected wave.

v v

Let M b MO, &c., be a series of points in A B. Draw MJ L,,

M 2 L2 , &c., parallel to M L, and join L
t p, L2 P, &c. The

time taken by the light in travelling from M, to P along the

lines MJ LJ, LI P is clearly
^ + LI MI

.

Let us take M,, M 2 , &c., so that



Reflexion and Refraction. 41

and so on.

The portion L L
t
of the reflecting surface is illuminated

by the element M MJ of the original wave, L
t
L2 by MJ M 2 ,

and so on. All these elements, L
I
L2 , &c., have become in

their turn centres of disturbance and from them secondary
waves have been emitted, which help in disturbing the

point P.

The vibrations are in the same phase at starting over the

two elements, M M
I} MJ M 2. The difference in their phases,

then, when reaching p depends on the difference in the time

taken by the light in travelling along M L + LP, and M, L,

+ LJ P! respectively; but by our construction this difference

is -, or half a period. In fact, M MJ, M! M 2, &c., are half-

period elements with regard to P, so that the disturbances

from consecutive elements arrive at P in opposite phases,

and tend to destroy each other.

Now we may show as before that the first element, L L,

is the greatest ; that, at first, they decrease very rapidly ;

that, after going but a very short distance on either side of

L, the consecutive elements became approximately equal,

and very small compared with L L!. Thus the effect at P

arises from the action of a small portion of the surface near

L ; but the disturbance over this element was transmitted

to it from M. The disturbance at M has travelled to L, been

there reflected, and by the end of the time t has arrived at P.

p is a point on the reflected wave at the time /; the point

which the disturbance coming from M has reached.

Similarly, any other point on CD is on the reflected

wave.

L P is the reflected ray corresponding to an incident ray

M L. But M L and L p are in the same plane with the

normal to the surface and on opposite sides of it
;
also the

angles which M L and L p make with the normal are equal



Physical Optics. [CHAP. III.

from the construction. Thus, the two laws of reflection

follow in this case from our theory.

For the refracted wave (fig. 19) let v' be the velocity of

light in the second medium and let the other symbols have
the same meaning as before.

FIG.

A is now to be taken as the centre of a wave diverging
with velocity v' in the second medium. The radius of
this secondary wave at the end of the time / is v' t or
v'

BC.
V

Let c D touch this wave. Any other point, L, has at
some instant during the period become a centre of dis-
turbance. The radius of the secondary wave to which it has
given rise is

and, as before, we may show that this wave touches CD in
some point, p, suppose.

Also PL M L

Divide the original wave in M, M 2 . Draw M, L,, M 2 L2 ,

parallel to ML, and join LI P, L2 P, &c.
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Take M 1?
M 2, &c., so that

-r = / + r.

v ' V

Then in the same manner as for reflection, it follows

that P is on the refracted wave, and that LP is the refracted

fray corresponding to an incident ray M L.

Let ft, ft'
be the angles between the normal at L, and M L,

LP respectively. Then, since LMA and LPC are right

(angles, B A c =
ft,

A c D = ft'.
M L and L P are in the same

| plane with the normal at L and on opposite sides.

Also
B C

sin ft _ AC _^
BC __ y_

sin ft'
AD AD v'

AC

and - is a constant, depending on the media and the

v'

nature of the light.

Thus, the laws of refraction have been deduced from

j

the theory.

If instead of a linear wave we have a plane one, let us

I suppose the plane of the paper to be perpendicular
to the

wave and the reflecting or refracting surface. Let A B

(fig 20) be the trace of the wave-front, A c that of the

surface, and let the other symbols have the same meaning

as above. Describe the secondary wave centre A, in the

1

first medium, corresponding to the time /. Draw through

c a line CG parallel to that in which the wave-front

the surface. Through CG draw a plane touching the se-

condary wave centre A in D. Let CD be the trace of this

on the plane of the paper. This tangent plane is the i

of the reflected wave.

For, divide the reflecting surface into narrow strips per-
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pendicular to A c. Then the disturbance is in the same phase

throughout any one of these strips ;
and we know, therefore,

that the effect of each strip at a point p in c D is the same

as that of a small portion of the strip in the neighbourhood

of the point in which it is met by a line from p, perpen-
dicular to its length. But the feet of all such perpendiculars
lie on A c.

The effect, therefore, of the whole surface reduces to

that of a narrow band on either side of AC, and this again
is the same as that of a small element of the surface in the

neighbourhood of the point L, in which a line from p, per-

pendicular to c D, cuts A c. It is true that, when treating of
a linear wave, the line A c is of the same breadth through-
out, while the band here considered increases in breadth as

we go away in either direction from the point L. A strict

investigation, however, shows that the statements there made
as to the relative sizes of the consecutive elements still hold.
Let L M be perpendicular to A B, then the disturbance at L
has reached it from M. Hence, the effect at P reduces to
that of a small area in the neighbourhood of M. And the
laws of reflection hold for the case of a plane wave incident
on a plane surface.

If we had taken p in the second medium and constructed
as above for the refracted wave, a similar argument would
have shown the truth of the laws of refraction.
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Let us now consider the general case. Let the primary

wave-front, A B
(fig. 21), and the reflecting or refracting sur-

face, c D, each have any form.

Let M be a point on the primary wave, and let M L,

normal to the wave, meet the surface in L. Draw LP,

making with the normal to the surface the same angle
as M L.

The element about L may be treated as a portion either

of the reflecting surface or its tangent plane (provided at

\ least its principal radii of curvature are great compared with

|
the wave length of light). In the latter case we have seen

that the reflected ray is in the direction L p, and since the

FIG. 21. FIG. zia.

effect of L is the same in the two cases, the ray incident

along M L is reflected along L p. Similarly for refraction.

In the propagation, refraction, and reflexion of plane
waves we have seen that the effect at any point p is the

same as that arising from a small element of the original

wave in the neighbourhood of that point from which the

disturbance could reach p in the shortest possible time.

Moreover, the path of the ray is the same as that which a point

travelling in the two media with the velocity of the light

would take so as to reach p as quickly as possible. And this

is true always. Let o (fig. 2ia) be an origin of light from

which spherical waves diverge, ABC any reflecting or refract-

ing surface, p any point. To determine the path of the light

from o to P, find a point L on the surface such that the time
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FIG. 22.

occupied by the light in going from o to L and L to P is a

minimum, then o L P is the path of the ray. It may happen
that there is more than one path of minimum time, if so,

light will appear to reach o in more than one direction.

If a plane wave is incident on the plane surface of

separation of two media we have then the following con-

struction to determine the position of the reflected and
refracted waves.

Let ABC (fig. 22) be the position of the incident wave at

a given instant, cutting the separating surface in A B. Let
A' B' c' be its position after an
interval of time t. A' B' is

parallel to A B. With A as

centre describe the respective
wave surfaces in the two

media, corresponding to time
/. Through A' B' draw planes

touching these surfaces in D
and E. These planes D A' B',

E A' B' give the positions of the reflected and refracted waves
at the end of the interval t.

The construction is perfectly general, and applies what-
ever be the shape of the wave surfaces. For isotropic
media they are of course both spheres.

If 0, 0' be the angles which the incident and re-
fracted waves make with the refracting surface, v and v' the
velocities of light, in the two media we have seen that

sin (ft v

sin
<p'

~~
v'

f, f are of course also the angles which the normals to the
ncident and refracted waves

respectively make with the
normal to the surface.

Now experiment proves that when light passes from one
medium mto a denser , is greater than

,'. Therefore,
according to our theory, the

velocity of light is less the



CHAP. III.] Reflexion and Refraction. 47

greater the density of the medium in which the light travels.

We shall see afterwards that this result is verified by direct

experiment.
Let us consider again the refraction of a plane wave at a

plane surface.

Let the plane of the paper be perpendicular to the wave

fronts and the surface of separation. Let A B (fig. 23) be

the trace of the incident wave, .

FIG
A c the surface of separation.

Let c F be the trace of the in-

cident wave after time /. Draw
c B perpendicular to A B, then

c B = vt. With A as centre and

radius v'f describe a sphere ;

let this cut the paper in the

circle E D, E being a point on A c.

Draw CD to touch the sphere, CD is the trace of the

refracted wave. Now A E : c B : : v' : v, and if v' is less

than v, AE is less than BC. AE is therefore d fortiori less

than AC. c is always external to the secondary wave centre

A, and a tangent CD can always be drawn to this wave.

The refracted wave always exists. Light will pass from one

medium to a denser at any angle of incidence.

But suppose the second medium to be the less dense so

that v' is greater than v. Then A E will be greater than c B.

A E may therefore be equal to or greater than A c.

If A E = AC so that c and E coincide, the refracted

wave is perpendicular to A c, and the refracted light travels

along the surface of separation.

If A E is greater than A c then c lies within the secondary
wave centre A, and no tangent to this wave can be drawn

through c. In this case there is no refracted wave.

When E coincides with c we have AC = A E = v7,

C B = v/,

B c v
/. sin = = -.
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If the value of be greater than that given by this

equation then A E is greater than A c. If light therefore,

travelling in one medium, falls on the surface of one less

dense, there will be no refracted wave unless the angle of

incidence be not greater than sin' 1

^,
v being the velocity

in the denser medium.

If the angle of incidence be equal to sin" 1 - the re-

fracted wave just grazes the surface. This angle is known

as the critical angle for the two media.

When a wave falls on a refracting surface at an angle

greater than the critical angle, so that there is no refracted

wave, the whole of the incident light is reflected and the

reflecting surface appears very bright. The light is said to

undergo total reflexion. Total reflexion, it must be remem-

bered, only occurs when light travelling in a dense medium

is incident on the surface of one less dense, at an angle of

incidence greater than sin f-,
J.

We have now to consider the refraction of light at two

surfaces inclined to each other at a known angle.

A figure bounded by a series of planes all parallel to the

same straight line is called a prism. A plane perpendicular
to the faces of the prism is called a principal plane.

Let ABC (fig. 24) be a triangle. Through A B, B c, c A

draw planes perpendicular to the paper. The figure thus

formed is a prism. Suppose the space within these planes
is occupied by a transparent medium, and that a plane wave

of light is incident on one of the faces. Some of the light

is there refracted into the prism, and falls on one or other

of the other faces
;
and after a second refraction emerges

into the first medium. The emergent wave will still be

plane, but, as we shall see, inclined to the incident one at

an angle, which depends on the nature of the two media
and of the light.
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Let us suppose for simplicity that the incident wave as

well as the faces of the prism is perpendicular to the paper;

|

the wave normals will then all be in a principal plane. Let

AB be the face of incidence, and let us confine our atten-

tion to that part of the refracted wave which falls on the

face A c. Let / be the angle BAG, 0, <p'
the angles of

incidence, and refraction at A B. i//, vl/ the angles of inci-

dence on and emergence from A c, v, v' the velocities of

light without and within the prism respectively, and let the

prism be more dense than the surrounding medium, so that

v is greater than v'. Let
p.
=

,
is called the refractive

index between the two media for the light considered.

Let B E be the trace of the incident wave front. With A

as centre describe a circle touching B E in E. The dis-

turbance at E would reach A after a time / such that A E =
v t. With A as centre and v't as radius, describe in the

first medium a circle. Draw B F G touching this circle in F

and cutting c A in G. Then B F G is parallel to the refracted

wave
;

for to determine the position of the refracted wave

at the time t we should, as we have seen, have described

with B as centre a sphere radius \'t and drawn A H to touch
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this sphere in H. AH would be the required position. But

A H is clearly parallel to B F. Thus B F is parallel to the

refracted wave. Draw G K to touch the sphere radius v /

in K. Then, similarly, G K is parallel to the emergent wave.

Also, let P Q be a normal to the incident wave perpen- 1

dicular to B E cutting A B in Q ;
draw Q R, perpendicular to

j

B G, to cut A c in R, and R s perpendicular to G K, then Q R is

the refracted, R s the emergent, wave normal corresponding
to P Q. Moreover, we notice that s R has been turned from the

direction P Q towards the thick end of the prism, that is, away
from the edge. This is the case always when light passes

through a prism denser than the surrounding medium.
Let G K meet B E in L, and produce G L to M. In passing

through the prism the wave front has been turned from the

direction B L to the direction L G, that is, through the angle
MLB. The angle which the emergent wave makes with the

incident is called the deviation; let us denote it by D. Then
in the figure

B L M = D, L B A =
</>,

F B A =
0', L G A =

I//,

F G A =
'4/, B A C = /.

Now from the triangle BAG

Angle BAC = ABF + AGF
or /=/ + ,// . . (j)

From the triangle LEG
BLM = LBG + LGB

= LBA GBA + LGA EGA
or D =

<p' -f \l> \^'

= + ^ - * . . . .
( 2 )

A1 sin sin \L>
AiSO = tt ^ ( ~\

sin 0' sin ,//

Suppose we know the angle of the prism and the angle
of incidence, also the value of

/*. Then equation (3) will

give us 0', since and /x are known
; then from equation (i)we get 4/. Substituting in (3) we find ^ and then 0, $ and /

being known, we have D from
(2). Again, from the formula
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- =
p. we see that if

/z
is increased, remaining the

sin

sin

isame, </>
is decreased, but V = i

<j>'
.*. ^' is increased.

Also sin ^ = p. sin
\f/'.

Thus
//

is fortiori increased, and

since D =
^> + I// *, D is increased. Thus by increasing

the refractive index we increase the deviation.

In the figure G falls outside the secondary wave sur-

face centre A, belonging to the first medium. It is possible

, therefore to draw a tangent to that surface. G might, how-

j ever, have been within, and in that case there would have

been no wave emergent from the second surface. All the
;

light would have been totally reflected there. If G coin-

cide with the point in which this secondary wave-surface

cuts c A produced, the emergent light will just graze A c.

In this case

AG = V/ but AF = VY

AG V p

.-. //
= sin

But always 0'
= / //.

-i
j

Therefore in this case
</>'
= i sin .

A*

If i// be > sin - the light is totally reflected.

Thus there is total reflection at the second surface of a
-i xj \

prism whenever 0' is less than / sin ( -
J

.

This is the case when the angle of the prism is 45 and

the light is incident perpendicularly to one face. Then

<j>

= o
<j>'
= o t//

= 45. But the critical angle from glass

to air is about 40 30'. Thus all the light is totally reflected,

and since the angle of incidence on the reflecting face is 45,
so also is that of reflexion. Thus the light is turned through
a right angle.

E 2
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If our prism BAG (fig. 25) have a third face, B c, perpen-i

dicular to AB, the light is incident on this normally, and

passes out without having its direction altered.

Thus the effect of the prism is to turn the direction of

the light through a right angle,
F 'G 25 ' and for this purpose such an

arrangement is often useful.

Hitherto we have con-

sidered only the case of a

plane wave incident on the

^ prism. If our wave be a

curved surface we must, as be-

fore, treat each element as an

element of the tangent plane.

The effect of the two ele-

ments is identical, so that the future path of the ray from
the element is obtained by a construction similar to that

proved for a plane wave. It may be useful to give a con-
struction to determine the form of the emergent wave.

Let P be any point on the incident wave, then p may be
treated as an element of the plane which touches this wave
at P. Draw the tangent plane B E, and construct exactly as
in

fig. 24 for a plane wave.

Let s T parallel to G K be the position of the emergent
wave corresponding to an incident plane wave BE at an
interval / after the disturbance has left p, and let s be the

point in which the ray corning from p cuts the wave.
For every point, such as p on the incident wave, we can

find a
corresponding point s. Since originally the disturb-

ance was in the same phase at two points p and p' on the
incident wave, and has taken the same time / in travelling
from p to s as from p' to s', the disturbance is at the end of
the time / in the same phase at s and s'. Thus s and s' lie
on the same wave front at the time /. The emergent wave
front then at the time / is the surface which passes through
.11 such points as s, and the path of the light in travelling
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rom P to s is that which requires least time. In general

he form of this emergent wave is complicated. We shall,

lowever, discuss later some simpler cases in which it may
3e a plane or a sphere,

We have seen that when a ray of light falls on a prism
it is bent out of its original course, away from the edge of the

prism, and that the amount of deviation depends on the

'angle of incidence and the value of the velocities of the

ilight in the air and the prism respectively.

Suppose we allow a beam of sunlight to pass through a

hole in the shutter of a darkened room. We should get a

bright spot of light on the opposite wall. Place a prism
in the path of the light with its refracting edge horizontal

and parallel to the wall and its vertex downwards. Then
from what precedes we should expect the beam to be bent

upwards so that the position of our bright spot would be

transferred from A to B.

Instead, however, of seeing on the wall simply a bright

white spot, we find a coloured band, the horizontal breadth

of the band being equal to the diameter of the spot, while

the length, which in this case is in a vertical direction, is

considerably greater. The band is red at the lower end
and passes through orange, yellow, green, blue, and indigo,

to violet at the upper.

Let us fix our attention on two points in the band.

Suppose they are P and Q in the violet and red respectively.

From the sun to the prism the path of the light coming to P

and Q is the same. Since P is above Q the violet light has

been more bent from its original course, /'. e., the deviation

of the violet is the greater. The angle of incidence of the

two rays on the prism is the same. Thus the velocities of

the red and violet light must be different in the prism, or,

more strictly, the ratio of the velocity in glass to the velocity

"in air must be different for the two colours. Experiment
shows that the velocity in air is very nearly the same for the

two ; we will therefore treat it as such at present. Now let
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us construct a figure to determine the position of the emer-

gent red wave. Let it be parallel to L KG (fig. 26), BEL

being the incident wave.

The violet wave on emergence touches the circle E K
K',J

the secondary wave surface for the first medium, but is in-i

clined to E L at a greater angle than the red. It falls, there-
!

fore, in some position such as L' K' G', L' being on B L, G' on-

A G. Thus EG, B G' are parallel to the red and violet waves i

in the prism. Draw A F, A F' perpendicular to B G, B G' re-
i

spectively. Then since G' falls between A and G, A F' is less
j

than A F. But A F, A F' are respectively the radii of the

FIG. 26.

secondary wave for the red and violet, and since A F is greater
than A F' the velocity of the red wave in the prism is greater
than that of the violet. Thus a ray of sunlight is composed
of a number of rays of different colours, each of which travels
with a different velocity in the prism.

The velocity in a given medium is greatest for the red
light, and decreases as we approach the violet. In a sub-
stance such as glass violet light moves less rapidly than red.
Some experiments of Arago show us that this is not the case
in free space. Let us consider a star which has been eclipsed
and becomes suddenly visible. If the red light travelled
more quickly the red waves from the star would reach us
first, and when first seen it would appear red, then as in turn
the yellow, green, and blue waves came, its tint would
change till at last it became white. If it were suddenly
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eclipsed again, the red waves would cease to reach us first,

the violet last, and the star would again change its colour,

dying away as violet. Arago made a series of observations

on Algol in Perseus, a variable star, but could observe no

change in colour.

The velocity of light in free space is thus the same for all

colours But in this case it follows that the wave length
'

and time of vibration must be different For if the wave

length is the same for red and violet light, so also is the

time of vibration, since it is the time required for the dis-

turbance to travel through a wave length, and we have seen

that the velocity of propagation is the same. But if the wave

length, velocity, and time of vibration be the same for red and

violet light in free space, we have nothing left to distinguish

- the red from the violet. Of two given waves we cannot say

! why on entering a medium, as glass, one should prove to be

red, the other violet We must thus admit that the wave

1 length, and therefore also the time of vibration, is different

for light of different colours.

By a ray of definite colour we shall in future mean a ray

in which the period in free space has a certain definite value.

We have already seen that the period is not altered by

reflexion or refraction. The time of vibration of such a ray

is therefore always the same.

But, as we have seen, the velocity of propagation
is

I different in different media. Now the wave length is the

;
distance the disturbance passes over in a complete period.

Hence the wave length of the ray also changes as we

pass from medium to medium, the changes taking place in

such a manner that the ratio of the wave length to the

velocity remains the same, for this ratio measures the time

of vibration.

As yet we do not know whether the red or the viol

waves are the shortest ;
all we can say is that the shorter

the wave length in a vacuum the shorter also is the period,

and therefore the greater is the number of vibrations per-
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formed in a given time. Further experiments will show us

that the wave length in vacuo of violet light is less than that

of red, and therefore the time of vibration of the violet

waves is less than that of the red. In fact the extreme red
waves make about 395 billions of vibrations in a second

;

their period is about one 395 billionth part of a second

(395,ooo,o(i),ooo,ooo)> while the period of the extreme violet is

about one 763 billionth part of a second
(763>000il)000|000).

These measurements, it is true, only tell us the wave
lengths in air directly ;

to find those in vacuo we have
to multiply the values in air by the refractive index of air.

This is very nearly the same for all colours of the spectrum,
and therefore that colour whose wave length in air is the

greatest has also the greatest wave length in vacuo.

CHAPTER IV.

PRISMS AND LENSES.

WE will now consider a little more fully the circumstances
of the reflexion and refraction of the waves of light proceed-
ing from a point ; for simplicity we shall suppose all the
media we treat of to be isotropic.

Two courses are open to us. We may single out a ray of
hght and investigate its future history, determining its direc-
tion after each reflexion or refraction from the laws we have
stated above

; this is the method followed in text-books on
geometrical optics. Or we may determine the form of the
wave front which at any future time is passing over a given
point from the condition that it passes through all points at
which the disturbance is at that instant in the same phaseas at the given poin so 'that the time taken by the light to
travel from the lunlinous point to any other is the same

ill points on the wave front which at the moment con-
idered is passing over the given point. Since the light
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diverges from a point the wave front is initially spherical.

In general, after reflexion or refraction it loses its spherical

form. Suppose, however, that in the case we are considering,

: this form is still retained, and that we find that at a given

instant the wave front is a sphere centre Q (fig. 27) convex to

the direction from which the light is coming. Then the

disturbance from each element of the sphere will reach the

centre simultaneously; every point of the sphere is a pole of

Q. The effect at Q is that due to any unit of area of the

sphere multiplied by the number of units of area in the wave
;

thus it is very great compared with that at any other point.

The light coming from the luminous point P is concentrated

at Q. Q is an image of the point P formed by the system of

reflexions and refractions we are considering. Since the

time occupied by the light in reaching Q from any point ot

the sphere centre Q is the same, it follows that the time

from P to Q is the same by all paths which it is possible for

the light to take.

Again, the light from P all passes through Q. Q is said

to be a real image of P. Clearly, if Q were, a source of light,

P would be its image. P and Q are therefore called conju-

gate foci of the system.

Suppose, however, that the spherical waves centre Q are

concave to the direction from which the light has come.

Then so long as the light continues to travel in the same

medium it will proceed as though it came from Q, and in

this case Q is said to be a virtual image.
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Let us distinguish the various media by the suffixes',

i, 2, 3, &c. Let / /2,
/3, &c., be the lengths of path of at

ray in the media, Vj, v2 ,
v3 , &c., the velocities. Let

sj

be' the source of light, and P any point which
light)

reaches after passing through the media. To determine the;

form of the wave surface through P we have the equationj

+ + . . . = a constant, for -L is the time occu-
i\ z>2 #1

pied by the light in traversing its path in the first medium,
and so on, and the equation expresses the fact that the time

taken by the disturbance to travel from s to any point of

the wave front through P is constant.

Suppose we have two media, and we wish to find the

form of the bounding surface in order that light diverging
from a point s may after reflexion converge to a point s'.

Let P be any point on the surface, v be velocity of the light

Then the time occupied by the disturbance from s in reach-

ing s' after reflexion at P is + and this is constant
v v

for all positions of P. Thus s P + s' P = a constant. But
the curve given by this equation is, we know, an ellipse with

s, s' (fig. 29) as foci, and the surface required will be obtained

by making this curve revolve round s, s'.

If the emergent rays are to be all parallel so that s' is at

an infinite distance, the ellipse becomes a parabola with s

as focus and axis parallel to the direction of the emergent
rays.

If the light is to appear after reflexion to diverge from
s' so that s' is a virtual image of s, let Q (fig. 30) be any
point in the first medium. Join s' Q cutting the surface in P,

join s P. Then for all points on the wave front through Q

:

(- = constant.
v v

But Q p = S
'

Q - s' P, and s' Q is constant, since the
wave front is a sphere, with s' as centre. Therefore s P - s' P= constant.
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This curve is an hyperbola with s and s' as foci, and the

.surface required is produced by rotation, the curve round

:the line joining the foci s and s'.

If it happens that the constant is zero, then s P = s' P,

ithe hyperbola becomes a straight line, and the surface a

plane bisecting s s' at right angles. Thus light diverging

from a point appears after reflexion at a plane surface to

FIG. 30.

diverge from a point on the opposite side of the surface,

and equidistant from it with the first point, the line joining

the two being perpendicular to the surface.

Suppose that instead of being reflected at the surface

of the second medium the light is refracted into it, then

our equations to determine the wave surface become re-

spectively

*L? + S_I = constant,
v v'

1? 5-2 = constant :

v v'

or if we put p for

s P + fi
s' P = constant,

and s P
p.

s' P = constant.

These curves are called Cartesian ovals.
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If again the incident wave be plane so that s' is at an

infinite distance, we must alter the construction
slightly.!

Suppose the plane of the paper to be perpendicular to the 1

FIG. 31.

wave and pass through Q and s'
(fig. 31). Let Q be any

point on the wave, and let Q p, perpendicular to the wave,
meet the surface in p. Join s' p.

Then :

constant,

or Q P + p. s' P = a, suppose.
Therefore

/z s' p = a Q p.

Produce Q p to M making Q M = a, then M lies on a
fixed plane parallel to the incident wave, and this cuts the
paper in a fixed line.

Also P M = a p Q.

Therefore s' p = - p M.
f*

Thus P lies on a conic with s' as focus and - for eccen-

tricity If p be greater than unity, f. fc> if the second medium
be the denser, the conic will be an

ellipse. The incident light
is parallel to the major axis of the conic, and falls on the
part of the curve remote from the focus s'.

If
p.
= i so that the two media are identical, the conic

becomes a parabola; the further focus is at an infinite
istance from the vertex in a direction opposite to that of the

incident light, so that the light in order to reach it continues
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in its course without deviation. There is therefore no re-

fraction. These surfaces are called aplanatic, and the points

s, s' are called the foci

Let us now suppose further that the light, after passing

through the second medium, again emerges into the first,

and that we wish to discover the form of the surfaces of

the second medium in order that the emergent wave front

may be spherical and the refracted rays converge to or

diverge from a focus.

The problem becomes more complicated, and its general
solution would involve considerable mathematical know-

FIG. 33.

ledge. We can, however, construct several cases in which

the conditions are satisfied.

For example, let H be any point in s s', and consider

as previously the section of the surface by the plane of the

paper which contains the line s s' we suppose. We shall

call s s' the axis. Construct an aplanatic curve P A p', with s

and H as foci, and then a second with Q B Q', with H and s'

as foci. Let the curves cut the axis in A and B, and let the

second curve be drawn so that B lies between A and s'.

Let the space between the two curves be occupied by the

second medium, and suppose two surfaces produced by

rotating the figure round s s', then light diverging in spherical

waves from s will, after passing through the second medium,

converge to or diverge from s'. Figures 32, 33 give the two
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A portion of a transparent medium bounded by two sur-<

faces of this sort is called an aplanatic lens.

Let A P and B Q (fig. 34) be two curves such that the

tangents at A and B are both perpendicular to A B
; let these]

curves revolve round AB as an axis. This produces two

surfaces called surfaces ofrevo-

lution. Let the space between]
these two surfaces be filled!

with a transparent medium.!
Then this portion of the me-'

dium is called a lens, and A B

is its axis.

All lenses are not aplanatic,
that is, rays diverging from a

point on the axis of the lens are not in general refracted so
as to all pass through another point on the axis

; moreover,
a lens which is aplanatic for one pair of points may not be so
for another. Again, the form of an aplanatic surface with
two given foci depends on p, and therefore a lens which is

aplanatic for light of one definite colour need not be so
for any other colour.

We have seen already that a pencil of rays diverging
from a point will appear after reflexion at a plane surface to

diverge from a point behind the surface at the same dis-
tance from it as the origin of light. These two points, the
origin of light and its reflected image, are known as con-
jugate foci.

Let us now consider the case of reflexion at a spherical
surface. We shall suppose we have a small pencil of rays
emerging from a point forming a small cone with that point
as vertex; the axis of the cone is called the axis of the
pencil. When the axis of the pencil coincides with the
normal to the surface at the point of incidence, the in-
cidence is said to be direct, in other cases it is oblique.
Consider first the case of direct incidence.

Let Q be the origin of light ; QOA the axis of the
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incident pencil, o being the centre of the reflecting sphere,

and A the point in which the axis meets the surface.

The incident waves are a system of spheres with Q as

i centre, let us suppose, if possible, that the reflected waves

[form a system of spheres with some other point on the axis

: as centre. Let q be that point, QR any incident ray, R^
;the reflected ray. Then the light takes the same time to

travel from Q to the surface and thence to q by all possible

paths.

Thus QR + R^ = QA+ Kq
Let Ao = r, A Q = u, A q = ?>,

Suppose the surface to be concave (fig. 35).

FIG. 35.

Draw R M perpendicular to A o and let R M = y.

Then we know that ultimately when R is very close to A

A M = *
2 r

NOW R Q = < R M2 + M Q2

I J

2

2

{/+(-)}*

neglecting j/
4
,
which will be very small compared with y*.

Expanding the right hand side by the binomial theorem,
we have to the same approximation

V2 f U
RQ = U + *-( I -

2U\ r
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Similarly,

Hence W

v u r

Now let us suppose that our incident light is refracted a

the spherical surface into another medium of refractiw

index p, and that after refraction the waves form a series o

spheres with q as centre.

Then we have seen that

Q R
fj. q R = constant

The values of Q R and q R are given above. Substituting,

we have

. / _ 1 /* I

"
fl w r

In both these formulae we have taken A as our origin

from which distances are measured. The light is supposed
to come from the right. Lines drawn to the right from A

are considered positive, those drawn to the left are negative.

If in any case to which we apply the formulae we find v is

negative, this will simply mean that q is to the left of A.

Both these formulae can be obtained by the first method,

viz., by considering an isolated ray and determining its

path ;
but we must remember that a ray of light can only

exist in conjunction with other rays. If we attempt to iso-

late one ray from the rest of a pencil by passing the light

through a very small hole, we shall not succeed
; however,

we may consider the path of one ray, remembering that it

follows that path because of the others which surround it.

Let s R (fig. 36) be a ray incident at R on a spherical re-
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fleeting surface. Let R K be the reflected ray cutting the

axis in K
;

let s' be the geometrical focus, then when the

incidence becomes direct so that R moves close up to A, K

FIG. 36. FIG. 37.

mojt'rr'up to and ultimately coincides with s'. Let R o be the

ijfirmal at R, o the centre
;

let A s = u, A s' = z p

,
A o = r.

rfhen since R o bisects the angle s RK we have (Euclid vi.)

OS:OK = SR:RK. Therefore ultimately, when R and K
coincide

os I OS' = SA : s' A

or r u : v r~ u : v

.-. u (v r) = v (r u}

.*. r (u + v)= 2 u v

For the case of refraction (fig. 37) with the same notation,

let S R O =
<p,

K R O = <', R O A = 0.

In the triangle o s R ^ = 2_S
.

sin SR

In the triangle o K R
OK
K R'

sin <i> ,

sin <*>'

~

sin V

oj5 K R

s R o K

and ultimately when the incidence becomes direct

OS.AS' = ju. SA.OS'
or (r u) v = p. (r v) u

/. r (n u v}
=

(p. i) u v

z>
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Thus we have determined the geometrical focus of
a]

pencil of rays directly reflected or refracted at a
spherical]

surface.

We will discuss next the various cases that may arise in

the application of these formulae. Take the first one

v u r

Let r be positive, i.e., let the surface be concave to thei

light. Let u = cc so that the incident rays are parallel.

Then - = o, and therefore v -.
^^ 2

Thus s' is midway between between o and A, or a pencil

of parallel rays is reflected to a point lying halfway between !

the centre and surface, on a line through the centre parallel

to the rays.

This point is called the principal focus; let us denote it by
F. The distance A F is called the focal length of the mirror.

Thus the focal length of a concave mirror is positive and is

equal to half the radius.

Again, since + - is a constant: as u decreases re-
v u

maining positive, v increases, or s and s' move in opposite

directions along the line A o. Thus if the pencil becomes

divergent s moves towards A, s' from A, and they meet at o.

If s still moves towards A, s' moves on from A, and when s

arrives at F so that u = -, v is infinite, or the reflected pencil

consists of parallel rays.

If s still moves towards A then u becomes less than --

2

and, since - = - - v becomes negative, thus s' will be to
v r u

the left of A, and the reflected pencil will appear to diverge
from a virtual focus. When s gets very close to A on the

positive side, s' is very close on the other. If s is to the
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left of A so that the incident pencil is convergent, s' lies

between A and F, and as s moves in the negative direction

away from A, s' moves towards F, coinciding with it, when

the incident pencil becomes parallel.

These changes are shown in fig. 38.
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Now let us consider a refracted pencil. We have the
formula

Let the incident pencil consist of parallel rays so that
is oo .

Then
/x-I

and the refracted rays appear to diverge from a point F, on

FIG. 39.

R/

the axis at this distance from A. F is the principal focus
and A F the focal length of the surface, and since P is greaterthan i we see that the focal length is greater than the radius.
Clearly the image formed at F is virtual, for the refracted
rays do not pass through it, but only appear to diverge from it.

This will be the case whenever v is positive.

Also, since -1 is a constant> u and
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decrease together, so that s and s' move in the same direc-

tion along the axis. Thus, if the pencil becomes divergent,

so that s approaches A, s'' also approaches A, though slowly,

and the two coincide at o. Again, s' always lies between o

and s ; hence, if s continues to move towards A, so that u

becomes less than r, v becomes greater than u, but less

than r
;
and s' also moves towards A. When s gets very

close to A, so that - is infinite, so also is -, and s' is close
u v

tO A.

These cases are shown in fig. 39.

If the incident pencil is convergent, so that s is to the

left of A, u is negative, and the formula becomes

Thus v is negative, and s' to the left of A, so long as -

is greater than V
,

/. <?. so long as u is less than
.

i\ however, is greater than u, so that s' is further from A than

S": and when u becomes equal to -
,
v becomes in-

M- i

finite, and the refracted pencil consists of parallel rays.

As s continues to move on from this point to the left of

A, u being negative but numerically greater than -
,
v

becomes positive and continually decreases, s' moves up on

the positive side of A from an infinite distance towards A, and

when u becomes infinite and the pencil parallel, s' again co-

incides with F. These cases are shown in fig. 390.

Had our surface been convex, we should have had to

alter the sign of r. The focal length of a convex mirror

would then be -, and the image at the principal focus

virtual, while for refraction the focal length would be
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^ ; and, the principal focus being behind the sur

face, the light would pass through it, and the image there b<

real.

We can trace the changes of this conjugate foci in 5

similar manner.

If, again, our surface be plane, so that r is equal t<

FIG. 39<z.

Px

infinity, for reflection we have v = -
, and this is true

whether the incidence be direct or not ; and for refrac-
tion v =

p, u.

These formulae might be proved independently.
Let us now suppose that, instead of a single refracting

surface, we have two constituting a lens, and let us deter-
mine the position of the focus of a pencil after refraction

through it.
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FIG. 4c

Let the two surfaces be spheres, the first being convex

I
towards the incident light, the second concave. Let o, o'

(fig. 40), be their centres, r

.and s their radii.

Let o o' meet the surfaces

in A and B respectively, Q being

the point from which the

spherical waves diverge, q that

to which they converge. Let

the surfaces of the two spheres

|
meet in c, c' ; then, since the time it takes the light to travel

from Q to q is the same for all paths,

QA+ /<
A B + B^ = QC + eg.

Let c M, perpendicular to the axis meeting it in M, be

equal to y, Q A == u, q B = v.

v2 / i i\
Therefore A B = -

I

^
+ -

)

As we found in the case of simple reflection or re-

fraction

But we must remember that, in proving this formula, q

and o being to the left of A and B, we should have assigned
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a negative sign to v and r, and in this case our formul
becomes

and if we put

we et

j

The sign of / depends on that of ! - L, and the

value of/is constant for any given lens, /is called the focal
length of the lens.

If in the formula we give / its proper sign and magni-
ide, we shall find a value for v

corresponding to any value
of u, that is, to any position of
the luminous point on the axis.

The magnitude of v tells

us the distance of q from the
lens while its sign indicates on
which side of the lens it lies.

If, as before, we say that lines
are positive which are drawn

Miami" ^TS f

q

refraction ' Dingle surface, the for-

LeTu A !
eomelrically hy '"cing a single ray.

with thei

a e " S '" WhJCh the two surfe s a ^Pheres,CeS "" '" the sa direction toward
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and second surfaces respectively. A and B are called the

centres of the surfaces. Any ray, as s R, incident directly at

R on the first surface, is. refracted while passing through

the lens. It appears to come from the geometrical focus

of s with reference to the first surface. Let this be K. Light

apparently coming from it is incident at Q on the second

surface, and after refraction there appears to come from s'.

K and s' are conjugate foci for the second surface. If
p.

is

the index of refraction from air into the lens,
- is the index

for the second refraction out again. Let A B = t
;
/is thus

the thickness of the lens.

Let A s = ,
B s' = v.

For the first refraction we have, since K is conjugate

to s,

He u~ r

for the second, since s' and K are conjugate, and the index

is
1

,

"
B K S

.-. ---= --^i . . (2)
V B K S

Now, frequently the thickness of a lens is very small

compared with the other quantities involved, so that we

may neglect it and consider A K as equal to B K, and u and

v as measured indifferently from A or B. In this case for-

mula (2) becomes

v AK s

Adding (i) and (3) we get

v u \r s)
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But

then we have

iii
^~~u

=
f

' '
(6>

If we wish to find a more correct formula, we know
that

but (2) gives us B K and (i) A K
; substituting in (7) we get

1
_____!__ _/

^**Til'* lr**? (8>

We may apply formula (6) to trace the relative chancesm the position of the conjugate foci. These, however
depend on the value of/ which may be positive or nega-
tive, according to the form of the lens. For example if r
and s are positive,/ is positive or negative according as r is
less or greater than * If r is negative and , posidve,/ is
negative. We may, however, show that / is positive or
negative according as the lens is thinnest or thickest at the
centres of its faces.

A lens in which / is positive, which is thinnest there-
fore at A B, is called a concave lens.

foretlTi^Sh/iS negadve' Which is thickest there -

of the it

a COnV6X 1CnS ' /IS alled the focal lenSth

The focal length of a concave lens is positive, that of a

-/ This position of s' k r*\\&A <-u^ ;_.--! /-

of thelns H pnn Pa cus
the lens, and we see, hence, that the focal length of ahm lens is the distance between the lens and its principal
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We will state very briefly the results arising from a dis-

cussion of the formula

I _ 1= -
v u f

Then v and increase or decrease together algebrai-

'

cally ;
that is, s and s' always move in the same direction.

Take two points, F, F,, each at a distance/from the lens

!
on opposite sides, and let F be on the side from which the

light is coming. Let the lens be concave, then /is positive

I _ I =-
v u f

If u = oo
,
v f, the emergent light appears to diverge

from F. As s moves towards A, so does s', and they coincide

at A. If s lies between oo and A, the image at s' is virtual.

If s moves to the left of A, so that the incident light is

convergent, becomes negative, and v is negative and

I

greater than u. So long as u is numerically less than / the

image at s' is real. When u = -/so that the incident light

converges to FI, v is infinite and the emergent pencil parallel.

As s moves still further to the left, v becomes positive and

decreases ;
s' moves from infinity towards A in the direction

of the incident light, and when u has become infinite again,

s' coincides with F. The image again is virtual.

If the lens be convex, its focal length is negative; let/

be its numerical value, then our formula becomes

1 _ 1= -
v u f

Let u oo, !)= -f; the emergent light converges to

FJ. As u decreases v is negative until s coincides with F.

Then u =/ v = oo
,
and the emergent pencil is parallel.

As u changes from oo to/ the image formed by the lens

is always real.

If u be less than/ v is positive, and as s moves toward

A, s' follows it, and the two coincide at A. When s is be-
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tween F and A, the image formed is virtual, and the ernei

gent pencil divergent.
When u becomes negative so also does v, and as

moves from A to an infinite distance, s' moves from A to F

FIG. 42.

BA

Both pencils in this case are convergent, and the imageformed is real. Figs. 42 and 43 show the path of the raysm the
differer^

cases.

Frequently, without use of the formula, a simple inspec-tion of the figure will enable us to judge of the effect a lens
will have on a pencil of rays.
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Let SPQS' (fig. 44) be any ray passing through the

ens.

Draw tangents to the lens at P and Q, meeting at T.

The refraction at P depends simply on the nature of the

media and the angle which s P makes with the normal to the

FIG. 43.

i'V

refracting surface. This angle is the same for the lens and

its tangent plane. If, then, we suppose P T, instead of the

surface of the lens, to bound the refracting medium, the

refraction at P will be the same. P Q will still be its path.

Similarly, we may suppose Q T to be the other surface.

Thus, the lens produces on the ray the same effect as the



Physical Optics. [CHAP, rj

prism P T Q. Now, a prism always turns an incident rel

towards its thick end. If our lens be concave, the thick en|
of the prism is remote from the axis

; the emergent liglj
is -turned away from the axis. If the lens be convex, thl

thick end is towards the axis, and the light is bent in the

direction.

We have called A and B the centres of the faces of th

FIG. 44.

FIG. 45-

lens. We must now explain what is meant by the centre of
the lens.

Let P
(fig. 45) be any point on the first surface, join o P

and draw o' Q to the second surface parallel to it
; join Q p,

and produce it to meet the axis in c, then c is a fixed point
and is called the centre of the lens.

For by construction the triangles COP, c o' Q are similar.

Also

. CO _ OP
C O O' Q

.*. A C=

Thus c is a fixed point, and if we are neglecting the thick-
ness of the lens c coincides with A or B.
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Now let s P Q R be a ray incident at P in such a manner

chat its direction in the lens passes through c, produce
. 3' Q to T, and then by the definition of the centre of a lens

ibp is parallel to o' Q.

/. angle c P o = c Q o'.

Also sin s P o= p sin c P o

sin R Q T=
p.

sin c Q o'

.'. S PO = RQT
.*. s P is parallel to Q R.

Hence if the path of a ray within the lens passes through

the centre of the lens, the ray is not deviated by the lens.

[The emergent ray is parallel to the incident ray.

If we are neglecting the thickness of a lens its centre

ricoincides with the centre of either of its faces, and hence

we see that a ray incident on the centre of the face of a thin

lens passes straight through without deviation. When the

path of the ray in the lens passes through its centre the

incidence is said to be centrical, otherwise it is called

excentrical.

The formulae proved above to determine the relative

position of the conjugate foci depend on the fact that the

incidence is direct. We will consider shortly the case of

oblique incidence.

We started with the supposition that the emergent wave

front was spherical and the surfaces considered aplanatic,

and we saw that for direct incidence we might treat a sphere
as such.

Let us suppose now that this is no longer the case, and

let P' A P (fig. 46) be a section of the reflecting or refracting

surface by a plane through the axis, Q B Q a section of the

emergent wave front cutting the axis in B. Since the origin of

I light s lies on the axis of the surface which is symmetrical
with regard to it, the emergent wave also is symmetrical and

I the portion B Q' is a counterpart of B Q. Any incident ray lies

in a plane through the axis, and the corresponding reflected
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or refracted ray is in the same plane, which is called
tl|

primary plane for that ray.

The emergent rays in the plane of the paper are norm,
to the curve B Q. Any normal to a curve in general intersec |

the consecutive normal, and these points of intersection
lij

on a curve which is called the evolute of the given cum
Moreover, the normals all touch this evolute. Thus in thi

case before us any reflected or refracted ray intersects th

next; the curve on which these points lie, which is thl

FIG. 46.

evolute of the wave front, is known as the caustic curve, and
all the rays are tangents to it. The form is shown in the
ngure in the curve s c D, s' is the geometrical focus of s and
we may prove that the caustic curve has a cusp at s'.

By rotating the whole figure round s A, we should get a
effecting or

refracting surface, a wave surface and a caustic
surface instead of curves.

Now consider a very small portion CD of the caustic

ravs W^e tangent\
at c and D are two of the emergent

rays, let them meet the surface in P and R, and the axis in
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and G respectively. Join s P, s R : s p and s R are two rays

icident obliquely on the surface. They give rise to P c and

L D. Rays incident on the curve between P and R will give

ise to rays meeting the caustic curve between c and D,

nd the axis between F and G.

Let q, be the point in which a ray coming from the

niddle point of PR touches the caustic, and let this ray cut

he axis in q* Let L?2 M be parallel to the tangent to the

effecting or refracting surface at the point in which q^
neets it, and consider only the small pencil of rays falling

)bliquely on P R ; the reflected or refracted rays all pass very

pproximately through the point ? and accurately through

i small portion of the line F G. Now turn the whole figure

ound the axis through a small angle. The portion of the

eflecting or refracting curve p R becomes a part of the

face on which a pencil of rays falls obliquely.

The point q x
traces out a small arc of a circle with its

bentre in the axis of the surface, and through this all the

reflected or refracted rays pass very approximately.
This may

DC treated as a small straight line nearly perpendicular to the

plane of the paper, and is called the primary focal line,

we call the ray incident on the middle point of the area

PR R'P', the axis of the oblique pencil, the primary focal line

is perpendicular to the primary plane of the axis of the oblique

pencil. This plane we may speak of as the primary plane

of the pencil.

The line L?2 M comes into the position L' ?2 M ,
and

races out as small area as in fig. 46, somewhat like an

elongated figure of eight. Through this area all the emer-

gent rays pass, and it may be treated as a small line in the

primary plane. It is called the secondary focr
yine.

Thus

when a small pencil is reflected or refracted obliquely from a

surface the reflected or refracted rays pass very approxi-

mately through two small focal lines at right angles to each

other. One of these lines, the primary, goes through the

point in which the axis of the reflected or refracted pencil
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touches the caustic surface, and is perpendicular to tl;

plane containing the axis of the incident and reflected I
refracted pencils. This plane is called the primary plan)
The other focal line, the secondary, lies in the primary plarj
and passes through the point in which the axis of the r I

fleeted or refracted pencil cuts the axis of the surface. It I

parallel to the tangent plane to the reflecting or refractir

surface at the point in which the axis of the pencil meets i

Again, consider a section of the pencil by a plane parallel 1

this tangent plane. When the cutting plane passes throug

FIG. 4Z-

the primary focal line, the section consists of this line
; its

breadth in the primary plane is nothing. As the cutting
plane moves parallel to itself towards the secondary line the
breadth in the primary plane increases, that perpendicular to
the primary plane diminishes, and at last, when we reach the
secondary line, vanishes.

There must therefore be some point, q suppose, figure 47
between the two focal lines at which the breadth of the
pencil will be the same in and perpendicular to the primary
plane.

When the cutting plane passes through q the section of
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Ihe pencil will be a small oval curve with two diameters in

and perpendicular to the primary plane respectively equal

|o
each other. Such a curve cannot differ much from a

bircle. We shall treat it as one
;

it is called the circle of

least confusion. Thus in addition to two focal lines the

oencil after oblique reflexion or refraction passes through an

bval curve approximately circular called the circle of least

confusion. When light diverging from a point is obliquely

reflected or refracted, the circle of least confusion is the

hearest approach to a point in the path of the emergent

pencil.

The positions of the primary and secondary focal lines,

and of the circle of least confusion, can be calculated in

terms of the angles of incidence and refraction, the distance

^rom the surface of'the origin of light, the refractive index

^nd the dimensions of the reflecting or refracting surface,

In some cases the primary focal line is the nearer to the

surface, in others the secondary.
Their positions can easily be seen by reflecting obliquely

from a concave mirror light diverging from a bright point

and receiving the reflected beam on a screen.

For one position of the screen we get a line of light

at right angles to the plane passing through the axis of the

surface and the luminous point ;
this is the primary line.

As we move the screen further from the surface the line

decreases in length and broadens out, and for one position

of the screen its illuminated portion is very nearly circular ;

as the screen is moved still further, the longest diameter of

the bright part is now perpendicular to the primary line,

and after a time we obtain only a broad line in that direction.

This is the secondary focal line.

When the incidence is direct the primary and secondary
lines and also the circle of least confusion coincide at the

geometrical focus. The distance between the two focal lines

depends always on the square of the angle of incidence, and

will therefore be very small even when the angle of inci-
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dence is not exceedingly small, so that for rays incident ;

angles so small that we may neglect their square compare,
with the other quantities involved, we may very approx

mately use the formula for direct incidence.

Let us now suppose that we have a convex lens with a

object before it emitting light. Corresponding to each poir

of the object we have its image at the conjugate focus

the point, and these images combined make up the imag
of the object. Let A c B (fig. 48) be the lens, and p Q th

object. Consider any point p in the object. Rays diverg

ing from it are incident at all points of the lens and ar

FIG. 48.

refracted by it, the ray which passes through the centre
alone is unchanged in direction; thus/, the image of p, i<

somewhere on c p, or c p produced in either direction,

the incidence at c were direct, that is, if p were on the axis

of the lens, the position of p would be given by the
formula

C/ CP /
/ being the focal length of the lens which is negative, since
the lens is convex. If CP is greater than/ c/ is negative
as in the figure. Thus all the rays from p converge to/.
The locus / q of all points such as / gives us the image
of the object p Q, and in the figure, since the rays pass
through the image, it is a real one.

If, as in the figure, PQ is a straight line perpendicular to



Prisms and Lenses. 8 5

LI axis of the lens, pq\& very approximately
another straight

W also perpendicular
to the axis of the lens ;

more strictly

W is a conic with c as focus. Moreover, since P and /are

bn opposite sides of the axis Q cqt
the image thus formed i

PTf c P is less than /, cp is positive but greater than c P,

and the image is virtual but larger than the object. The

rays coming from P are bent down towards the thick

portion of the lens, but not so much as in the first case so

[hat instead of converging to a point on the side of the lens

FIG. 49.

opposite to P they appear to diverge from a point on the same

side Fig 49 gives this case.

Thus we may use a convex lens to give us an image of a

luminous object in two ways. If the object be at a distance

from the lens less than its focal length, and we look art it

through the lens, the light will appear to come to us from a

virtual image of the object further removed from our eye

than the object itself, and of larger size. It will thus be of

assistance to a long-sighted person. The convex lens thus

used will magnify the object. This is the principle of the

magnifying glass or simple microscope.

When we wish to use this instrument so as to look at an
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object a picture, for instance we find generally that if v

keep our eye and the object fixed there is one position ,

the lens in which we can see the object most distinctl,
The reason of this is as follows. Our eye cannot see clear]

objects too close to it, neither can it distinguish them if to
far off; there is one distance at which we can see moJ
clearly. Let us call this d, and let the object viewed throug
the lens be at a distance a from the eye ; we have to find
position for our lens such that the image of the given objecwhen seen through it may be at a distance d from the eyeLet us suppose the lens is at a distance x from the eyeThen the object is at a distance a-x, and the image at ;

distance d - x from the lens; let/ be the focal length of thJ
lens; then we have

d x a f'

O
;

and from this equation we can find the value of x.
To find the

magnifying power of the lens used in this
manner we must remember that in order to see the object

FIG. 49&

distinctly we should have to put it at the same distancefrom our eye as the image is when viewed through the tensDraw p R
(fig. 49J) parallel to c Q g. Then R - n

and the effect of the lens is to increased apparent' size o}
the object in the ratio tS. thus if we call
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power, we have w=^=^=^, by similar triangles
PQ CQ

C P Q, Cp q.

XT I I J

Now = 2
Cq CQ /

CQ

m

Let us now suppose we are looking through a convex

lens at a distant object, the distance between the lens and

object being greater than the focal length. Then we have

proved that the lens forms a real inverted image of the object

<-

The rays from a point P (fig. 50) of the object converge

to the point p of the image, and if we placed a screen in the

position p q we should see on the screen an inverted image

of our object. This is what is done by the lenses in a pho-

tographic camera. The sitter is the object. A system of

two or more lenses equivalent to our convex lens in the

figure forms a real inverted image of the sitter on the sen-

sitised plate, and by the action of the light on the chemical

substances with which it is coated an impression is pro-

duced on the plate which is rendered permanent by means

of some other chemicals.

But the rays from P pass through the point/ and form

a divergent cone with it as vertex. If, then, we place our

eye as at E to receive some of these rays, E being at a con-
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venient distance from p q, we shall see the inverted ima?
pq\ the image pq, in fact, is just like a real object which i

capable of emitting light, but only ij

certain definite directions, viz. those ill

which the rays from the various point,!
of the object P Q travel.

Now we have seen that by using i

convex lens we can obtain a magmfiec
image of any object. In general the in

verted image of the distant object wil

be so small that we shall be unable tc

distinguish accurately its various parts
but by placing a convex lens behind it at

a suitable distance, and in such a position
that light coming from our object p Q
may fall upon it, we can obtain a mag-
nified image of the image / q. Two
convex lenses arranged in this manner
constitute the simplest form of the astro-

nomical telescope (fig. 51). Of the two
lenses, the one on which the light falls

first is called the object-glass ; the second
is known as the eye-lens.

In the telescope these two lenses are
fitted into tubes so that their axes coin-

cide; the tube containing the eye-lens is

movable in that containing the object-
glass, and thus the distance between the
two is capable of adjustment.

An inverted image of a distant object
PQ is formed at pq by the object-glass
ACB; the rays from any point as p
which fall on the object-glass are made
to converge to /. The position of p is

found by joining p to c the centre of the object-glass and
producing lt to /, the distance c/ being given by the
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formula = -
: F being the focal length of the

c/ c P F

object-glass.

If the telescope is used to view a very distant object,

c P is very great compared with F and c/, and therefore

may be neglected, so that the distance between / q and the

object-glass is equal to the focal length of the glass; p q is

at the principal focus of the object-glass.

To determine the position of a cb the eye-lens, let/be its

focal length, then if the distance between the lens and p q

be/ so that/ q is at the principal focus of the eye-lens also,

the rays from any point as/ of the image will on emerging
from the eye-lens be parallel. Now a pencil of parallel rays

is capable of producing distinct vision for ordinary eyes.

Thus if the lens a cb have this position, an ordinary eye

placed behind it will see an image of / q distinctly. This

image will be erect and virtual, but since p q is an inverted

image of P Q, the image seen by the eye is an inverted virtual

image of p Q.

Moreover, this image subtends at the eye the angle

p c q very approximately (supposing the eye to be close up
to the eye-lens). The angle subtended by P Q is P c Q, but

since we suppose P Q to be a long way off compared with

the length of the telescope, P c Q cannot differ much from

p c Q. Now we estimate the size of objects at about the same

distance by the angles which they subtend at the eye, and p Q
and the image of / q formed by the eye-lens are both at

about the same distance from the eye. Thus if we call the

magnifying power of the telescope m, m being the ratio of

the apparent size of the image to the apparent size of the

object, we have

PI
PCQ _ peg __

c_q_
_ F

.

pcq pcq pj^ /'
cq
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for pcq and/ c ^ being small angles, we may very approx
mately replace them by their tangents.

Thus the magnifying power of a simple astronomic;

telescope when used to view a distant object the mooj
for example is measured by the ratio of the focal length c|
the object-glass to the focal length of the eye-glass.

Let us now suppose we have a concave lens instead of ;

convex
; let A c B

(fig. 52) be the lens, c being its centre, p (

FIG. 52.

the object as before. Then an image of p any point on the
object is formed by the lens somewhere on the line c p

it be at/, and let/ be focal length of the lens, the dis-
tance c/ is given by the formula

J _!_ I

C/ CP
~~
/

-i I
_J_

*

c/ <Jp
+
f

>

so that c/ is always positive and less than c p.

oh-^l
Ae imagC f rmed is nearer the lens than the

object, the
magnifying power being the ratio of c/ to c p is

equal to i

-^ ; and this being always less than unity, the

image formed is diminished.
Thus the effect of a concave lens is to form an erect
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virtual image of a distant object nearer to the eye than the

Dbject.
It will therefore aid a short-sighted person.

Now let us suppose we have a pencil

of rays which by some means have been

made to converge towards a point, and

that before reaching the point they fall

upon a concave lens.

Let A c B
(fig. 5 2) be the lens. We have

seen that a pencil of rays diverging from

a point as P appears to diverge, after re-

fraction through the lens, from a point /

lying on c P. If we reverse the direction

in which a ray is travelling at any point

of its course, it will pursue exactly the

same path back ; thus, if instead of con-

sidering our pencil after emerging from

the lens as one diverging from P, we

consider it as a pencil converging to/

and incident on the lens, it will, after

passing through, converge to P. If our

original pencil had been one of parallel

rays so that / is at the principal focus of

the lens, then our reversed pencil, con-

verging as it does to the principal focus,

will on emergence consist of parallel rays,

and may therefore be capable of giving dis-

tinct vision to an eye placed to receive it.

A concave lens is so used in the eye-

piece of Galileo's telescope.

In this telescope (fig. 53) there are two

lenses A c B, a c b, convex and concave

respectively, having a common axis, and

fitted in two tubes. The distance between

their centres is capable of adjustment.

The convex lens would form an inverted real image of

the object to which the telescope is directed. As before,
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the image of a point p is on the line p c, and at a distancj
c/ from c given by

1
_i_ __ _ i

C/ CP
~

F*

F being the focal length of the object-glass.
The eye-glass acb, a concave lens of focal length/, i

placed between the object-glass and this image, and the ray
converging to the various points of the image fall on the eye
lens. The eye-lens is so placed that the rays converging t<

any point as/ of the image emerge parallel, and in this con
dition they fall on the eye of the observer placed behinc
the eye-glass, and thus an image of the point/ is seen in the

direction/produced. The same holds for all points 01
the image/?; the image thus formed of/? is inverted
but/? being itself an inverted image of PQ, the image seen
by the observer is an erect image of p Q.

In this telescope the distance between the lenses is

approximately the difference of their focal lengths : in the
astronomical it is the sum. The magnifying power is, we
nay show, measured, as in the astronomical telescope by the
ratio of the focal length of the object-glass to the focal

gth of the eye-glass. This arrangement of the lenses
invented by Galileo, is commonly used in opera and marine
glasses.

For purposes of accurate measurement, however, it is

necessary to use the astronomical telescope, or rather it or
some other arrangement in which the image viewed bv the
eye-piece is real.

Suppose the astronomical telescope is adjusted to view a
distant object p Q (fig. 51), and that/ ? is the image formed
by the object-glass ; then when the eye-lens is placed so
that/? is clearly seen, any other object in a plane passing
through/? perpendicular to the axis of the telescope will,if

sufficiently illuminated, be distinct also.
In

practice, two or more thin silk fibres or pieces of a
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spider's-web
are stretched across the telescope tube at this

place.
These are seen as dark lines crossing the field of

view, and the point of intersection of two of the fibres forms

a convenient mark of reference. For example, in using

the telescope to determine the position of a.
star or some

distant mark, it would be adjusted until the image of the

star, formed by the object, coincided with the intersection

of the cross wires. This of course would be the case when

the images of the two, as seen by the eye-glass, appeared to

coincide, and then we know that the line joining the inter-

section of the cross wires to the centre of the object glass

passes through the star.

The position of this line is given by the graduations

attached to the instrument, and hence the position of the

star can be found.

Sometimes, instead of two cross wires, the point of a fine

needle is used as a mark of reference.

In a telescope with cross wires, the eye-piece is usually

capable of adjustment relatively to the wires, and then the

wires and eye-piece together relatively to the object-glass. So

that in using the telescope it is requisite first to place the eye-

piece so that the cross wires are distinct to focus the cross

wires it is called then to adjust cross wires and eye-piece

together until the object looked at comes into clear view.

Instead of a single lens as an eye-glass, the astronomical

telescope usually has two forming an eye-piece.
Two arrange-

ments of these lenses are common; the one is called

Ramsden's, or the positive eye-piece, the other Huyghens',

or the negative eye-piece.
We can hardly discuss here the

reasons for this arrangement, but proceed to describe the

lenses.

Ramsden's eye-piece consists oftwo convex lenses of equal

focal length/on the same axis, the distance between them

being two-thirds of their focal length.

Let us trace a pencil of rays from an object/ q through

such a system, let acb, geh (fig. 54) be the lenses, ce their
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axis. Let the distance between c and q be less than /, t'.

focal length of either of the lenses, a c b is called the fieM

lens, geh the eye-lens. Rays diverging from/ fall on
tlj

field-lens, join cp, and produce it to/' such that

_I !___ _ _!

cp> cp~ f
After passing through the field-lens the rays will appear t

FIG. 54.

diverge from /' ; in this state they fall on the eye-lens geh.
join ep', and on this or this produced take/" such that

J_ _!_ _
ep" ep' f

After passing the eye-lens the rays will appear to divergefrom or converge to/" according as it is the right or left of
the eye-lens. If the distance between / q and the field-lens
is properly adjusted, these rays may emerge in a state capable

Jf
giving distinct vision to an eye placed so as to receive

hem. This will be the case if the rays from any one point
emerge from the eye-glass in a state of parallelism, so that/"is at an infinite distance off the lens.

* at the princiPal focus of the

Also~-_l = _J..
cq' cq f

$.,
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Thus to see an object distinctly through a Ramsden's

eye-piece, the distance between the object and the field-lens

must be one quarter of the focal length of the lenses.

When used with a telescope, the object viewed is the

image formed by the object-glass and the crosg wires ; when

.these are clearly seen the distance between them and the

field-lens is for ordinary eyes a quarter of the focal length of

'the field-lens.

Huyghens' eye-piece also consists of two convex lenses,

a field-lens and an eye-lens. The focal length of the former

FIG. 55-

is three times that of the latter, and the distance between

the lenses is the difference of their focal lengths.

This eye-piece is called negative because it cannot be

used to view an object directly ;
as with the concave lens in

Galileo's telescope so here we require, in order to produce
distinct vision, to have a pencil of rays converging to a point

behind the field-lens.

Let / (fig. 55) be this point, acb the field-lens focal

length /j ;geh the eye-lens focal length/2 ; then/! = 3/2.

Join cp and in it take /' such that

- .= --
cp' cp /,'

We have --
. for/' is on the left of c by hypothesis,

cp
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and lines measured to the left of the origin are taken

negative.

Then rays converging to/ converge after passing throug
the field-lens to /' ; join <?/', and in it produced take/
such that

The rays diverging from /' after passing the eye-len
appear to diverge from p".

If the adjustment is such as to produce distinct visioi

q" is at an infinite distance off, and therefore eq
1 =/2 .

But e c = f* + f* = 2/2 .

2

Thus r/=/2 and

= .L _ _1 = 2

C(l /2 /I 3/2

and q is just half-way between q
1 and e.

Hence if Huyghens' eye-piece be used with a telescope
the image formed by the object-glass must be behind the
field-lens, and at a distance of half the focal length of the
lens from it.

Thus we cannot place a real object as the cross wires so
as to be seen

distinctly through the two lenses. If we wish
to have cross wires we must place them at the principal
focus of the eye-lens. They will then be seen distinctly by
a person with normal vision, but the image with which they
appear to coincide is no longer that formed by the object-
glass simply, but the image of this image as formed by the
field-lens of the eye-piece. By this second refraction the

Cerent parts of the image will be altered each in a different
inner. The image will therefore be distorted and cannot
- used for measurements. Thus for astronomical observa-

tions -Ramsden's eye-piece is used.
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The general principle of all telescopes is to form, by
:neans of a lens or mirror, an image of a distant object and

rthen by means of a lens or eye-piece to magnify that image.

By making the object-glass or mirror large, a great number

pf rays can be concentrated into the image. When an object

i|is magnified, if the amount of light which reaches the eye

jifrom it is not increased, the brightness of the object is

^diminished; the same amount of light being spread over a

larger area, each point of that area is thereby rendered less

.bright. Thus in order to magnify highly a distant object we

should use a large object-glass or reflector to form an image

pf it, and then since that image will be very bright, there

being a large number of rays condensed into it, we can use

.an eye-piece of small focal length and magnify it greatly.

For an account of telescopes in which a reflector is used

to form the image of the distant object which is then magni-

fied, the reader is referred to books on geometrical optics.

We have seen that in the case of reflection or refraction

at a spherical surface, a ray incident so as to pass through
the centre of the surface is reflected directly back or passes

on into the refracting medium without deviation, while a ray

incident parallel to the axis of the surface is reflected or

refracted so as to pass through the principal focus. We will

apply these results to determine geometrically the position

of the image of a point formed by reflexion at such a surface.

Let Q (fig. 550) be such a source of light, o the centre,

A the axis of a reflecting surface p A R, F the principal

focus. Let Q o R be a ray passing through the centre o, it is

reflected directly so that the image of Q will be somewhere

in Q R. Let Q p be a second ray parallel to the axis o A, it is

reflected so as to pass through the principal focus F
,
thus

the image of Q is some point in p F, so that if P F and Q R

intersect in q, this point must be the image of Q. An

exactly similar construction holds for the case of refraction.

So, too, for refraction through a lens; we know that a lay

incident centrically passes through without deviation, while a
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ray incident parallel to the axis is refracted so as to pel

through the principal focus.

Let us take the case of a convex lens A c B (fig. 55^). p

FIG. 550.

being an object at some distance, the ray p c passing throug
the centre c is undeviated; the image of p is therefore on p
or p c produced.

Let P R be a ray incident parallel to the axis Q c q an<
let F, be the principal focus. Join R F, and produce it t

meet p c produced in p. The ray p R is refracted alone
R F,, the image of p must therefore be on R F, ; thus p is the

image of p. Draw p Q,p <?, and R c perpendicular to the axis.
Let c Q = u, c F, =/ c q = v; we will proceed to find the
relation between u, v and/ The triangles R c F,, p q F, are
similar.

RC c F!'
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Q c and/ q c are also similar.

.../ = C_ ,butPQ = RC.
PQ CQ

= or
'"

c F! c Q' /
Vhence we find

-+-=-,
v u j

The case of any other form of lens could be solved

.imilarly.

CHAPTER V.

INTERFERENCE.

JWE have already (Chapter II.) explained what is meant by

interference, and shown how it is connected with the recti-

linear propagation of light. We have seen that if we have

two sources of light, the effect produced at any point is the

resultant of the effects due to each of the sources separately,

FIG. 56.

and we have shown that at certain points the effects of two

exactly similar small sources of light will be to produce
darkness. We turn now to various experimental methods of

producing interference.

Let A and B (fig. 56) be two such sources, and suppose we

try to find the appearance that ought to be presented on a

screen on which the light falls. Let P M be a line in the

H 2
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paper parallel to A B, and p be any point in the line, th(l

the intensity of the illumination produced at p depends cl

the difference p A p B. When p A p B is equal to r\
even multiple of half a wave length, the effect is a maximurrs

when this difference is equal to an odd multiple of half
J

wave, it is zero.

Let c be the middle part of A B, and let c M perpeil
dicular to A B and P M meet the screen in M. Join A 1
B P, and c P. Let A B =

<r,
c M = a, p M = x. Draw A I

and B N perpendicular to P c or p c produced. Then A I

is perpendicular to c p and A c to c M.

/. the angle c A L = angle PCM.
Also A L c and PMC are both right angles.

.*. the triangles A L c and PMC are similar.

In a similar manner we may show that the triangle!
B N c, PMC, are similar

. c L p M c N .
.,

. . = =
, similarly.CA PC c B

Hence = CL_CN = >Lt
PC CA-fCB AB

We shall now make the further assumption that A B and
p M are both very small compared with c M. This being thti

case the angle PCM is very small, and c M p being a
righj

angle, c p M is very nearly a right angle, so that the triangh
c P M is very nearly isosceles

; we may therefore put for c i!

the value c M or a.

In the same way p L is very nearly equal to P A, and p N!

to PB.

Thus NL = PL-PN = PA-PB. Hence we get
on substituting for N L and c p

PA "" PB

.'.x= (PA-PB).

We have seen that the points of maximum brightness
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ire given by P A p B = n X, X being the wave length, while

,hose of darkness are given by P A p B = 2 n l
\.

Thus we shall have maximum brightness whenever
'

r - ^A and absolute darkness whenever x= $(2n + I

)\
C 2C

'n being any integer whatever, including zero.

There will, therefore, be a series of very bright points,

'equidistant from each other, along the line PM, at

distances o,
-

, , &c., from M, and between these
c c

there will be a series of absolutely dark spots, also equi-

, &c, from M.distant, at distances ,

2 C

WIG.

Ka .MI - J-i K"

Between these points the light will change gradually.

Beginning with maximum brightness at M it will fade away,

reaching darkness at a point
- from M, then it will in-

crease again and become a maximum at a point at distance

a
,
and so on. We can show that the intensity of the

light at any point may be represented by the ordinates of a

curve such as that in fig. 57.

The points M, M,, M', &c., are those of maximum bright-

ness, K, K', &c., those of darkness, and each of the distances

M, KU MKj, &c, is equal to . Thus if we take any

line in the plane of the screen which is parallel to the line

A B, we find a series of absolutely dark points on it. These
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points are, so long as we keep to one of these lines, at eqj
distances apart.

If we consider the whole screen as made up of
l|

various lines parallel to A B, these dark points form a serl
of dark bands crossing the screen in directions almost pi
pendicular to A B.

Let c o
(fig. 5 8) perpendicular to the screen meet it in

FIG. 58.

Y

Let o Y be a line in the screen parallel to A B, and o
I

perpendicular to o Y.

Let M be any point in ox, and PM a line perpendicula
to o x, and therefore parallel to A B. P M corresponds to th
line P M in

fig. 56.

We have seen that there are a series of dark bands cross
mg the screen nearly parallel to ox, and we may show a
follows that these dark bands are hyperbolas with their axe<
parallel to o x and o Y.

CM OM 2

If P is on a dark band, say the first, then PM = ^.
2 C

Let c o = b.

Then PM 2 =

OM

Thus P hes on an hyperbola with ox and OY as axes,
J st near o these curves will not difTer much from straight
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ines and the screen should appear to be crossed by a series

,f dark bars approximately parallel to each other, perpen-

dicular to A B. In the space between these bars the light

Should increase gradually, reaching a maximum half way

between each, and then decrease again. The dark bars

should all be at equal distances apart, and that distanc

will be proportional
to X the wave length of the light.

This all depends on the hypothesis that the light is all of

one wave length. Let us suppose that we have two systems

of waves of different lengths coming from each source.

Each system will produce its own interference effects, and the

two effects will be superposed. It might happen that the dark

bands of one system just corresponded with some of t

bright bands of the other, and the visible effect will be much

! altered; we might get a series of bright and dark fringes, but

i not placed at equal distances apart.

The central band on the screen being bright for both

I wave lengths, will give the combined effect due to the two.

j

This would be equally true if we have three or more syste

of waves instead of only two.

An experiment of this kind was first described by

i Grimaldi in 1665. He made two small holes close together

j
in the shutter of a darkened chamber and allowed the sun

! to shine through them. Each hole gave rise to a spot

i light on a screen placed to receive it,
and the distance

between the screen and the holes was so adjusted that t

two spots overlapped. Grimaldi states that the portion

common to the two spots was under certain circumstances

sensibly darker than the rest; but it can be shown that he

apparent size of the sun compared with the diameter of the

holes will have considerable effect and that the appearances

of Grimaldi's are much more complex in their nature than

those we have been describing. Moreover he was quite

unacquainted with the ideas of the wave theory, and merely

advanced his experiment to show that, in the language of

the schoolmen, light was an accident, not a substance.
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The first to state clearly the principle of interference an!
establish it by means of experiment, was Thomas Young, <

Emmanuel College, Cambridge.
He allowed the light from the sun to pass through

small .hole ia the shutter of a dark room, and then to fall o:
two small holes close together in a screen just behind th
shutter

; he received the rays from these holes on anothe
screen at some distance off the first, and found that in th.l

shadow of the dark portion of the first screen between the!
two holes, the second screen was crossed by a series oj
bands

alternately light and dark. These disappeared wher.
one of the holes was closed, or when for the narrow beam
coming from the first hole the direct light of the sun or of a
candle flame was substituted. The two holes constituted the

two small similar sources of light, and the bands were pro-duced by their interference.

It is, however, known that the image of a small fcole
cast by the sun in this manner is surrounded by bands
arising, it is true, from

interference, but in a somewhat
different manner. These are known as diffraction bands

it was objected that these bands of Young's were
merely a modification of the diffraction bands.

To remove this objection, a similar experiment wasmade by Fresnel in a somewhat different manner. The
difficulty was to obtain two small and exactly similar sources

ht without using two small holes. This he succeededn doing m two different ways, which we will proceed to

19)
bC a SmaU of light, such

K
w
^
ich an image f the

t is cast by a lens of short focus. Let D E, E F be
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: two mirrors, so placed that the light from L falls on both of

them.
"

Suppose L lies in the plane of the paper, and that

the mirrors are perpendicular to it, so that their line of

: junction is perpendicular to the paper, DE, EF being the

jjlines
in which the mirrors meet the paper. Draw L K per-

pendicular to D E, and produce it to A, making K A = K L.

jAfter reflection from the mirror, the light will appear to

come from A. Let L H be perpendicular to the mirror E F,

and make H B equal to H L, then the light reflected from the

second mirror will appear to come from B. B and A are

limages of L, produced by reflection in the two mirrors.

If we make the angle between the two mirrors suffi-

:ciently nearly 180, so that the two are very nearly in the

1 same plane, the images A and B will be very close together,

and, each being the image of L, they will be similar. Thus

we have obtained two small similar sources of light close

j together. If, then, we receive the reflected rays on a screen

as before, we ought to get interference effects.

For success in this experiment, very careful adjustment
is necessary. It is important that the polished surfaces of

the mirrors should extend right up to the line in which the

two faces intersect. The mirrors should be metallic, or, if

of glass, the glass should be black or silvered on the first

face, otherwise the reflections from the other surface of the

glass spoil the effect.

Fresnel's second experiment is more easy to carry out

We have seen that a wave of light is bent on passing

through a prism of refracting material, so that its course

on emergence is inclined to that which it followed before

entering the prism, at an angle depending on the material

and angle of the prism and the angle of incidence.

Fresnel devised a piece of apparatus known as a bi-

prism. It consists of a piece of glass, or other refracting

substance, in the form of a prism.

The principal section, G H K (fig. 60), is an isosceles tri-

angle, the angle GHK is very nearly 180, so that each of
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the angles at G and K is very small. The apparatus is lilj

two prisms of small equal refracting angle G or K joint
together at their bases. Waves of light, diverging from i

point, L, fall on the face, G K, and enter the glass. Of thes
some reach the face G H, others the face H K. Now, J
know that a prism tends to turn a ray of light pas'sir

FIG. 60.

through it towards its thicker end
; the light then falling or

the part G H, the upper portion of the b.i-prism in the figure
is bent downwards, and appears, after emergence, to come
from the point u

; while that which falls on H K appears
to come from A. The amount through which each ray is

turned depends on the angles at G and K
; and thus by!

decreasing these
sufficiently, we can obtain two similar!

sources of light close together. If the light, after passing
through the prism, fall on a screen, P M, interference effects
should be produced.

In practice, instead of a point of light, a narrow line of
light formed by a slit, with straight parallel sides, is used.
The length of the slit must be parallel to the edge of the
prism, or the line of intersection of the two plane mirrors.
With this arrangement, theory shows that the bands should
be straight lines parallel to the slit.

We proceed to discuss the results of either of these two
experiments, reserving for the present the more detailed
account of the apparatus used, and the precautions requisite
to ensure success.

Let us suppose we are using white light from the sun or
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a good lamp. Then there will be seen on the screen a white

.tend crossing the centre of the field, which is bordered by a

coloured fringe showing red on the side farthest from the

.centre. Then there comes a dark bar, and after that

another iris coloured band, with violet on the inside, passing

through green and yellow to red ;
then another dark band,

followed by another band of colour, and so on.

Our experiments with a prism have shown us that a,

beam of white light is composed of a number of coloured

beams, and in this experiment we have again split up white

light into its various components.

Now, let us modify the experiment somewhat. Let us

introduce between the source of light and the mirrors or

bi-prism a piece of red glass.
We shall then find that the

screen is crossed by a series of parallel dark bands at equal

distances apart. These are separated by a series of red

bands. This is exactly what the theory would lead us to

expect, if we suppose that the red light which passes the

glass is all of the same wave-length ;
and if we call this

wave-length Xr, and the distance between the centres of two

consecutive dark or bright bands, # a and c, having the

same meaning as before, then

a

The quantities xn a and c can all be measured, and

this will enable us to determine X the wave-length of the

red light

Now, let us substitute for the red glass a blue glass.

The appearance on the screen will be similar to that pre-

viously observed, but the bands will be much closer to-

gether, and the bright bands will be blue.

We are thus led to infer that our blue glass transmits

waves of the same length ;
and if X 6 be their length, and xb

the distance between two consecutive bands

\ cx*
Xft
=V
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and, since xb is less than xn \ b is less than Xr,
or the wav

length of the blue light is less than that of the red. No\!
let us remove our lamp and glass, and use instead a

spirij

lamp with a salted wick, or a Bunsen gas-burner with a bej
of salt on a piece of platinum. This gives a brilliant yello
flame, and on making our observations we find that tr
dark bands are still at equal distances apart, while tr.

bright bands are now yellow. Moreover, the distance b<
tween the consecutive bands is intermediate in value betwee
xr and xb,

the distances when red and blue light was use
respectively. The light emitted by the Bunsen flame wit
the salt in it is then of one wave-length which lies betwee
those of red and blue light respectively.

Thus, our experiments verify the anticipations of theor>and teach us that, corresponding to variations in wave
lengths, we have variations in the sensation of colour whicl
the light produces in our eye. Light of a definite wave
length produces a definite colour. The shorter waves produce the sensation of blue or violet, the longer waves tha;
)f red. The other colours of the spectrum, intermediate
between the red and violet, correspond to waves of inter-
mediate lengths.

The wave-lengths measured in this manner are those ol
the light when in air. Thus, red waves in air are longerthan yellow, and these again are longer than green blue
and violet But we have seen that light of all colours
travels with the same velocity in a vacuum, and with nearlye same velocity in air. Thus, ether waves of all lengths
capable of

affecting the eye travel with nearly the same
velocity when in air.

But the velocity of a wave is measured by the ratio of
the wave-length to the time of a vibration, and since the
velocity of red light in a vacuum is the same as that of
violet, while the wave-length of the red is the greater, it
follows that the time of vibration of red light is greater than
that of violet, while the times of vibration in the motions
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5,which produce the sensations of the various colours inter-

? mediate between these are themselves intermediate between

jthe periods for red and violet light. Thus, our experi-

mental results are just what we should expect on the assump-

,,tions that light is a form of energy propagated by waves
;

..that the period of these waves may vary, at any rate within

.jcertain limits
;
that waves of long period produce in the eye

j,the sensation of red, while those of short period give rise

|
to violet, so that the colour of an object depends on the

i, period of the waves which it emits.

We have, moreover, been enabled to measure the

i, lengths of the waves producing various colours. Later on
I we shall find other and better methods of measuring wave-

; length, and it is one of the proofs of the truth of our

i theory that the measurements of the wave-length of some

j

monochromatic light say that of a sodium-flame made by

;

various methods all agree, at Least within the limits of

i error in the experiment.

Newton's experiment with the prism showed us that a

, beam of white light consisted of an assemblage of beams of

various colours. This experiment has taught us, further,

that a wave of white light is an assemblage of a very large

number of waves of different periods. Each of these, separ-

ately, would produce in the eye the sensation of a distinct

colour. The sum of all these various sensations is the sensa-

tion we call white.

These considerations, too, explain the phenomena pre-

sented when we used sunlight or lamplight in our experi-

ment. Each of the different waves in our beam produced
its own system of bands on the screen. These were super-

posed, and thus gave rise to the variously-coloured appear-

ance seen. The central line is a bright band for all

colours
; along it therefore, all the colours are superposed,

and it is white. The central red bright band is broader

than the violet, and therefore the edges of this white band

are tinged with red. Then we have a dark space, since the
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second bright band is nearer the centre in the violet than 1

the red. A violet band comes next to this dark space. ]

little farther on we have the green and yellow bands comij
in, in addition to the violet, and we get the colour produc 1

by superposing these.

Going still farther from the centre, we come to t

second dark space in the violet, but this corresponds to tij

farther edge of the second bright green band and til

nearer edge of the red, so that we have a mixture of
it]

FIG 61
and green and intermediate coloui
This appears to be yellow, and thil

we get the series of colours seen.
]

A figure may make it plainej

Fig. 6 1 gives the position of tr!

bands in red, green, and violet ligh;
drawn approximately to scale. Ti
obtain the appearance actually pr<
sented we must superpose the*
In the centre we shall get white I

a little further on there will be ni

violet, only the mixture of green ani
red

> which will give a yellow tinge

becoming more red as we go awa !

from the centre, then a black band will come, and so on
At no very great distance from the centre, all regularity ii
the bands will cease, for the maxima in one colour wili
overlap sometimes maxima sometimes minima in the others

In any case, the system of bands will not extend ven
far from the centre of the field, for only the central portiorof the screen receives light from both sources,

th.^r
W rkin with monochromatic light, the edges ojthe field are usually seen to be bordered by another system!

These a*' 7 **? '^ ^ th Se in the centre '

lair on
* ^^ and wiU be discussed

Hitherto we have spoken of a screen on which the light!
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, falls and the bands are produced, but this is not necessary.

(Whatever be the position of the screen behind the bi-prism,

.interference bands would be formed on it. If, then, we
i receive the light directly into our eye, interference bands

are still formed, and we might see them. In both cases,

, however, whether formed on a screen or viewfed directly,

.they would be exceedingly close together, and it would be

,
difficult to see them clearly. We therefore use a magnifying

(glass, either a simple convex lens or a Ramsden's eye-piece,

^nd view them through that. We have already proved that,

jjto
see an object distinctly through such a glass, it must be a

FIG. 6ia.

.certain distance before the glass. If we call the plane per-

pendicular to the axis of the lenses, which is at that distance,

Ijthe
focal plane, then the system of bands which we see

I
looking directly through the eye-piece is that which is

formed in the focal plane.

It remains to describe how the distances between the

bands are to be measured. For this a micrometer eye-piece
is used. This consists of a Ramsden's eye-piece, and in

tthe focal plane there is a frame carrying a filament of a

spider's web. This is known as a cross wire. This frame,

ABCD, in fig. 6i#, can slide in a fixed frame, EFGH, in,

a direction at right angles to the cross wire.

K L M is a fine, regularly cut screw, turning in a nut at L,

which is part of the fixed frame, and so fixed at K that it



112 Physical Optics, [CHAP.

can turn round, while at the same time it draws the mo
able frame and cross wire with it ;

a graduated circle is fix(

on to the screw at M. This is at right angles to the length

the screw and moves with it, and is divided into say 01

hundred parts.

p Q is a fixed straight edge parallel to the length of tf

screw, and graduated ;
the distance between the graduation

is equal to that between two consecutive threads of tri

screw. Let us suppose that the edge of the screw head

opposite a certain division on the scale. Then one con;

plete turn will bring it to the next division, and will drai

the cross wire through a distance equal to the space betweej

two divisions. If we suppose we are using a millimetre screw!

then the distance between the divisions on the scale is

millimetre, and one turn draws the cross wire through
millimetre.

A fraction of a turn draws it through the same fractioi

of a millimetre. Suppose that a certain division, say 20, i

opposite the straight edge, and that the screw is turne<

until division 72 comes opposite, that is, it is turned througl

52-hundredths of a complete revolution, then the cross win

is drawn through -52 millimetre.

Some of the details given above vary somewhat in dif

ferent instruments
;

for instance, the scale used to reac

the whole revolutions is frequently a straight edge fixed ii

the focal plane, with notches on it at certain distances apart

Every fifth notch is deeper than the others
; another centra

notch is marked by a round hole below it. In other case:

the scale is fixed above the tube containing the lenses, anc

a point attached to the movable frame is carried up to it

The fractions of a turn are read as before.

In some forms of eye- piece, and among them those

fitted by Messrs. Elliott Brothers to their optical bench, the

lenses move with the cross wire. This arrangement has the

great advantage of keeping the object which is being measured

always in the centre of the field, and allowing a greater range.
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To measure the wave-length of a given monochromatic

ight by means of the interference bands, we need a slit sup-

ported on a suitable frame, a bi-prism, and a micrometer eye-

aiece. We must also be able to measure the distance between

he slit and the focal plane of the eye-piece, and the distance

oetween the two images of the slit given by the bi-prism.

The experiment is usually made on an optical bench.

This consists of a horizontal stand carrying three uprights.
1

These can slide along the stand, which is graduated, and

attached to each of the uprights is a vernier, so that the

distance between them can be accurately obtained. Each

of these uprights has a head-piece, which can be raised or

lowered at will, and also turned round a vertical axis parallel

to the upright.

The first two uprights are fitted with jaws which can be

made to grip any object they are required to hold, and by
means of a tangent screw and worm wheel these jaws can

be turned round a horizontal axis. A metal plate carrying

the slit is placed in the first pair of jaws and the bi-prism

in the second. The third upright carries a micrometer eye-

piece with a vertical cross wire.

1 The second upright from the light in the figure is an addition to

be described later.
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The axis of the eye-piece is always horizontal, but c
be turned about in an horizontal plane, and in general t

lenses move with the wire.

By means of a screw at its foot the second upright has

horizontal motion at right angles to the scale.

For success in making the measurements a bright lig
and a narrow slit are required. The axis of the eye- pie
should be parallel to the scale along which the uprigt
slide

;
it should pass through the middle of the bi-prism ai

of the slit, and be perpendicular to the flat face of the 1

prism. The slit must be parallel to the edge of the bi-pris
and to the cross wire.

All these adjustments but the last may be made with &
accuracy by eye. Where great care is required the followii
method will be found useful.

There is usually a flat plate of polished metal by whic
the eye-piece is attached to the upright, and which
generally sufficiently nearly perpendicular to the axis of tf

lenses to be treated as such. This will assist us to adju:
the axis of the lenses. For, place a light behind the slit an
somewhat to one side, and open the slit fairly wide ; by mear.
of a small mirror reflect the light through the slit, arid at th
same time look through it above or below the mirror toward
the eye-piece. A reflection of the slit will be seen in th
polished piece of metal. Move the metal round the axis c
the upright until this image is just above or below the centr-
of the lenses. Then their axis passes through the slit. I

greater accuracy is required, a reflexion from the surface o
the lenses maybe used, but this is fainter and more trouble
some to get.

Now- place the light behind the slit and look through
the eye-piece ; a bright blurred field will be seen. Adjustthe lamp until the centre of the field is fairly uniformly
llummated, raising or lowering the slit or eye-piece if neces-
sary. To adjust the slit parallel to the cross wire, introduce
between the slit and eye-piece a convex lens of suitable



HAP. V.] Interference. 115

>cal length, as shown in the figure, so as to form a real

nage of the slit in the foeal plane of the eye-piece, and

y means of the tangent screw turn the jaws, and the slit

ntil this image is parallel to the cross wire..

Fix the bi-prism in its jaws, with its edge approximately

grtical, and turn the screw at the bottom of the upright

:and so as to move it across the field, until a system of

ties, more or less blurred perhaps, comes into view. Turn

le tangent screw of the second upright until the lines are

5 distinct as possible, and bring the central line into the

sntre of the field by using the horizontal screw
; move the

imp again to the side, and by means of the mirror . reflect

le light through the slit looking above it as before. Some
f the light will be reflected from the first face of the bi-

rism and an image seen. Turn the bi-prism round the

ertical until this image appears to coincide with the centre

f the lenses behind them, the axis of the lenses will then

e perpendicular to the bi-prism. Bring the bands into the

entre of the field again by means of the horizontal screw,

nd adjust the tangent screw till they are perfectly distinct.

Then, provided the axis of the eye-piece is sufficiently

early parallel to the scale, the adjustments are complete.
To test for this move the third upright backwards and

awards along the scale, the bands should remain still in the

entre of the field. If they do not, the eye-piece must be

loved horizontally by means of the micrometer screw, and

tie prism by means of the horizontal screw, so as to keep
tie bands in the centre of the field until a longitudinal

lotion of the eye-piece along the scale produces no change
i their position.

This adjustment will throw out that first made, so that

lie axis of the lenses will no longer be perpendicular to

he bi-prism or pass through the slit, but if care has been

aken initially to adjust the apparatus, as well as possible

>y eye, the changes produced will be very small For great

.ccuracy, of course, the adjustments must be repeated.
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The distance between the bands will be increased*

decreasing the distance between the first two uprights cail

ing the slit and the bi-prism respectively, or by increasB

that between the bi-prism and the eye-piece. Increas

this latter distance, however, renders the field less brighl

the same amount of light is spread over a large area
|

therefore it should not be too large. The other distail

may be small
;
we must, however, remember that we canil

measure it accurately, and that probably the error actusl

made in measuring the small distance will be as large 1

that we should have made in measuring a larger distanl

and this error being a larger fraction of the whole, vl

produce a larger percentage error in the result. This rrt

perhaps be compensated for by the increased
accuraj

with which we can measure the distance between two da
lines

;
at any rate this consideration will prevent cl

making the distance between the slit and bi-prism vtl

small.

We have now to measure the distances between
tj

bi-prism and slit and bi-prism and focal plane of our
e>|

piece. The scale gives us the distance between two marl

on the uprights carrying the slit and prism, but we do nl

know the horizontal distances between these marks and ti

slit or prism. To find this the simplest method is to take

rod of known length, let us suppose 10 centimetres
; plaj

one end against the slit, and move the stand carrying til

bi-prism until its face is brought into contact with the oth,

end of the rod. Then read on the scale the distant

between the two marks on the uprights. Suppose it is 8-;

centimetres, the difference between this and the 10 cent

metres is 1*25 c., and this must always be added to tl

reading as given by the scale to get the true distance apai

Thus suppose that when the observations are being mad
the distance between the uprights is 10-34 c., then the tn

distance between the slit and bi-prism is 10-34 c. + 1-25 c

or 11-59 c -
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A similar method must be used to find the distance

Between the bi-prism and the focal plane of the eye-piece.

i,n general if the rod used be of length y, and the distance

Impart
of the uprights as given by the scale and vernier be

|j,
we must add to the distance between the uprights at any

(pther
time the length y z.

To find the distance between the bands set the cross wire

jbf
the eye-piece as nearly as possible in the centre of a band

^bright
or dark), and read the scale and screw head, move

pie
cross wire to the centre of the next band and do the

Ipame.
The difference between the two readings gives in

jiterms
of the graduations of the scale the distance between

two consecutive, bands.

Proceed this way with a large number of lines and take

jthe
mean of all the values. Perhaps the best method of

jtaking
a set of readings is the following. Take the readings

.corresponding to some considerable number of bands, say ten.

Subtract the first reading from the sixth, the second from

jthe seventh, and so on
;
each of the values thus obtained

jgives
the distance between five consecutive bands, divide

[each
result by five, and take the mean ; the result will be

'the most accurate value of distance between any two con-

t

secutive bands as given by the measurements:

If 2 n measurements be taken, subtract the first from the

, (n + i )th, and so on. Divide each result by n, and take

the mean.

We have now to find c, the distance between the two

vertical images of the slit.

Let d be the distance between the slit L and the bi-

i prism H
(fig. 60), and suppose that we know that D is the

, angle through which each of the prisms deviates light of

,

the wave-length used, which is incident perpendicularly to

I
one of its faces. Then, since L H is the direction of the

light before incidence, and A H after emergence, angle
L H A = D. Moreover, we can show that H A = H L = d

very approximately.
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.% A C = H A Sin A H L,

= d sin D,

and c = 2 d sin D.

D can be found by means of the spectrometer.
There is, however, a second method of finding c.

Let o M
(fig. 63) be the focal plane of the eye-lens, a

introduce a convex lens between the eye-piece and U

prism. The lens will form an image of the two images.i
and B. Move the lens along the scale until these

irnaj

FIG. 63.

are m the focal plane-that is, until they are seen sharp am
clear on looking through the eye-piece. Let them be A, B,and let K, be the position of the lens. Then if the dis
tance between the eye-piece and prism be not too small
and the focal length of the lens be within certain limits, w
can, without moving the slit, eye-piece, or prism, find anothei
position, K 2 , for the lens, in which we shall have two dis-
tinct images, A 2 , B 2 , of A and B, also in the focal plane

By means of the micrometer wire we can measure A, B,d A B.and A , ,

B., Let them be , ,2 respectively. Of coulse
A,, B Ki B,, A K 2 A 2 ,

B K 2 B 2 , are all straight lines. Since
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3 and o are conjugate foci for the lens in the two positions,

it is clear that c K
I
= o K 2 ,

and c K 2
= o Kb for

CK
and

OK.! C K 2
+

oi;

C K! + O K! = c K2 + O K 2.

Thus, since c K
I

is not equal to c K 2,
c KI = o K 2,

c K 2
= o K

t
. Also by similar triangles,

A B C K,

A! B
t

o KI

_^JL = CK 2 _ AI B
t

A 2 B 2 OK 2 AB

/. A B2 = A, B
t
X A 2 B 2

Thus we can find c.

In this manner all the quantities in our formula can be

FIG. 64.

found, and we can get X, the wave-length of the light we
have been using.

The adjustments necessary when using the two mirrors

to produce interference bands are somewhat complex.
One mirror, M

(fig. 64), is usually attached to a plate, p,

which can be placed on one of the uprights of the optical

bench
;

the other, N, can turn round an axis, R. This

axis is fixed to the plate P, through which three screws #, b, c

pass ;
c is not shown in the figure, being behind a, and on
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these the mirror M rests. A third screw attached to
back of the mirror passes through the plate P; on tj
there works a nut E, and between E and the plate i<

spiral spring which keeps the mirror pressed against t

screws.

By means of the screws, a be, we can adjust the min
M, until the axis, R, is parallel to the edge of the mirror
and the two mirrors are in the same plane. Then adju-|
mg the screw D varies the angle between the mirrors.

FIG. 65.

In order to make sure that the mirrors are in the sam
plane before adjusting the screw D, look at the imafflsome straight line reflected from the two mirrors Thi
image should be a straight line.

We can find the distance AB
(fig. 65) in terms of th,

distance between L and the mirrors, and the
make with each other.

Let this angle be a, and let L E = a= B E. Let c be the middle point of A B.
Since L A and L B are perpendicular on

angle A L B = a,

and

AEB= 2a; AEC =a
Therefore AB = 2A EsinAEc

2 a sin a

Now L E - A i

^ mirrors, the
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Dr. Lloyd, of Dublin, suggested, in the 'Trans. Roy.

Irish Acad,,' vol. xvii., another and simpler method of ob-

taining the interference bands. When light falls at a very

oblique angle on a plane surface, nearly all is reflected, and

appears to come from an image of the luminous point on

the other side of the surface. Let L (fig. 66) be the source

of light, A B the surface. Draw L M perpendicular to A B,

and produce it to L', making M L' equal to L M, then L and

L' are two similar sources of light, and by making the angle

of incidence very oblique we can bring them as close to-

gether as we please, and thus get interference bands. Of

course, only one half the system will be formed
;
the central

bright band will be the line in which A B produced cuts the

focal plane. The paths of the two rays which interfere at P

will be L P and LDP, and we shall get that half of the system
which lies on the same side of A B as L. The adjustments
for this are very easily made.

In the first chapter we referred to an experiment of

Arago's, which decided conclusively against the emission

theory. This is but a slight modification of the fundamental

interference experiment.
The central bright band is, we know, the locus of points,

such that it takes the light the same time to reach them
from either of the sources A or B. Let us introduce into

the path of one of the interfering pencils a plate of glass or

other transparent substance. Let A P[ (fig. 67) cut this in

s, T, P
( being a point on the screen. Let v be the velocity in

air. v in the glass.
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If P! coincides with M, the point in which a line throu
c perpendicular to A B meets the screen, A p, = P, B.

To get from B to p, the light travels through air only.
'

get from A to PJ it travels partly through air partly throu
glass. The distance travelled is the same in both cas<

Thus, if the velocity in air is greater than that in glass, 1 1

time of
travelling from B to p, will be less than that from!

to P, ; and conversely, if the velocity in air is less than thi
in glass, the time from B to P! will be the greater.

In the first case, 'the central band of the system will l!

lifted to P
I} on the same side of c M as the glass, so as

:j

FIG. 67.

decrease A PI and increase B PI . In the second case it will b
shifted to P2 on the other side of c M.

Experiment shows that it is shifted towards the glassThus the velocity in air is greater than that in aiasLet
ft, ft'

be the angles of incidence and refraction on a picaof glass. Then, according to the
undulatory theory,

sin_ft _ i)

sin
ft'

~~
z>'

'

but vis greater than ?/, ...
ft is greater than

,

accords with experiment; but, according to the emissior
theory, we may show that

sin
ft
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the velocity in air is greater than that in glass, is fatal to the

emission theory.

We have already seen that, at no very great distance

from the centre of the field, the bands become invisible.

It is therefore necessary in making Arago's experiment to

use exceedingly thin glass, otherwise the shifting of the

central band would be so great, that, for reasons which we

shall consider shortly, it would cease to be visible. It is

better, therefore, to cut two strips close together from the

same piece of glass, and place one in path of each pencil,

holding them both normally to the light. Then, the thick-

ness of the glass traversed being the same for each, the

bands will not be altered. Now, tilt one of the pieces of

glass slightly. This increases somewhat the thickness of

glass traversed by one of the pencils, and produces the

same effect as if we had introduced a thin plate into its

path. The bands are shifted towards that plate which has

been turned round.

It remains to explain why we can only form a small

number of interference bands, and this is intimately con-

nected with the nature of the vibrations which constitute

light.

We have already seen that the two sources which inter-

fere must themselves be identical. Now, let p be a point

on our screen, such that the distances AP and BP differ

appreciably that is, a point at some distance from the

centre, and let us suppose that

AP-BP= 2 * +I X
2

n will be a large number.

Then, for all we have seen at present, we ought to get

darkness at P. Let T" be the time of a complete vibration,

and f the time the light takes to traverse B p. Then, since

light travels a distance X in time r", the time it takes to

travel from A to P is t" +
2 n + *

T". Thus, the light
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which arrives at p at any moment from B comes from ar
image of L formed t"

previously, while that from A is froid

an .image of L formed t + 2-^-L T
"

previously, and it I

quite possible that in the i*JU Tn between the formatior
j

of the two images L may have changed, so that the tJI
sources of light, A and B, though at any given instant
they are identical, vary together from time to time The !

nature of the vibrations sent out from L may vary from
instant to instant, so that, at any moment, we have no
right to assume that the light coming from A is identical
with that emitted by A or B some time

previously.The fact we have been
discussing-namely, that ifA P - B P is considerable we do not get interference, provesthat the vibrations sent out by a source of light are not the

grelt

6Ven a P rti0n f dme Whlch IS itsdf not very

We have seen that the colour of the light depends on!
the time of vibration. Thus, if the light is such that its
colour remains the same, the times of vibration of the [
various waves which compose it remain the same. More- {ny f ^ Hght * the Same

> &l
ration must be unaltered
Ve Said n thing about the directions in \m Ve

'^ ^^ I- ^ in

would show us that this

dire v ?
Ct

' UP t0 the Present assumed that the
.ctions in which each of our waves from A and B urged

'
"' 7^^ in the Sa

Clearl 'f *
' n e Same

"un HT
e m A ^^ t0 make the
Wn WhilG B wouldiT fi!^

d
?
Wn

' While that from B would produciuuuon to tne right and left even i-hnno-v, tv. A- *.

and BP dodife
byanoddn^Uipfeoft^atrSg;'
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we cannot expect to get darkness. We conclude then that

we are to consider ordinary monochromatic light as a

series of waves of constant length. The vibrations which

constitute these waves all lie in the wave front, but their

direction varies. *

Since we do get a considerable number of interference

bands under proper conditions, we conclude that the direc-

tion of the vibrations remains nearly the same for a con-

siderable number of periods ; or, in other words, that the

rate at which it changes is slow.

Further investigation, in fact, will teach us that we may
consider that any ether particle is describing a small ellipse in

the plane of the wave, while at the same time that ellipse is

more slowly turning round its centre in its own plane. The

eccentricity of the ellipse may have any value, so that, in

some cases, the particle may be moving in a circle; in others,

its motion may be a straight line. Messrs. Fizeau and

Foucault have made an elaborate series of experiments to

test the question how long we have a right to consider the

curve which an ether particle describes as the same.

CHAPTER VI.

COLOURS OF THIN PLATES.

WE turn now to another series of interference phenomena,

generally known as the colours of thin plates.

When white light falls on a thin film of transparent sub-

stance the reflected light is generally brilliantly coloured,

and all the tints of the spectrum may at times be seen.

This is shown well in soap films, or thin layers of oil or

spirits floating in water.

Another method by which we can get these colours is to

lay a thin plate of microscope glass on a thicker piece of

glass, and press the two into contact. A series of dark
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curves, separated by iris-coloured spaces, will be seen when

light is reflected from it. A thin film of air of varying
thickness is included between the glass plates, and the

coloured bands are due to this. Of the light which falls on

the upper surface of the film, some is reflected from it and

the rest enters the film. Some of this is reflected from the

lower surface and reaches the eye after refraction there.

Thus two streams of light coming from the same source

reach the eye after having traversed slightly different paths.

These two streams are in a condition to interfere, and owing
to their interference the film may in parts appear dark.

For light of a given kind, incident at a given angle, the

difference in the length of path

/pursued

depends on the thick -

^ ness of the film, and thus the

form of the bright and dark

curves seen depends on that

also.

jjv
j ~ Let us consider a very thin

iK^ ;
-

film of air bounded by two

plates of glass.
Let A B

(fig. 68) be a ray in the upper glass incident at

B, B c the reflected, B D the refracted ray. This is reflected
at D and refracted out again along E F parallel to B c.

Draw F c perpendicular to B c. If F c be a plane wave
of light, the light from c will reach A pursuing the path
c B A

; that from F will reach A by the path F E D B A.

These two portions of light are in the same phase at

starting. The effect at A depends on their difference of phase
when they arrive there, and this again depends on the dif-

ference in the times of traversing the two paths.
But this is not all

; for if the difference in phase depends
only on the lengths of the paths, when they coincide this

difference will vanish, and the illumination produced at A
will be a maximum. But the two paths coincide when the
thickness of the film is reduced to nothing ; so that if the
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film be of variable thickness, at all points in which the

thickness is zero, we should, if our reasoning be correct, get

a bright point of light

Now let us look at the question somewhat differently.

If at any point the thickness is reduced to nothing, so that

!the two plates of glass are continuous, then is no reflection

there ;
the light passes straight through and the point

| appears dark. Thus we have arrived at two opposite con-

clusions ;
and of these two, the last is obviously the right

one. We are, in fact, wrong in supposing that the differ-

ence in phase depends merely on the length of the path.

The light reflected at B is travelling in a dense medium,

and is reflected at the surface of a rarer one
;
that reflected

at D is travelling in a rare medium, and is reflected at the

surface of a denser. So far as the reflecting surface is con-

cerned, the conditions under which the two reflections take

place are reversed.

In neither case is the amplitude of the reflected light

the same as that of ttye incident. If the amplitude of the

vibrations in the incident light be unity, and we find in the

one case that the amplitude of the reflected vibration is
,

we might expect that that of the reflected vibration in the

other would be b. If in the one case the direction in

which the particles at the point of incidence move in the

reflected wave be the same as in the incident, in the other

it will be opposite. Let ABC (fig. 68a) be the displacement
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curve for the incident wave, then if in the one case that for

the reflected wave be A' B' c', in the other it will be A' B" c".

This second curve is exactly the same as A' B' c', only drawn

on the opposite side of the line of no displacement. Take

any point P' on A' B' c', draw P' M perpendicular to the line

of no displacement o x, and produce it to P", making M p"

equal to M p', then p" is a point on A' B" c''.

This may be illustrated by considering the impact of two

elastic balls. If the heavier of two balls strike the other

directly it drives that ball on, and continues to move in the

same direction itself. If the striking ball be the lighter of

the two, the other is driven on, but the motion of the

striking ball is reversed, so that after impact it travels in the

direction opposite to that of its original motion.

Let us now see how this affects the conditions of inter-

ference.

Let us suppose that after reflection at B the reflected

vibration is in the same direction as the incident, then after

reflection at D it will be in exactly the opposite direction.

If the amount of light in the two rays B A, D B be the

same, and we call the amplitude of the vibrations along B A

a, then we must call that of the vibrations along D B a.

Thus, even if the thickness of the film is nothing, the light

coming by the two paths, c B A and F E D B A, would in-

terfere, although the difference in path would be nothing.

At all points in which the two 'surfaces touched we should

get darkness. This change in the direction of vibration is

in effect exactly equivalent to adding half a period to the

time taken by one of the portions of light in travelling from

the wave front to the eye.

Let t be the time from c to A, and /
t
from F to A, r being

a complete period, then there will be complete darkness at

n + *

r, or if /!-/ = r.

Let v be the velocity in air, v' in the glass. Draw E K

(fig. 68) perpendicular to B c. Let 9, c//,
be the angles
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between the wave normal and the normal to the surface in

air and glass respectively, o the thickness of the film, then

_ CK + KB + BA
V

FE . ED+DB . BA ,

/, = -+- - + : and F E = c K
V V V

_ ED + D B _ K B
'

-
1 v ~v

7 '

Draw B M perpendicular on E D produced, then by the

law of refraction

KB _ E M
v' v

Also MDB=l8o 2ft

. B D DM _ 60(1-*- COS 2
ft)

1

V V

V COS $ V

Also if X be the wave length in air r = -
;
and thus our

condition for interference becomes

2 o cos
/>
= n \

* n\ sec
or c> = .

2

In this investigation we have assumed that the two

streams of light coming along B A by the two paths have the

same intensity. This, however, cannot be the case always;
one stream has suffered one reflection only, the other two

refractions and a reflection. By each of these operations the

light is altered, and thus, in general, the two streams will

differ. Our result, however, is quite correct, as a further

investigation will show.

Let B Q P D, fig. 69, be the thin film, and consider a ray of

light A B incident at B
;
some is reflected along B c, the rest

refracted along B D. Of this some is reflected along D E
;
on
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incidence at E some is refracted out along E F, the rest re-

flected along E G, again reflected along G H, refracted along

H K,- reflected along H L, and so on.

And again, if A be the observer's eye, light would reach

it which came from a distant object, as the sun, by all of the

parallel paths s Q, N M, K H, F E, or c B, and the total illumi-

nation at B would be that due to all these different rays.

Moreover, the light coming along F E D B A must have

left the source somewhat earlier than that coming along c B A.

Let us suppose t" earlier, that coming along K H G E D B A

will have left 2 f earlier, and so on
;

let T be the time at

which the last wave started. We have to consider the effect

of a series of waves which left the source at times T + /",

T + 2 /', T -h 3 /'', and so on. But this is not all; the light

coming by the path c B A has been reflected at B, and its

intensity will therefore have been altered somewhat, for

some of the incident light will have been refracted into the

film. If we call the amplitude of the incident light #, that

of the reflected cannot be a. Let us suppose that to find

it we have to multiply a by some quantity, say b, so that the

amplitude is a x b. At present we do not know what b is
;

it depends on the nature of the substance and the angle of

incidence.

Again, the light coming by the path F E D B A has been

refracted twice at E and B, and reflected at D. By each of
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these operations the intensity of the light, and therefore the

amplitude of the vibrations, is altered.

Let us suppose that we have a thin film of air between

two plates of glass. Just at present we treat it as jf our eye
iat D were in the glass. Moreover, suppose that, when the

jlight goes from glass to air we have to multiply the ampli-

tude of the incident vibration by c to get that of the re-

fracted vibration, and that when. light goes from air to glass

:we multiply the incident vibration by e to get the reflected,

(and by/ to get the refracted. The amplitude of the vibra-

ition along F E is a. For that along E D then we have a c;

; along D B, ace ; and, finally, along B A, acef. The ampli-

jtude of the light coming along KHGEDBA will be on

emergence ace^f; for the next ray we shall have ace^f^
and so on.

These, then, are the amplitudes of the vibrations which

i arrive at A at a certain moment, having left the source at

times T, T + /, T + 2 /, &c.

Thus the whole effect at A will be that due to the sum
I of a long series of terms arising from these different waves,

and to find it we have to sum the series.

Each of the quantities, #, c, e,f, must be less than unity,

and we can prove that they are con- FlG yo>

nected together by the equations

b + e = o

cf= i -e 2 = i -P
For, let A B (fig. 70) be an incident ray

in which the amplitude is a, it gives

rise to a reflected ray B c, and a re- / \ahc
f , /ao \ctcc-
fracted one B D. / \

In the former of these the ampli-

tude is a
l>,

in the latter it is a c. We assume that if the

light travelling along these two rays be reversed in direction,

the two combined will produce the incident wave.

Now a ray of amplitude a b along c B will produce a re-
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fleeted ray ab *
along B A, and a refracted ray abc along BE,

B E being inclined to the surface at the same angle as B D.

A ray a c along c B will produce a reflected ray of amplitude

ace along B E, and a refracted one of amplitude a </along B A.

Thus by reversing the two rays which do travel along B c

and B D we should get a ray of amplitude a b* + acf along

B A, and one of amplitude a b c + a c e along B E. These

two are by our supposition the same in effect as the original

incident light, reversed in direction, but this consists of a

ray of amplitude a along A B, and none along B E. Thus we

get the equations
ab^ + acf= a

acb + ace = o

or b + = o cf= i b*.

The co-efficient of the first term in the series spoken of

above was ab, of the next acef, of the third ace z
f, and so

on. Thus the co-efficients are, substituting for e and cf,

ab, ab (i b*}, ab z
(i b 2

),
and so on. Each of

these has to be multiplied by a quantity depending on the

time which has elapsed since the wave to which they re-

spectively refer left the source, and the sum of the series

thus formed gives the total effect at A.

The calculation of the sum of this series involves some-

what complicated mathematics. On performing the neces-

sary operations we find that if I be the intensity of the light

received by the eye
9 7T V /

\ v
I ' *T "

-.

/, it will be remembered, is the interval which elapses be-

tween the times at which two different waves which reach

the eye simultaneously leave the source. This has already
been found in the previous section, and we have from page

2 ? cos
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:,vhere c, 0, and v have the same meaning and t is put for

A - '

Thus the expression for the intensity is

.,
, 9 o 2 IT <5 COS %

4 a2 V1 sm 2

This vanishes whenever

2 TT o COS (2> = ""'

that is whenever

. _ n X sec

2

We may show that the intensity is a maximum when

2-0 cos 2^ + 1

X 2
*"

'

that is whenever
*. _ (2 n + i) X sec

4

Before discussing these results further, let us try to see

the physical meaning of the first of the equations used to

determine e and cf; it is b + e = o, or b = e.

When light travels from glass to air, the amplitude of

the incident vibration being a, that of the reflected is a b. ;

while if the light travels from air to glass the reflected vibra-

tion is a e. But a e = ab.

Thus the alteration produced by the two reflections is

the same in amount but opposite in sign, and this is the fact

we have used above in our first investigation into the colours

produced.

Again, a wave of amplitude a going from glass to air

gives rise to two of amplitudes a b and a c respectively. The

energy of a wave is proportional to the square of its ampli-

tude, so that the amounts of energy in these three waves

vary as a-, a1
P, and a 1

c- respectively, but if we suppose
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that no energy is absorbed by the reflection, the energy in

the reflected and refracted waves must be just equal to

that in the incident. Thus we get

a* = a* P + a* c\ or i =l>* +<*.

Again, if we consider in the same way light going from
air to glass we should obtain

but we have seen that b + e = o,

or c = /
and cf= (i

At present we have nothing to tell us whether we should
take the positive or negative sign ;

our previous illustration'

with the balls may help us. In both cases the motion of
the ball struck after impact must be in the same direction
as that before impact of the striking ball.

Thus, reasoning from this analogy, c and/must have the
same sign, and therefore

cf= i - b\

and this is the second equation we were discussing.
Let us now 'turn to the conditions at which we have

arrived for the points of maximum and minimum illumina-
tion.

There will be darkness whenever the thickness of the

film is __ sec 0, and maximum brightness when it is

(2 + i) \ sec-
, being the angle which the light in the

film makes with the normal to the surface.
Let us now suppose that our thin plate is the film of air

between two plates of transparent material, as glass, and that
i stream of white light from some distant source falls on the
glass. $ is then the angle of incidence on the glass.

In
considering the conditions for interference, we sup-
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posed, for simplicity, the point at which the illumination was

! required to be in the glass. This, however, is not necessary.

[Let
BA (fig. 71) be a ray in the

glass refracted out along A p.
FlG- 7I-

! Then if the illumination at A is

nothing, there will be no ray

travelling in the direction B A, I
\R \v \D \c /

[and therefore no refracted ray
I \AA A)

along A P. The conditions for
'

interference at p will be the same

! as those for interference at A.

The eye of the observer may be

anywhere in either of the lines B A or A p.

Let 8 be the thickness of the film, and suppose at first it

is uniform and that the observer is at some distance from it.

Then if

the film will appear black, if

5 2 ;/ + i
\ sec

<f>

4

it will seem bright.

But we have supposed white light to fall on the film, and

we have already seen that white light consists of innumerable

waves of different lengths. Thus we are not at liberty to

suppose that X has one definite value, and we must con-

sider the effect of each value separately. For one value of

X that is, for all the waves of one certain period the first

condition may hold, and they will be wanting in the emergent

light. We have seen that the colour of a ray of light corre-

sponds to the periods of the waves of which it is composed,
so that if waves of a certain length are absent, the light of

the corresponding colour will be absent too.

It may then happen that c and
(j>,

or the thickness of the

film and the angle of incidence, are such that all light of
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some definite colour, say red, is absent from the emergent
beam, and the film would thus appear of a bluish-green hue.

By altering the angle of incidence of the light we could
cause the absence of waves of a different length, and then
the film would appear of a different colour.

These phenomena are easily seen in the vivid colours

emitted by a thin film of oil or turpentine floating on water,
or again in some of the ornamental iridescent glass which
has become common recently.

Again, the colours may be made to vary by altering the
thickness of the film. This is easily done with the thin film
of air between a plate of glass and a thin slip of microscope
glass which is pressed on to it by the fingers. If mono-
chromatic light be used the plate will appear to be crossed

by a series of bright and dark bands corresponding to
the lines of equal thickness of the air film. On increasing
the pressure so as to make the film thinner, the bands
will broaden out, and since the thickness requisite to pro-
duce interference varies as the wave length, the bands will

occupy different positions for different colours, being closer

together for violet than for red light, so that if the incident

light be white, the film will appear to be crossed by a series
of rainbow-coloured bands. The experiment is easily per-
formed, and for a source of monochromatic light a spirit
lamp with a salted wick is sufficient.

Another method of obtaining these colours of thin plates
was employed by Newton, who investigated them carefully
and explained the appearances according to the emission
theory. He used, instead of the thin plates of glass pressed
between the fingers, a very flat convex lens. This rested
on another flat convex lens, with a film of air of variable
thickness between the two. The lenses touch at one
point, and there the thickness of the air is of course nothingThe surface of the lens being spherical, the thickness of the

r increases at the same rate along all lines on the platedrawn through this point, so that for all points in the plate
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tat the same distance from the point of contact the thickness

is the same. The lines of equal thickness, therefore, are

[circles with the point of contact as centre, and since the

icolour of the emergent light at each point depends on the

[thickness
of the film there, these circles of equal thickness

'will appear of the same colour, so that the lines of uniform

colour, or isochromatic curves as they are called, will be

circles with the point of contact as centre. This point being

one of darkness for all wave lengths will appear black, and

will thus be surrounded by a series of coloured rings. At

I any one point light of a definite wave length is quenched,

i the colour at that point depends on the other colours present

lin the incident beam.

These phenomena are described by Newton, 'Optics,'

!
Book II. The lenses used were a plano-convex, the object-

glass of a fourteen-foot telescope, and a double convex from a

fifty-foot. The order in which the colours were observed by

him was, reckoning from the centre outwards :

Black, blue, white, yellow, red, "violet, blue, green,

yellow, red
; purple, blue, green, yellow, red

; green, red ;

greenish-blue, red
; greenish-blue, pale red ; greenish-blue,

reddish-white. This is generally referred to as Newton's

scale of colours.

We can easily find a relation between the wave length

of the light which is absent from the emergent beam at any

point, and the distance of that point from the centre.

Let us suppose that the lower surface is plane, and con-

sider a section by a plane passing through the point of

contact of the lens and plane surface and perpendicular to

that surface.

Let o (fig. 72) be the point of contact. The section of

the lens is an arc of a circle. Let p be any point on it, and

p M perpendicular to the plane surface. Let r be the radius

of curvature of the lens, and let M P meet the circle of which

the section of the lens forms part in P'. Then we know that

M o2 = M P, M P', and if M is not far away from o' com-
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pared with the radius of the lens, M p' is very nearly equal

to 2 r.

Thus M P = M 2

very nearly. But we have already

FIG. 72. seen that if X is the wave length of the

p '

light which at that point is quenched, and

$ the angle of emergence from the lens

into the film of air, then the point in

question appears black if p M = sec
<f>.

That is, the radius of a black ring, for
j

waves of length X, is o M where

OM = <s/ r\ sec
</>.

For a bright ring we shall have

Thus the squares of the radii of the bright rings are in the

ratio of the odd numbers i, 3, 5, 7, &c., while the squares

of the radii of the bright rays are in the ratio of 2 : 4 : 6,

&c. This law was proved by Newton,
'

Optics,' II., Obs. 5.

He found that the thicknesses of the air at the centre of

his dark rings were , , &c., inches, the angle
178,000 178,000

of incidence being about 4, and from this we get for the

wave length of the light quenched

cos 4 =
178,000 44,400

inches, and this is equal to 5,720 tenth metres.

We shall see further on that this is the wave length of

light in the most luminous part of the spectrum, that between

the green and the yellow.

These measurements of Newton's were the first from
which the wave length of light might have been deduced,

though he himself did not use them for that purpose. We
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ftee now how small the wave length is, at any rate in one

part
of the spectrum.
The difference in the thickness of the film for points on

|wo consecutive dark bands is sec
ty,

and this increases

as sec increases. Thus by increasing the angle of emer-

bence into the film we increase also the distance between

jthe
bands. The rings may be seen distinctly and their radii

pleasured by reflecting homogeneous light normally on to

jthe lenses, and viewing their appearance through a micro-

scope fitted with a micrometer eye-piece.
If we use a lens with almost parallel faces the angle of

emergence into the film is nearly equal to the angle ofincidence

on the first face of the lens.

In order, then, that this angle
FlG

;
73*

of emergence may be large,

it is necessary that the angle

of incidence on the first face

be large also, but in this case

very little light would enter

the lens, nearly all would be

reflected from the first sur-

face, We may avoid this

by using for our upper medium a prism with one of its faces

slightly curved, or if we prefer it a prism with flat faces, the

lower medium having at the same time a curved surface, for

in this case the angle of incidence on the second face of the

prism can be made large, and with it the angle of emergence
on the air film, without making the angle of incidence on

the first face large also. A figure will render this clear. ABC
(fig. 73) is the prism, R c being the face in contact with the

iens M o N. Light is incident on the face A B at a small

angle in the direction p Q say, it is then refracted along Q R

and falls on the second surface B c at R, at a sufficiently

large angle. Some of it- is reflected along R s, and emerges
from the third face of the prism A c. The rest is refracted
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into the air film, and after reflection at the second surface

of the film, and a second refraction at the surface B c,

emerges again from A c. This arrangement of apparatus was

also used by Newton.

Newton believed that he could explain by means of these

colours of thin plates the colours of natural objects. He

thought that the first layer or particle in a body behaved

like a thin plate, some of the incident light penetrated them

was reflected from their under surface, and on emergence
interfered with the light reflected from the upper surface,

thus producing colour. Brewster proved that this explana-
tion failed by analysing with a prism the coloured light

coming from various natural objects, and light of the same
colour produced by a thin plate.

We proceed now to discuss two other phenomena con-

nected with these coloured rings.

Brewster showed that in certain cases interference bands

might be produced with a thick

plate of air between two plates

of a transparent refracting sub-

stance. For take two plates of

such a substance as nearly as

possible of equal thickness, and

placed almost parallel to each

other, and consider light coming from a luminous source, so

as to fall nearly perpendicularly on the plates ;
the light reach-

ing the eye placed behind the plates may have been trans-

mitted directly through both, or it may have been reflected at

two or more of the four surfaces of the plates, and a number
of images of the source will be formed. Consider two rays
whose paths are p Q R s T u and p' Q' R' s' T' u' (fig. 74).
The first suffers reflexion at Q at the first surface of the
second plate and again at s at the first surface of the first

plate. The other is reflected at R' on the second surface of
the second plate, and again at T at the second surface of the
second. These two rays will help to form an image of the
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i;ource on one side of and distinct from the principal image
formed by light which passes straight through each plate, or

is reflected at the two surfaces of the same plate. If the

two plates were of equal thickness and exactly parallel, the

Uilgth of path traversed by each ray would be the same
;
and

since in each ray there has been one reflexion when the light

jwas travelling from glass to air, and one when it was travel-

ling from air to glass, the change of phase produced by
reflexion has been the same for both. Thus the two emer-

gent rays would be in the same phase, but since the plates

are not exactly parallel the path of one ray will differ slightly

from that of the other, and the phase on emergent will be

slightly different in the two. They will therefore be in a

condition to interfere and produce coloured bands. Brewster

in his experiments used a tube blackened on the inside
;

one end was closed and a small hole made for the incident

light in it, the plates of glass were inserted at the other end

nearly perpendicular to the length of the tube and inclined

at a small angle to each other. The bands formed are

parallel to the line of intersection of the plates.

The plates used by Brewster were about. '25 centimetres

thick, and when inclined at an angle of i n'to each other,

the breadth of each fringe was 26' 50". The breadth of a

fringe was found to vary inversely as the angle between the

plates.

These phenomena are known as the interferences of

thick plates. They are distinct from the coloured rings of

thick plates discovered by Newton (' Optics,' Book II., part

IV.), and were described by him as follows :

' Obs. I. The sun shining into my darkened chamber

through a hole one-third of an inch wide, I let the intro-

mitted beam of light fall perpendicularly upon a glass

speculum (mirror), ground concave on one side and convex

on the other to a sphere of five feet and eleven inches

radius and quicksilvered over on the convex side, and hold-

ing a white opaque chart or quire of paper at the centre of
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the spheres to which the speculum was ground, that is at a

distance of five feet and eleven inches from the speculum, in

such a manner that the beam of light might pass through a

little hole in the middle of the chart to the speculum, and

be thence reflected back to the same hole. I observed upon

the chart four or five concentric irises or rings of colours

like rainbows encompassing the hole, much after the manner

that those which in the fourth and following observations of]

this second book appeared between the object-glasses encom-

passing the black spot, but yet larger and fainter than those.'

If the distance of the chart from the speculum was

much greater or much less than six feet, the rings became

dilute and vanished.

The squares of the radii of the bright rings were found

to be in the ratios o, 2, 4, 6, &c., while those of the dark

rings were in the ratios i : 3 : 5 : 7, &c.

The squares of the radii of the various rings was found to

vary inversely as the thickness of the mirror used. As in the

case of thin plates, the radii of the rings were less for violet

light than for red, and the ratio of the radius of a violet ring

to the radius of a corresponding red ring was found to be the

same as for the thin plates. Newton endeavoured to explain

these phenomena on the emission theory. It is to Thomas

Young again to whom we have to turn for an explanation on

the undulatory theory, and his work was extended by Sir J.

Herschel and completed by Stokes and Schafli.

No surface, however well polished, reflects or refracts

regularly all the light which falls on it
; some small portion

of the incident light is 'scattered' by the surface, that is, is

diffused generally in all directions
;
the amount of light so

scattered depends on the polish of the surface, and it is to

this scattering by the surface that the rings in question are

due. They may always be made more distinct by slightly

dimming the surface of the mirror. This is most easily

effected by brushing it over with a very weak mixture of milk

and water, and leaving it to dry.
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In Newton's experiments quoted above the incident

Jight fell normally on the mirror, the origin of light being in

ithe axis. He investigated the phenomena when this was no

longer the case, and in our discussion, therefore, \ve shall

[suppose that the light comes from a point L not very far from

ithe axis, and lying in a plane passing through the centre of

the mirror and perpendicular to the axis. Let o (fig. 75) be

the centre and o A the axis. Join o L and produce it to L',

FIG. 75-

making o L' = L o ;
then an image of L will be formed by

reflexion in the mirror at L'.

Consider a plane passing through L L' perpendicular to

o A, and let M be any point in it.

Let L R s T L' be a ray of light refracted at R, reflected at

s, and refracted out at T. Owing to the want of perfect

polish of the surface, part of the light is scattered on emer-

gence at T, and of this scattered light some portion reaches M.

Consider now another ray incident at this point T
;
some

portion of this is scattered on incidence and part is refracted

into the glass of the mirror along T s'. This part is reflected

regularly at s' along s' R', and after regular refraction at R'

reaches M. Thus light scattered at the same point T reaches
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M by two different paths. One portion of this light was

scattered on emergence, the other on incidence.

These two paths L R s T M, L T s' R' M, will in general

differ slightly, and so these two portions of light will be in a

condition to interfere, and coloured bands will be produced
on the screen through o.

Of course light scattered at other points of the surface

besides T may reach the point M. Professor Stokes, how-

ever, has pointed out that two rays of scattered light cannot

interfere unless the scattering has taken place at the same

point of the reflecting surface. For by the act of reflexion a

difference of phase is produced, and this depending, as it

probably does, on the state of the polish of the surface, is

different for different points.

We proceed now to calculate the difference in path of

the two rays, supposing that the angle of incidence is so

small that we may neglect its cube and higher power, so

that if $ be the angle of incidence we have sin = $ = tan y

and cos = i -.

let /i be the refractive index
;
the angle L o A is a right angle,

and since R is not far from A, the angle L o R is very nearly a

right angle. Also L R o = < = (approximately) = -,

/. R L = R o sec
<j)
= r(\ +

j
=

Again, since

sin
<ft
=

/j.
sin

</>' ; <j>'
= * = -Ii- = JL,

p. /J.
L A

jj.
r

Let / be the thickness of the mirror, s is clearly on o A

produced, and A s = /, also s A R is a right angle very

nearly, and A s R = d>',
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Similarly T o M is very nearly a right angle,

.*. T M = v/ (T o
2 + o M 2

) (approximately)

if we neglect 4
and higher powers.

Now the length of path of the ray scattered at emergence
when measured in air is

L R + /* (s R + s T) + T M,

and, substituting, this becomes

2 r pr3
'

We turn now to the ray scattered at incidence. We
shall find the length of its path most easily from the con-

sideration that if M be taken as the source of light and L as

the point at which we require the illumination, M R' s' T L

becomes a ray reaching L after scattering at emergence
at T.

To find the length of its path, then, we have only to in-

terchange L and M in the above investigation, that is to

interchange u and v in the above expression.

We get then equivalent path of L T s' R' M in air.

The difference in length of path is

/ %V '

There will, therefore, be darkness on the screen if
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and maximum brightness if

\ being the wave length of the light considered.

In the case considered first by Newton quoted above, L

and o coincide, and therefore u = o.

Thus for darkness

and for brightness

o ar^X
vi n tt-

.

Thus the isochromatic curves are circles round o as

centre. The squares of the radii of the bright rings are in

the ratio 0:1:2:3, &c., or o : 2 : 4 : 6, &c.

Those of the dark rings are in the ratio

&c.
;

also the squares of the radii of the various rings vary

inversely as /, the thickness of the mirror
;
and finally the

squares of the radii vary as X, and this we found was the

case in the coloured rings of thin plates; these agree with

Newton's observations.

Turning now to the case where u is not zero, we have

for darkness, and

for brightness. Thus the isochromatic curves in this case

also are circles with o as centre
; moreover, putting u =

z>, we
see that v = u is a bright circle for all wave lengths, so that

if white light be used, this circle, which passes through the

luminous point L and its image L', is white. Suppose we wish
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to determine the illumination at o, the centre of the mirror,

we must put v = o. If we use monochromatic light, the

central point will be dark if

,. (2 +!), X

2 t

that is if
2 u

is an odd whole number, and bright if

yu
r*\

9 n n r* \
uz

-\ = o.

2 ifi t
that is if is an even whole number.

Thus in general, white light being used, the central point

is coloured, and its colour changes as the distance of the

luminous point from the centre of the mirror is varied.

(Newton, 'Optics,' II., Obs. 10.) This central point is sur-

rounded by a series of coloured circles. A white circle passes

through the luminous point, and at the end of the diameter

of this circle opposite to the luminous point there is an

image of that point formed by regular reflexion in the mirror.

This white circle is surrounded by another series of coloured

rings. The rings get closer and closer together the further

we go from the centre, for we can show that the area be-

tween any two consecutive rings is constant. Thus at a

short distance from the centre the appearances become all

confused.

The rings can be seen with a plane or convex mirror,

though they are less bright. If the mirror be convex the

incident pencil of rays must be a convergent one in order

that the reflected rays may form a real image of the source.

If the face of the mirror is dimmed in any manner it is

necessary to take care that the small particles deposited for

that purpose are not regular in form, as lycopodium seeds,

for in this case the phenomena are masked by the rings

formed by diffraction by a great number of equal small

particles.

The Duke de Chaulnes obtained these rings by using
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a concave metal mirror in front of which he placed a thin

plate of glass or mica dimmed with milk and water. The:

surface of the glass acted like the front surface of the glass

mirror described previously. The air between the glass and

the metallic mirror takes the place of the glass of the mirror,

and the metallic reflector plays the same part as the back

surface of the mirror.

Before leaving this part of our subject we may refer to

the colours of mixed plates discovered by Dr. Young,!
' when looking at a candle through two pieces of plate glass;

with a little moisture between them.' According to Dr.

Brewster, in order '

to see the phenomena to advantage it-

is only necessary to rub up a little froth of soap and water

almost dry between two plane glasses and hold them between

the eye and a source of light,' or to spread a little white of

egg between the glasses, drying it before the fire to remove

the excess of moisture.

According to Young, the colours are due to the inter-

ference of rays which in the space between the glasses

traverse different media, and this explanation has been

developed by Verdet ('Traite d'Optique Physique,' Vol. I.

Section 44).

CHAPTER VII.

DIFFRACTION.

WE turn now to a remarkable series of effects produced
when a wave of light passes through a small aperture. The
phenomena in question are known generally by the name
of diffraction. We have already seen that sound and light
resemble each other in being forms of energy propagated by
wave motion. The analogy between the two appeared to

fail when light and sound are allowed to pass through an

opening. We hear the thunder even though we cannot see

the lightning by which it is produced. Light apparently
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travels in straight lines, sound does not Now we have

already seen that the rectilinear propagation of light depends
ton the extreme smallness of the waves which produce it,

compared with the other dimensions involved. An obstacle

.placed between our eye and a source of light prevents us

tfrom seeing the light because its size is great compared with

khe wave-length of light. Light travels in straight lines

through a hole because that hole is large compared with the

wave-length of light. If, then, we can arrange for sound to

pass through an aperture large compared with the wave-

length of the sound, we may expect that it too will travel in

straight lines
;
and conversely, if we can arrange for light to

pass through an aperture which is not large compared with

the wave-length of light, we may expect that it will cease to

appear to travel in straight lines. We can obtain a sound

shadow and we can make light bend round a corner as

sound in general seems to do. For the former we require

an aperture large compared with the wave-length of sound,

and no obstacle near to reflect the sound back after it has

passed the aperture, and so mar the effect For the latter

we need an aperture not large compared with the wave-length

of light Some few years since a powder hulk exploded
on the river Mersey. Just opposite the spot there is an open-

ing of some size in the high ground which forms the water-

shed between the Mersey and the Dee. The noise of the

explosion was heard through this opening for many miles,

and great damage was done. Places quite close to the hulk,

but behind the low hills through which the opening passes,

were completely protected, the noise was hardly heard,

and no damage to glass and such like happened. The

opening was large compared with the wave-length of the

sound.

A very well marked sound shadow is often formed by a

mountain ridge. If, for example, there is a stream running

at the foot of the ridge the rush of the water is heard so

long as you can see the stream. On descending sometimes



1 50 Physical Optics. [CHAP. VII.

only a few inches below the ridge to a position from which

the stream cannot be seen, the noise, too, will appear to

stop abruptly. The change from the full rush of the waters

to almost complete silence is most marked. A perfect

sound shadow is formed.

This is very marked along a ridge leading from High
White Sides to Grisdale Pike in the Lake District. There is

a stream running between this ridge and Grassmoor from

which a most perfect sound shadow can be obtained.

At present, however, we are concerned with the passage

of light through a small opening. We shall suppose for sim-

plicity's sake that the source of light is at a great distance

compared with the size of the open-

ing. We consider the effects on a

screen placed behind the opening in

a plane parallel to it. Let us suppose
that our aperture is in the form of a

rectangle A B c D (fig. 76), which is

very long compared with its breadth.

Let P be a point in the screen at which

we wish to consider the effect. Draw
p M perpendicular to the plane of the

aperture, and M E F in that plane per-

pendicular to A B and c D. We shall suppose the distance oi

p so great compared with the size of the aperture that we may
treat lines from p to any point in E F as if they were parallel.

We shall see afterwards how this condition may be realised

in practice. Draw L K parallel to A B in the plane of the

aperture, and let M N meet E F in N. Join p N, p N is at

right angles to L K.

We have seen already that if N be not too near the end
of the line L K, the effect of a linear wave such as L K in

illuminating p will be confined to a small element of that

wave near N. The portion of our plane wave which passes
the aperture is made up of a number of these linear waves
like L K, and the effective part of each of these linear waves
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,in illuminating P is confined to a small element in the

! neighbourhood of the point in which the wave considered

! cuts F E. Thus the part of the aperture which is effective

in illuminating p is a small portion near to the line F E. k

We have, therefore, to consider the effect at p of a narrow

strip of our aperture along the line F E.

Let the plane of the paper (fig. 77) represent the plane
F E M P of fig. 76. We have to consider the effect at p of a

wave front F E. Join p E, p F
;
F E is by assumption so short

that we may consider p E and P F

as parallel. With P as centre and FlG - ??

p E, P E + -, P E + X, P E + 3^, &c.,
2 2

as radii describe a series of circles

cutting F E in E, MI, M 2 ,
M 3 , &c., and

let the point of intersection nearest

F be Mn. Let o be the point in

which a line from the middle point

of E F perpendicular to the screen

meets it. Let E E', F F', be perpen-
dicular to E F, and meet the screen

in E' and F', and let P be further

from o than E' or F'. Then since P E and P F may be con-

sidered parallel, E MJ = MJ M 2
= M 2 M 3 =, &c.

The amount of light sent to P by each of the elements

E M
I} M! M2 , &c., is the same, but since P M, p E =

, &c.,

the light from any element is opposite in phase to that from

the preceding one. The effect, therefore, of alternate

elements is equal and opposite.

If, then, we suppose n to be even and Mn to coincide

with F, there will be an even number of these equal elements

in F E, and the total effect at p will be zero, and in this case

p F p E = ;// X where 2 ;// = n. If n is odd and Mn coin-

cides with F, there will be an odd number of these equal

elements, and the effect at P will be that due to one of
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them alone, and in this case PF PE = X, where

2 m. + i=n. The effect, however, is not a maximum at

this point, but will be so, as further investigation shows,
somewhere not far off.

If Mn does not coincide with F we must consider sepa-

rately the cases when n is even and n is odd.

If n be even, the effect of the portion EMn is zero, the

effect at P is that due to the element F Mn . If n be odd, the

effect of E Mn _ j
is zero, the effect at P is that due to I

F Mn _ u and this is the same as the effect of Mn _ j
Mn minus

the effect of Mn F. Thus there are a series of points along
the line o P at which the intensity is zero

;
these are given

by P F p E = m X.

Between two consecutive such points the intensity

gradually increases, reaching a maximum somewhere near

the points for which p F p E = 2m + 1
\ an(j then ^e-

2

creases again to zero. If we consider any other section of

FIG ^
our aperture as G H

(fig. 78), also perpen-

q H
' 7 '

JVT*
dicular to its length, and let a plane through
GH perpendicular to the aperture meet the

screen in the line o' P', G H is effective in

illuminating this line on the screen. There
will be a series of bright and dark points
on this line at the same distance from o' as

the bright and dark points on the line o P

are from o, so that considering the whole

aperture we see that our screen will be crossed by a series

of light and dark bands parallel to the length of the aperture.
We proceed to find the distance of one of these dark

bands from the point o. Let 2 l> be the breadth of the slit,

and let the circle through E cut PF in Q, fig. 77. Then
FQ = PF PE = WX. Since F E is small, F Q E is very
approximately a right angled triangle with a right angle at Q.
Let L be the middle point of F E and let the angle o L p = 0.
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Since lines from P to any point in F E may be considered as

parallel,

.*. angle Q E F = Q and F Q = F E sin 6.

.-. m \ = 2 b sin ;
so that sin0 = ^.

Since we have supposed P to be without E' F', the value

m = o must be excluded from this equation. Let c be the

distance of the screen from the aperture, c is very great

compared with b, let o P = x. Then

(*-*&
PL *<*)

neglecting higher powers of -.

Hence, if we suppose that the distance x is so small

compared with c that we may neglect -j
and such terms,

we have sin 6 = -, and therefore x =
2-b

'

Thus to this approximation the dark bands are at equal

distances, apart, and the bright bands are nearly half

2 b

way between them.

With a given slit and given distance between it and the

screen, the distance between o and the centre of a given

dark band varies as X the wave length. ,Thus with white

light the positions of the lines of greatest darkness are

different for the various waves of which it is composed.

The central band, the principal image of the slit, will be

white. The positions of minimum brightness for violet

light being nearer the centre than those for red light, the

next bright band on either side will be violet coloured on

the edge turned towards the centre, and red on the outside,

then there will be a dark space and again another rainbow
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coloured band. After a few such recurrences the red of one

band will overlap the violet of the next, and the appearances

will -be confused and fade away.

The distance between two consecutive dark bands varies

inversely as the breadth of the slit, so that the appearances

on the screen are rendered more marked by decreasing the

breadth of the slit. The interval between the bands also

varies directly as the distance between the screen and the

slit By increasing this distance we increase the interval,

but at the same time we diminish the intensity of the light,

and that in a greater ratio.

The formulas obtained above are sufficient to give us the

points of minimum brightness. They do not, however, tell

us how the intensity of the light varies between those points,

nor where exactly the points of maximum brightness lie. We
will therefore consider the question again more fully. At any
moment the displacement of an ether particle is the same

for all points of the aperture. We require, then, to find the

effect at P of a given displacement at all points along the line

E F. Now it is quite clear that if P, Q are any two points,

the effect at Q produced by a displacement at P is the same

as the effect which would be produced at P by the same

displacement at the point Q.

Let us suppose, then, a certain displacement is produced
at P, and find its effect at a given moment at any point Q in

the aperture. This will be exactly the same as the effect at

p of the same displacement produced at Q. If, then, we
add together the effects produced at all points of the line

EF by the displacement at P, we shall get the effect at P

due to the same displacement at all points of the line E F.

Let us suppose that the displacement at P takes place in

the direction of the length of the slit, and draw the displace-
ment curve for the moment considered along the line P F,

fig. 79. This curve lies in a plane through p F and the

length of the slit

From each point of the curve draw a perpendicular to
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this plane to meet the plane of the slit. The points of

intersection will lie on a curve line Q, Q 2 Q3 ,
&c.

Let QI'MJ' QZ'MZ, &c., be the displacement curve,

Q! Q/, MI M/, &c., being perpendicular to the plane PFA.
Let Q N be perpendicular to E Y, Q' N' to P F, N N' b ng

perpendicular to the plane PFA. Then Q N =Q' N'. 'N'

is the displacement produced at N' at the moment con-

sidered by a displacement at P. Since P is by hypothesis
so distant that P N is parallel to P F and the angle P N' N

FIG. 79.

A |D

is a right angle PN = PN', and the same displacement is

produced at each moment at N and N'. Thus Q N is the

displacement produced at N by at P, and this again is the

effect produced at P by a displacement at N. Now let us

suppose we consider a very small bit K of the line E F just

in the neighbourhood of N so small that we may consider

the disturbance produced at P by each point of this small

line K to be the same and to be therefore Q N. The effect

at P due to this element K then is K x Q N, and the total

effect due to the line EF is the sum of all these separate

effects like K. Q N. This we may denote by S
{K. Q N} , But
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evidently 2
{<-:.

Q N} is equal to the whole area of the curve

QK M! Q 2 M 2 , &c., between the points in which it cuts the !

sides A B and c D of the aperture, considering the parts of
j

the area which lie above and below the line E F as of opposite

sign.

In general neither .E nor F will coincide with any of

the points M, M 2 , &c., in which the curve cuts EF. Starting

from E let M2m be the last even point of intersection

before we come to F, and let MO be the first point in

which the curve cuts FE produced beyond E. In M2m F

take a point K such that KM.2m = MO E, and let KR perpen-

dicular to E F meet the curve in R and let c D meet it in s and

A B in T. Since between M O and M2m there is as much of the

curve below as above EF, the whole area M O QJ MJ . . . . M2m
= o, but the area s E M O

= area K R M 2m.

Thus area Esq^M, . . . . M2m RK = o, and the whole

displacement at P is proportional to the area KRTF. If

K R T F should vanish there will be no displacement at P.

Now from the definition of the displacement curve we

have M</ M2m
' = m A, and since the angles M O M O

'

P, M2m M'2m P

are both right angles, MO
' M2m

' = M O M 2m cos P F E.

Let P F E = 90 so that 6 is the angle which a line

drawn from P to any point of E F makes with the direction of

the incident light MO M2m = -^ = But M O M2m = E K.
sin d

/. E K = -
,
and the condition for darkness at P be-

sm V

comes as before, 2 b being the breadth of the slit.

We can by means of a theorem in trigonometry find the

displacement at P when it is not zero. We require the area

KRTF. Now we know that

Q'N' p sin^ (v t p N'),
A.
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v being the velocity of the light and p sin v t the dis-

placement at P at the moment considered. Let E L be

perpendicular on p F and let P L = d. Then

p N' = P L + L N' = d + M E sin 0,

and

Q N = Q' N' = p sin (v t d N E sin 0).
A.

Now take a number of points N
t
N2 N3 , &c., at distances

K, 2 K, 3 K, &c., from E, and suppose that we may treat Q N
as constant for each of the pieces K between these points; let

there be n such elements in the space F E so that n K = 2 b,

if N lie in the rth such element N E = TK.

We have seen that we require to find the sum of a series

like 2{v. QN}, and this sum becomes

sin^ (vt
- d - TK sin 0) j

where -n means that r is to have all integral values from

T to n. This series is of the form

sin a + sin (a /3) + sin (a 2
ft)

+ ---- + sin (a
-

^T/3),
where

a = (v t - d - K sin 0), /3
= K sin d.

A A

But we know from trigonometry that

sin a + sin a (3 + .... sin (a + n i /3)

(..-^)sin^= sin

2'

Thus the sum required is

2 TT / , , n + i ,A "" /

p >c sin f v t d K sin
J
sin n K sin

7T ,,

sin <c sin DI
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Remembering that n K = 2 b, and that K is ultimately very

small, n being very large, we have

sm 6
,
pa?)

sin

and since K is very small

. sin (P /-<*- sin0).x v

2 TT ^ sin

X

K sin

so that

pX
TT sin X X x

Now */ + b sin is the distance between p and the middle

point of E F. Let us call this distance/ Then since the

intensity of the light at a distance/from the source varies as

-^,
and since also the intensity varies as the square of the

amplitude, we have for the amplitude of the vibration at P

p X . 2 TT b sin

fir sin 6

or as it may be written

*P X
^

/ 2 TT b sin ft

X

Moreover/will never differ much from c\ we may, there-

fore, put c for/in the denominator, and remembering that

the intensity is given by the square of the amplitude, we

have if I be the intensity
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ifeSSH'
2 IT If sin ti

\

Thus if
2 "" b sm 6

be put equal to 0, the intensity de-
A,

pends on the value of < 55LE L
.

I ^> J

This is zero whenever
^>
= m w

; that is whenever

where m has any integral value excluding zero. When

^_ mj> _ ^ and this ig
-

ts gj-g^ggj vaiue. There will,

therefore, be a point of maximum brightness when

2 if b sin _
~T~

so that = o, that is directly opposite the hole. The other

points of maximum brightness are given by the maximum

values of ^HL^ an(j these we may show depend on the values
*

of
(j>
which satisfy the equation tan

^>
=

(j).

These have been calculated by Schwerd, and are given in

the following table, calling the values
(f> t <j>2, &c.

= 1-4303. = 3-4709.
7T 7T

^ = 2-4590. ^ = 4-4774.

If x be the distance of the point P from o, then we have

as previously sin = -, and if at every point along the line

o P we draw an ordinate equal to
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the extremities of the ordinates will lie on a curve like

that given in
fig. 80, the ordinates themselves representing

the intensity of the light at each point. The ordinates

of course are zero at the points given by x ^4, m

having any integral value not zero, while the consecutive

FIG. 80.

maxima values lying between these minima decrease very
rapidly, so that after two or three alternations any difference
in the intensity of the light from point to point ceases to be
appreciable.

Write the equation again in the form

and remember that the maxima values of I are those for
which the values of are given by the table. Then we see
these values omitting the first do not differ greatly from the

odd multiples of
^ so that the value of sin

<j>
in each case
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is nearly unity, and the consecutive maxima are approxi-

Imately in the ratio of the numbers

T
4 4 4 frrS- 2 '

25^ 49 - 2>

We can now find the positions of the points of maximum

brightness in terms of their distances from E and F. For

they are given by
27r3 sin 6>

_^
A

or o,, or 03, &c., but

2 b sin = P F p E,

and

43-

^ence the points required are given by

PF PE = Xx i -430.

or X x 2-459.

or X x 3-470, &c.,

nd these approximate to the consecutive odd multiples

f -, omitting
- itself. Thus the effect is a maximum at

>oints not far from those given by

here m has any integral value not zero.

A little consideration will now show us why the effect is

ot a maximum exactly at the points for which

t such a point the effect is that due to an element of F E

qual in length to -
-, at a point p' for which the value of

sin v

is 6' the effect is that due to some fractional part of an

M
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element -^ . If P' is not far from P but somewhat nearer
sin

'

D, this fraction will be only slightly less than unity, and

since _A_ will be greater than -. -, 6' being less than 6,
sin 0' sin

it is possible for the effect of part of the element
^-^-,

to be

greater than that of the whole element
-r^,

so that we

might expect the points of maximum brightness to be some-

what nearer o than points given by the equation

2 m 4- i x

p F P E = X,

would be. This, of course, agrees with the result of exact

calculation.

These diffraction images may be seen by viewing a

gas flame edgeways or a candle flame through a narrow

FIG. 81.

p
ZE
.M. jj

aperture. In this case the retina of the eye is the screen!

on which the bands are formed. We may make use of

them to determine the wave-length of light if we can

measure the breadth of the slit, the distance between the

dark bands and the distance between the slit, and the plane
in which the bands are formed. The optical bench already
described can be used for the two latter measurements

; to!

measure the breadth of the slit, a wedge of small angle is used. :

Let ABC (fig. 81) be the wedge ; the edge A B is graduated
and the distance B c is known, or it can be measured, the

angle B being a right angle, the wedge is inserted in the slit

and gently pushed in, B c being kept parallel to the breadth

of the slit, until it will enter no further. The graduation M
at which the slit rests when this is the case is noticed, and
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i
.the breadth of the slit is P M parallel to B c, and is given by

|

the proportion p M : B c = A M : A B.

We have assumed in the preceding discussion that the

Incident light is a parallel pencil perpendicular to the slit,

tand that the screen is at a considerable distance from the

:slit. The first condition is secured by taking as our source

[of light a second slit at some distance in front of the first.

If this distance is not very small this is in general sufficient,

[we may if necessary insert between the two slits a convex

Bens at a distance from the second slit equal to its own focal

[length.
We know then that the light which reaches the slit

[used to produce the diffraction bands will be strictly parallel.

To ensure the second condi-

jtion place between the diffrac-

tion slit and the screen a second

iconvex lens, and adjust this so

that the distance between it

and the screen is equal to its

focal length.

Let E Q, F Q' be two rays

which after refraction through
the lens meet on the screen

at P. Draw E Q' perpendicular to F Q' and let c be the

centre of the lens. Then since P is in the focal plane, and

the rays E Q, F Q' meet at P, they must be parallel, and

since F Q' is perpendicular to E Q', E Q' is the front of the

incident wave which illuminates the point P, so that time

irom E to P time from Q' to p. Thus the difference in

the length of the path of the two rays which reach p

coming from E and F respectively is F Q', and this is exactly

what the difference would have been had the screen on

which the effect is produced been so far off the slit that we

might have treated PF and PE as parallel. In practice

instead of observing the bands on a screen we receive the

incident light on a lens or eye-piece, the screen on which

the bands are formed will then be the focal plane of the eye-
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piece, and this eye-piece and the convex lens together con-

stitute an astronomical telescope. Thus to observe the

bands under the conditions in which they have been described

above we have simply to focus an astronomical telescope for

parallel rays, and placing the slit before the object glass

view a small distant source of light. This may be another

slit seen through a collimating lens or some distant point as

a star, or the image of the sun reflected in a small bright

bead. The bands described above will then be seen in

focus in the telescope.

We have hitherto supposed the sides of the slit to be!

parallel, and our lines of maximum and minimum intensity

in this case are bands parallel to the slit. If we take the

case in which the edges of the slit are inclined to each other

at a small angle so that the breadth of the slit continually

increases, the bands will no longer be parallel, and since the

distance of any given band from the central line varies in-

versely as the breadth of the slit, they will be closest together

where the slit is widest. We can show that the form of

each band is that of a rectangular hyperbola with the line

bisecting the angle of the slit and a line at right angles to

it as asymptotes. This case is thus described by Newton

('Optics,' Book III. Obs. 8 and 10) : 'I caused the edges
of two knives to be ground truly straight, and pricking their

points into a board so that the edges might look towards

one another and meeting near their points contain a recti-

linear angle, I fastened their handles together with pitch
to make this angle invariable. The distance of the edges
of the knives from one another at the distance of four

inches from the angular point where the edges of the knives

met was the eighth part of an inch, and therefore the

angle contained by the edges was about i 54'. The
knives thus fixed together I placed in a beam of the sun's

light let into my darkened chamber through a hole, the

forty-second part of an inch wide at the distance of 10 or

15 feet from the hole (Obs. 10). When the fringes of
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',
the shadows of the knives fell perpendicularly upon a paper

tat a great distance from the knives, they were in the form of

['hyperbolas.'

Fraunhofer, of Munich, was the first to examine care-

fully the phenomena of diffraction through a single slit, ar^d

[he
arrived experimentally at the laws stated above. He also

'considered the case in which the aperture placed before the

i object glass was a small circular hole or a circular annulus.

[The most important parts of his researches are those which

relate to the appearances presented by a large number of

equal parallel rectangular slits gratings he called them.

To these we shall refer again shortly.

Sir J. W. Herschel has described in the '

Encyclopaedia

Metropolitana
'

(Art. Light) the phenomena produced by

apertures or diaphragms of various shapes applied to mirrors

and object glasses, and illustrations are there given of the

appearances presented. But diffraction bands are formed at

the boundary of the shadow of any object cast by a beam of

light coming from one point. These were first observed by
Father Grimaldi in 1665, and afterwards by Newton ('Optics

'

Book III.). Young was the first to attempt to explain these

bands on theundulatory theory, attributing the fringes to the

interference of the direct rays and rays reflected from the

obstacle at grazing incidence.

The true theory of diffraction, however, was first given by

Augustin Fresnel. He, to quote again from Verdet's Intro-

duction to the works of Fresnel, 'like Young, recognised at

once that the phenomena of shadows, which were generally

considered to be the most serious difficulty in the wave

theory, presented in the accessory phenomena of diffraction

peculiarities which could not be explained on the emission

theory, and he grasped the importance of an exact knowledge
of these peculiarities.' In his country home at Mathieu he

possessed no micrometer with which to measure the fringes ;

one was made out of thread and pieces of cardboard, some of

his apparatus was the work of the village blacksmith, and with
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this rough material he was able by care and patience to

obtain results sufficiently accurate to establish some of the

most remarkable laws of the phenomena.
In his first two papers he studied the bands produced by

placing a fine wire or thread in the path of the light, adopting

the same hypothesis as Young as to the theoretical cause of

the phenomena. 'In 1816 he presented to the French

Academy a supplement to these first communications in

which, for the first time, diffraction is referred to the effects

of the interference of the vibrations sent from the different

parts of a wave which is limited by the opaque obstacle.'

At this time many influential members of the French

Academy, among them Biot and Laplace, were warm sup-

porters of the emission theory, and they proposed as the

subject of the
' Grand Prix des Sciences Mathematiques de

1'annee 1819
'

the question of diffraction in the following

terms :

(i) 'To determine by exact experiment all the effects ol

the diffraction of rays of light direct or reflected when they

pass separately or simultaneously near the boundaries of one

or more bodies of either limited or indefinite extent, having

regard to the distance between these bodies as well as to

the distance of the focus from which the rays proceed. To
deduce from these experiments by mathematical induction

the motion of the rays in the neighbourhood of the bodies.'

Fresnel, at the urgent request of Arago and Ampere, was a

candidate, and his memoir, presented in August 1818, was 1

crowned by the Academy in the following year. In this

paper, Fresnel, for the first time, obtained in the form of an

integral an expression for the intensity of the light produced
at a given point by a wave of definite form. If, for example,
we wish to examine the effect of the passage of light through
a small aperture at any point, Fresnel has shown us how to

calculate the effect produced by each little element of the

aperture, and then how to integrate or add together all these

separate effects, so as to find the result at the point in ques-
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tion. This result depends on the form and dimensions of

the aperture, and on the position of the point with respect
to it and the source of light.

At present, however, we must content ourselves with a

general explanation of these fringes. Let us consider, the^n,

a wave of light coming from a luminous point o. Let us

suppose that in the path of the light from this point we place
an obstacle indefinitely extended in one direction and

bounded by a straight edge. Let A B, fig. 83, be a section of

this by the plane of the paper, the straight edge in question

FIG. 83.

being perpendicular to A B, and the plane of the obstacle

perpendicular to that of the paper.
Let o A cut the screen on which the bands are observed

in c, c will be the edge of the geometrical shadow of A B,

and if the light were simply propagated in straight lines, all

the screen on one side of c would be dark, all on the other

would be bright, the brightness decreasing gradually the

further we travel from the luminous point o. Now observa-

tion had shown that this was not the case. If the source of

light be simply a small bright point, the image of the sun

suppose formed by a convex lens of short focus, the

boundary of the geometrical shadow on the screen is not

marked by a rapid transition from darkness to light. Within

the shadow the light fades away rapidly but gradually, beyond
it there are several transitions from light to darkness, so that
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the edge of the shadow is bordered by a series of fringes.

In homogeneous light these fringes are alternately light and
|

dark : with sunlight, however, they are coloured.

A reference to the considerations by which we established

in general the fact of the rectilinear propagation of light will

help us to understand these various phenomena. Consider

a spherical wave diverging from a point o, fig. 84. To find

FIG. 84.

its effect at P we join o P cutting the wave in M, and on the

wave take points M, M 2 , &c., such that

p M! P M = P M 2 P MI = &c., = -.

And the same for points M/M 2 ', &c., on the other side at M.

Calling the effects produced by these separate elements

m lj m z ,
m 3, &c., we saw that the whole effect at P was given by

We found, moreover, that the terms in this series at first

diminished rapidly in value and then became very nearly

equal to each other, so that it is the first few terms of the

series which determine its value. Let us call the effect at

p when no obstacle is in the way of the light I, then

Now let us suppose that owing to the interposition of the

obstacle all the wave above M is stopped, so that P is on

the edge of the geometrical shadow of the obstacle, and the

intensity at P being I suppose, we must have
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|i
Now let us suppose the edge of the obstacle moved towards

M/. The light which reaches P from the first element

I MM/ being in the same phase as that from the half wave

! M . . . . Mn tends to increase the illumination at P, which will

[
become, when the edge of the obstacle has reached M/, equal

to I + ////. Moreover, since I = #*/ m^ + m 3', and

I each term is less than the preceding, I is less than ;/, so

! that the intensity at P in this case is greater than 2 I
,
or the

value it would have if the obstacle were removed. As the

| obstacle is moved still further away, the light from the second

element M/M 2
'

is allowed to reach P, this being in the

opposite phase to that from M M/, the effect at P decreases,

again becoming a minimum when the obstacle arrives at M 2',

;

when it will be I + ;/ m 2 ',
and this is less than 2 I .

As the obstacle is moved still further away the intensity at P

again increases, and after reaching a maximum diminishes

again; but since the differences between two consecutive

terms of our series such as #zn and mu _
} , continually

diminish, the differences between these consecutive maxima
and minima diminish also, and after the obstacle has been

moved to no very great distance from its original position

the effect at P will have become constant. Thus the illumina-

tion at any point of a screen in the neighbourhood of the

edge of the geometrical shadow of an obstacle placed in the

way of the light depends on the position of the point with

reference to the obstacle, and can be made to vary by vary-

ing slightly the position of the obstacle. But these slight

variations in the relative position of the two can be produced

equally by varying that of the point considered. Thus con-

sider the point c in fig. 83. It is situated with reference to

the obstacle A B exactly as P was in fig. 84 when the edge of

the obstacle was at M. The intensity then of the light which

it receives is -.
2

Let P be any point in the screen beyond the geometrical
shadow. Join P o and with o as centre, and P A as radius
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describe a sphere cutting p o in M and extending beyond M
to A'. The points p M o are situated with reference to each

other exactly in the same way as P M o are in fig. 84.

As before, the light received from the wave MA' is -.

The light received from M A depends on the number of the

half period elements which it contains. As P moves away
from c the amount of light it receives from the portion M A

increases at first until P has reached a position such that

PA p M = -, so that as we go from the edge of the geo-

metrical shadow outwards, the brightness at first increases,

and at the point P! for which p
t
A P! M = -, the intensity

is - + M! ; OT! being the intensity due to the first half-period

element, and this is greater than I. If p be just beyond P!

the part M A contains more than one half-period element,

and the effects of two consecutive such elements being con-

trary, the intensity at P is less than that at P,, and decreases

as we move onwards along the line c p. This continues

until M A contains two half-period elements, so that the

intensity in this case is \- m\ m^ which is less than I,

and if P 2 be the position of P then we shall have

P 2 A P 2 M 2
= A.

From this point onwards the intensity increases again until a

point P 3 is reached, for which P 3 A P3 M 3
= 3, when it is

- + &! m 2 -f m 3 .

It then diminishes
;
and so on in succession. Thus we should

expect a series of points of maximum and minimum intensity
in the line on the screen, the intensity at these points being

alternately greater and less than it would be if the obstacle

were not there. Thus our screen in the neighbourhood of
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the geometrical shadow will be crossed by a series of bands

alternately brighter and darker than the rest of the field.

If we wish to see what happens within the geometrical

shadow of the obstacle, we must turn again to fig. 84. The

intensity at P when the edge of the obstacle is at M is, as We

have seen, -, and the phase of the disturbance there is

the same as that of the effect sent by the first half-period

element M MJ.

Let us now suppose the obstacle moved downwards, so

as to intercept part of the light from this first element. As

this is done the disturbance at P gets less and less, and

before the edge of the obstacle has reached M,, it vanishes

entirely.

Thus, turning again to fig. 83, as P moves to the right

from c within the geometrical shadow, the intensity gradu-

ally decreases from the value - to zero.
2

We have seen that the points of maximum brightness,

p, P3 P 5 , &c., are given by the formula

2

M being the point in which OP cuts the spherical wave

through A. Those of minimum brightness are given by
PA P M = # X.

We proceed to find the distance between the edge of

the geometrical shadow, c, and any band Let this dis-

tance, c P, be x, let o M = a,

A P = </ y? + P = b + -
approximately since

x is very small compared with b

PO= N/(a + )
2 + x2

x*

2 (a + b)
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to the same approximation.

But o M = a,

:. M P = b + .

x<i

,,
2 (a + b)

Thus

_ _ x*_
/i i \ _ ax2

~
~2 \b a + b)

~
2 b (a + b}'

Thus the distances from the edge of the shadow of the

bands of maximum brightness are given by

while the positions of the bands of minimum brightness are

given by
'b (a + b) T-i '

2 n A.
a

When b is varied while a remains constant, so that the

position of the screen but not of the source of light or the

obstacle, is altered, the value of a is that of the ordinate of an

hyperbola whose abscissa is b. Thus the successive points

on the same fringe belong to an hyperbola whose foci are

the edge of the obstacle and the luminous point. This was

one of the earliest laws verified by Fresnel in his first
' Me-

moir on Diffraction.' This law follows, of course, directly

from the equation

For, add to each side o M, then

PO -PA = -

= a constant,

and P lies on an hyperbola, with o and A as foci.

Let us now consider the case in which the obstacle is a

narrow opaque body, such as a fine wire or hair. Let A B

(fig. 85) be a section of it, o being, as before, the luminous
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point, and let c D be the geometrical shadow of A B. Let

p be any point in c D, join o P and let it cut A B in M, and

suppose that A B is so small that parts of only a few half-

period elements lie within M A or M B.

Join P A and describe through A with o as centre va

circle, A A'. Divide this in M^iaMg, &c., into half-period

elements, beginning from A, and let m lt m^ &c., be the effects

due to each of these elements at p.

The total effect due to A A' is m
l

; 2 + m 3 . . .

But since we suppose that AM only contains two or

three half-period elements, we should only need to put two

or three terms to this series to obtain the effect of the wave
A' M. But we know in this case that the terms of the com-

plete series decrease rapidly at first, and since our series

begins at the third or fourth term of the complete series, it

thus must decrease rapidly at first, so that just as we proved
the phase of the effect due to a given wave at a given

point to be that of the disturbance which the pole of the

point would transmit to it, so here the phase of the effect

sent by the wave A A' to P is the same as that of the dis-

turbance coming from A M', the first element of this wave,

Turning now to the effect of the wave B B' from the other
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side of the obstacle, we see, in the same manner, that the

phase of the effect which it sends to P will be the same as

that of the first element, B NJ, and if we may suppose that

the amplitude of the disturbance arising from the wave A A'

does not differ much from that which arises from B B', the

resultant effect at P will depend on the difference between

A p and B P. The appearances on the screen will be exactly

those which would arise from two equal and similar sources

of light at A and B respectively. These have been already

discussed at length. There will be, therefore, within the

shadow of the screen, a series of bands, and as the position

of a band depends on the wave-length of the light to which

it is due, the bands will be coloured when white light is

used. The central band, however, will be white, and if c be

the breadth of the obstacle and a the distance between it

and the screen, the distance of the bright bands from the

centre of the shadow will be given by

an \

T'
while that of the dark bands is given by

2C

These formulae have been obtained and discussed in

Chapter V. They were obtained by Fresnel and verified

by numerous experiments described in his earlier papers ;

and it was this case of diffraction which led him to the

arrangements for the fundamental interference experiment
described in Chapter V.

We see, too, from the above reasoning why it is impor-
tant that the obstacle should be narrow. It must, as viewed

from the point P, contain only a few half-period elements.

We have seen that the space occupied by r such elements

is equal to \fra\, provided r is sufficiently small for us to

neglect terms like r1 X2
. In order, then, that we may have

diffraction effects within the shadow, the breadth of the
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obstacle must be of the order *Ja\. If this breadth is

exceeded, then the consecutive half-period elements AM
I}

M! M 2 , &c., become very nearly equal to each other, the

effect sent by anyone of them to P is almost equal and

opposite to that sent by the next succeeding one
;
and sp

the total effect of both waves A A', B B' is zero.

Instead of removing only one or two terms from the

series expressing the effect of the complete wave M A', we
have removed a considerable number of the first terms,

M'hich are, as we know, those on which the value of the

series depends.
To give some idea of the magnitude of the quantities

involved, let us suppose that the distance a between the

screen and obstacle is 100 centimetres, and find the size

of the first half-period elements for light of wave length

49 x io~ 6 centimetres. This corresponds to the green-

yellow light in the spectrum.
Trie length of the first half-period element being N/^\7

is in this case s/ I02 x 49 x icr", or -^ centimetres. The

length of the first two half-period elements is

\/2 x ioa x 49 x io~ 6
,
or --

c
100

'

This is just under one millimetre. Thus, a wire of one

millimetre thickness seen at this distance would intercept

rather more than two half-period elements.

In addition to these fringes produced within the geo-
metrical shadow, there are others beyond the limit of that

shadow whose positions will be determined by the same

formula.

We have already considered the appearances produced

by light passing through a small aperture on a screen at some

distance from it. The case of a screen near the aperture is

somewhat different. Let A B (fig. 86) be the aperture, and let

C D be its projection on the screen, and P a point in c D.
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The distance between A B and c D is to be such that thel

difference A D B D may contain a small number of
hallj

wave lengths. In the case considered previously, this dif-

ference was less than half a wave length.

Divide the aperture into half-period elements with;

reference to P. The effect at P will depend on the number

and size of these elements, since the effects of alternate)

elements are of contrary sign, the disturbance at P will be

less when the number of elements is even than it is when it

is odd. The disturbance, however, will never vanish, for

the effect of the elements about the pole of P is so much!

FIG. 86.

greater than that of the others. Thus, as we go inwards

from D, the light will vary in intensity and fringes will be

visible. These are the interior fringes found in the image
of a small aperture, and described by Newton. Of course,

just as in the case when the distance between the screen

and aperture was great, exterior fringes are formed too.

To determine the position of the interior fringes directly

would require considerable mathematical calculations. We
can, however, find them from some general considerations.

Let us suppose that, when the whole wave A A B B' can send

its effects to a point P, the intensity is I. Consider the

illumination as due to the light sent from each of the three

parts A' A, A B and B B'.

Let us call the intensity of the light from A B I,, that

from A A' and B B' together I 2. Then I = I
t + I 2. Let o L
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be a line perpendicular from o on the screen. Then for

points of the screen not far from L, the amount of light

received from the whole spherical wave does not vary much,
since the distances of all such points from o are nearly the

same. Thus, for positions of P near L I
{

is very neaf4y

constant, so that I, + I 2 is nearly constant. I 2 is the inten-

sity of the light at P, when there is an obstacle at A B, and

has, as we have seen, maximum and minimum values. But

since Ij + I 2 is nearly constant, maximum values of I 2 must

correspond to minimum values of I
1}
and vice versa. Thus I,

has maximum and minimum values for different points in c D,

the minimum values of I
j being given by x= L p=

,
the

maximum values by

^ (2 n + i) (t\

2 C
'

But I, is the intensity at P due to the light from the portion

A B only. Thus if A B be an aperture through which light

comes, the intensity at any point of a screen c D on which it

falls depends on the position of the point, the lines of

maximum intensity being given by L p = JULL those of

minimum by

Again, since the minimum values of I 2 ,
the intensity pro-

duced when there is an obstacle in the way, are zero, the

maximum values of I, are I, or the effect at the points of

maximum brightness is just what it would be if the aperture

were enlarged to allow all the wave to pass through. When
the obstacle is in the way, at no point is the brightness nearly

equal to what it would be if the obstacle were removed, so

that the maximum values of I 2 are always considerably less

than I, and therefore the minimum values of I, are always

greater than zero. Thus the interior fringes are never quite
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black, they are only lines along which the brightness is
aj

minimum.

A similar method of reasoning leads us from the exterior!

fringes formed by a narrow aperture to those formed by a,

narrow wire. The lines of maximum brightness in the case:;

of the aperture become lines of minimum brightness in the

case of the wire, and vice versa.

.Thus for the exterior fringes of the wire the lines of

maximum brightness are given by x = --
,
those of mini-

mum brightness approximately by

2 C

Since the minimum brightness in the case of the aperture is

zero, the maximum brightness for the wire is just what it

would be if the wire were removed
;
the reverse, however, is

not the case.

The complete discussion of the phenomena produced by

FJG g
an aperture of any form requires

j

mathematics for its treatment, we 1

can, however, consider the case

of a circular disc and arrive at

some interesting results. Let o

o
(fig. 87) be the source of. light, A B

the circular disc centre c, P any

point on o c produced, and suppose
we wish to examine the effect at a

point in a screen through P perpendicular to o P. Let c P = a,

and let c be the radius of the aperture, divide CA into

half-period elements with regard to P in M,, M 2 , &c., and

suppose the aperture to be so small that it does not contain

a large number of these elements.

In this case the positions of M
l5
M 2 , &c, are determined

\

2

O M 2 + M 2 P. O P == A, &C.

by o M! + M! P
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Let c M! = / c M 2
= r2, &c., and let o c = b.

Then

a + > approximately.

Thus &!(! + !>2 \a b) 2

and V=-^A.
a + ^

Similarly r2
2 =

,
&c.

a + b

With c as centre and r\, r%, r& &c., as radii, describe a

series of circles, dividing the circular aperture thus into a

series of annuli. The areas of the consecutive circles thus

formed will be ?r r^, w r2
2
, &c., and these are equal to

irab\ 2Trab\

ab '

a + b
'

&c., and the areas of the consecutive annuli are all equal to

TT ab\
a + b'

The displacements sent by alternate annuli to P are in

opposite phase, and, since the annuli are of equal area, of

equal amount. Thus the effect of one annulus is entirely

destroyed by that of the next, and the total effect at P de-

pends on the number of annuli which can be described in

our circle. If this is even the effect at P will be zero
;
if it is

odd, the effect at P will be that arising from one annulus.

In arriving at this result we have neglected both the effect

of the alteration in distance between p and the successive

annuli, and also that of the variation of the angle between

the line joining p to a point of the wave, and the wave
N 2
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normal there. But since the circle is small compared with
;

c P, both these effects will be small.

Thus there will be points of maximum brightness and
ofj

darkness along c P, the points of darkness being given by the \

consideration that CA then contains an even number of half- !

period elements, so that PA + AO o P = X, and if r be
;

the radius of the aperture and x the distance of P from c for

a point of darkness, we have

r>fl+ M = 2 X.

The points of maximum brightness cannot be found without

further consideration. They are not, as is sometimes stated,

just half-way between those of darkness for just the same

reason which we applied to show that the bright exterior

bands formed by diffraction through a narrow slit are not

half-way between the dark bands formed by the same slit.

In fact an investigation like that used then shows that the

intensity of illumination is given by

2 Ar a + 6.\
S U T^b }'

If we put

X 2ab
this may be written

and the discussion of Chapter V. will apply here.

If the light used be white, since the condition for dark-

ness depends on the wave length, for no position of the

screen will the central point be quite black, but as we move
the screen parallel to itself along o P, the central point will

present a series of colours, and these colours will follow each

other very nearly in the same order as in Newton's scale.

For any one position of the screen the central point will

be surrounded by a series of rings of colours, but the com-

plete discussion of this case is beyond our limits.
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Let us now turn to the case in which diffraction is pro-

duced by an opaque circular disc, instead of by a circular

aperture. These two cases are related in exactly the same

manner as the narrow rectangular opening and the opaque
wire. Points which, with the aperture, are those of ma"xi-

mum brightness become with the disc points of darkness and

vice versa, and since, when the light passes through the

aperture, the intensity is zero at certain points on c P, when
the disc is in the way the intensity at those points is exactly

what it would be if the disc were removed. If x be the

distance of such a point from the disc, then x is given by
the equation

Poisson was the first to prove this as a consequence of the

integrals by which Fresnel expressed the intensity at any

point due to a given wave, and Arago verified the result by
direct experiment. In this case also rings are seen round

the central spot, and they, too, are of course complementary
to the rings produced by an aperture of the same size.

Now let us suppose that light coming from some point,

o, falls on and illuminates a screen. Let o P be perpen-
dicular to the screen, and suppose that A B is a plate of

transparent material, perpendicular also to o P, and parallel,

therefore, to the screen. Let o P cut this plate in c, and,

as in the case of the circular aperture above, divide c A in

M
1,M2 ,

M 3, &c., into a number of half-period elements with

regard to P, so that

OM, + MI P OP = -,

o M 2 + M 2 P o P = X, &c.

With c as centre, and CMj, tM,, &c., as radii, describe a

series of circles. Then we have seen that the areas of the

annuli between any two consecutive circles are the same,

and the phases of the disturbances which they send to P are
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opposite. Let us now suppose that the central circular

space and the alternate annuli cease to be transparent, so
j

that' no light can pass the space CM,, or the annuli

M 2 M3 ,
M 4 M 5,

and so on. The phase of the disturbance at P
j

sent by the remaining annuli is the same for all, so that the

effects arising from each annulus separately are added to- 1

gether, and the resulting disturbance at P is very much
j

greater than it was before the central space and the rings

M! M 2 , &c., ceased to transmit the light Thus, by prevent-

ing selected parts of the disturbance from reaching P, the
j

effect there has been greatly intensified. The same would of I

course have been the case had the rings M, M 2 ,
M 3 M4 ceased i

to transmit the light while the other series remained trans- '

parent.

Such a series of rings may be easily obtained by photo-

graphy. We require to draw a series of circles on paper of

such radii that the areas between consecutive circles are

equal. These may be drawn large in size to secure sufficient

accuracy. The alternate rings are then to be blackened, and

a photograph taken on glass of the target-like picture thus

formed. If this photograph be placed in the path of a beam
of light, it will produce the effect of the plate described above.

Let b be the distance o c, and r the radius of the first circle

in our photograph, and let o P = x. The position of P, for

which the displacement arising from a wave of given length
\ will be greatest, is given by

^fl-4

for in this case the rings correspond exactly to half-period

elements on the plate. Thus, x will be greatest when X is

least
;
so that if white light is used the point of maximum

brightness for red light is nearer the disc than that for violet

light. If the source of light is very distant, as, for example,

in the case of the sun, we have =
oo, and x = -.

A.
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The action of such a plate resembles that of a lens, though
the two are not identical. If P be the geometrical focus

of a point o formed by a convex lens A c B, P is a point

of maximum brightness, because the time taken by light

to travel from o to P is the same for all paths, whiah

it can pursue, so that all the disturbances arrive in the

same phase. If, however, the maximum effect at P is pro-

duced by a plate of the nature described above, the times

taken by the light in travelling by the two paths OMj P,

o M 3 P are not the same. The difference, however, is a

complete period, so that the phase of the resultant dis-

turbance produced at P is the same in the two cases, just as

with the lens. We may, however, notice, that while with

the plate the focus for violet light is farther off than that for

red, with the lens the reverse is the case. Rings formed in

this manner are frequently known as Huyghens' zones.

. We have considered now at some length the phenomena

presented by diffraction through a single aperture of various

forms. We turn, in conclusion, to the appearances pre-

sented when a distant source of light is viewed through a

large number of equal and equidistant rectangular apertures.

We shall suppose that the light falling on this system, known
as a diffraction grating, is a parallel pencil of rays, either

coming from a distant source or rendered parallel by a

collimating lens. After passing through the system of aper-

tures, the light falls on another lens, and the screen on

which the effects are produced is placed in the focus of this

second lens. We have seen previously that the conditions in

this case are those which would hold if the screen were a

long way behind the aperture, so that the rays travelling

from the aperture to a point P might be treated as parallel.

Let us turn again to the case of the rectangular aperture.

Let E F (fig. 88), as before, be a section of it, perpendicular to

its length, and let P be a point of minimum brightness. Let

o be the middle point of E F, and let the angle between o P

and the direction of the incident light be 6. Then we know
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that since p is a point of minimum brightness, we can divide

E F into an even number of equal half-wave elements with

regard to P in points such as M 2, M}, O, M/, &c. The effect

at P is zero, because the disturbance due to any element,

such as M/ o, is exactly equal and opposite to that due tc

the next o M 15 and so on. Let us now suppose that the

alternate elements, M/O, M, M 2 ,
M 3 M 4 , &c., cease to be

transparent. The effects arriving at p from the other systeir

of elements, M 2
'

M/, OM,, M 2 M3, &c, being all in the same

phase, help each other, and the intensity at p, instead of

being zero, becomes a maximum. Instead of a series of

circular zones, we have now a series of parallel strips,

alternately opaque and transparent. We have, in fact, the
case of diffraction through a large number of equal and

equidistant rectangles.

We may approach the subject in a somewhat different

manner, perhaps with advantage. Let E F
(fig. 89) be a section

of the grating perpendicular, to the length of the rectangles,
and let us suppose that the breadth of a rectangle is just

equal to the distance between it and the next, so that E F is

composed of a number of equal parts, M 2 M,, MjO, OM/, &c.,
which are alternately transparent and opaque. Let o P! and!
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M, PI be the paths of the two rays travelling from o and M
X

respectively to the point P!. These two are by hypothesis

parallel, for P, is either distant or in the focal plane of a lens

through which all the light passes. Let o R be perpendicular

from o on M, p
t
. Then M, R is the difference of path

between o and P
t
and MJ and P! respectively. Let us sup-

pose that M! R = -. Then the light coming from the ele-

ment OMj is exactly opposite in phase to that which would

reach p
l
from the next element M

t
M 2. But, by hypothesis,

FIG. 89.

this element is opaque. The light reaching p, from M 2 M 3 is

in the same phase as that from o M b and so on. Thus, all

the light reaching PJ is in the same phase, and P
t
is a point of

maximum illumination for that wave length.

Let e be the breadth of the elements, o M, a section of

one of the transparent rectangles, and, as before, let be

the angle between o P and the incident light, then

RM,,

sin 6 =-* = A

MI o 2 e

Again, let us suppose that the direction of o P3 is such

that the difference of path RM, = 3. Then the space

OH, contains three equal half-period elements with regard
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to P3. The effects of two of these destroy each other, and!

the resultant effect at P is that due to one of these elements. I

The effect again of the next transparent space, M 2 M 3 ,
is that!

of one half-period element, and this is in the same phase asi

that due to o M,. Thus, in this case also, the effects at P 3
j:

of the transparent elements are of the same phase, and thed

resulting displacement is again a maximum.

We have in this case, if the angle between the incident I

light and o P3 be 3 ,
sin 3

= 3
;
and if we find another posi- 1

tion of P, say P5 , for which the difference of path R M, =-^

the disturbances sent to P from all the elements will
bej

again in the same phase, and the effect will be a maximum,
j

We shall then have sin0c = 5 and, in general, when-]
2 e

ever 6 is such that sin = 2;?
. X, the point in which

the line o P drawn in this direction meets the screen will be
j

one of maximum brightness.

There are another series of points, P2 P4, &c., lying

between these, at which the light sent from all the trans-

parent spaces is in the same phase. For, suppose that the

direction of OP is such that the difference of path, R M,, is

equal to X. Then the difference of path pursued by the

light reaching P from o and M 2 respectively is 2 \, so that

these two waves are in complete accordance. And the light

sent in this direction, o P2 , by all the transparent spaces,

arrives in the same phase at P 2 ;
but since each of these

spaces, as OM,, contains two equal half-period elements,

with regard to P 2 ,
the effect of one of these elements exactly

cancels that arising from the other, so that the effect pro-
duced at P2 by each of the transparent spaces is zero, and
the whole effect, therefore, zero also. There are, in fact,

two conditions to be satisfied in order that any point P

may be one of maximum intensity. In the first place, the
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effects of all the transparent spaces must arrive at P in the

same phase ;
in the second place, the effect at P due to

each of these spaces separately must not be zero.

The first condition is satisfied by all the points P
t
P 2 P3,

&c., for which sin 6 = ^-X
.

2 e

The second, however, is not satisfied by points such as

P8 p4 ,
&c. that is, for points corresponding to even values

of m. Thus, in the case in which the opaque spaces in our

grating are equal to the transparent, we have bright points

FIG. 90.

on the screen only at the points for which the value of m
in the above formula is odd that is to say, in the directions

given by sin 6 = ^ . - j but this all turns on the sup-

position that the opaque spaces are equal to the transparent.

In general this is not the case.

Let us now, therefore, consider a grating in which the

opaque spaces are not equal to the transparent. Let e, as

before, be the breadth of the transparent spaces o M I}
M 2 M3 ,

&c, and g that of the opaque spaces M, M 2,
M 3 M 4 ,

&c.

Consider the rays going from the transparent elements to the

point P
(fig. 90). Let M 2 R be perpendicular to o P. Then

the difference in path for the light reaching P from o M, and
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M 2 M 3 is o R. Thus, the difference in phase for these
tw<[

portions of light depends on OR. If o R is equal to X o|

any multiple of A, these two portions of light will be in th|

same phase, and the same will be the case for all the
lighj

that can reach p from the transparent spaces, and unde

these circumstances the effect at P from each transparen|

element will be of the same sign, and the whole effect at :i

will be that due to any one element multiplied by thJ
number of such elements.

Again, if be the angle between o P and the directioi

of the incident light, as before, we have

o R = o M 2 sin 0,

or X = (e + g) sin 6.

The waves which reach p from the various elements will
b<j

in complete accordance not only when o R is equal to A

but when it is any multiple of the wave-length, and therefore

we shall have a series of points P
I;
P 2,

P3, &c., on the screer

at which the effect is a maximum, these points being suclj
that the difference pn M 2 Pn o = n A, and if n is the angl(|

between o pn and the direction of the incident light, and w<|

draw M 2 Rn perpendicular to o pn,
then o Rn is equal to n A

and we have the formula

n\ = (e+g) sin n,

so that A = (
e + ^> sin n,

and n may have any integral value i, 2, 3, &c.
;

e + g is tht

length of a bright and dark space together, that is, it is the dis-

tance between the centre of one bright space and the centn

of the next, or equally the distance between the centre of on<

dark space and the centre of the next. Thus if, for example
the grating be formed by ruling a number of parallel lines or

glass, and if, as in many of Nobert's gratings, there be 3,00:
lines in a Paris inch, the distance between the centre of on<

line and the centre of the next is th of a Paris inch, s<

3,000
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that in this case we have e + g = th of a Paris inch.

3,000

and the value of X is given by - Paris inches. 1

3,000 x v
We have thus seen that along our screen there will be a

series of bright points, and that the lines joining these points

to the centre of the grating make certain definite angles with

the direction of the incident light. It remains to consider

what is the effect at points on the screen lying between

these ;
we shall see easily that the intensity on any such point

will be so small that we may neglect it compared with the

maxima. For taking the above grating for example, let us

suppose that we consider a point Q on the screen very close

to P, but such that the difference Q M 2 Q o is equal to

X H X instead of X
;
for the next bright element M 4 M*

3,000

the retardation will be 2 X -\
-

,
and so on, so that when

3,000

we arrive at the i,5oist bright element, that is just halfway

across the grating, the retardation is 1,500 X +
I '^

,
that

3,000

is 1,500 \ H ;
thus the light from the 1,50 ist bright element

is just opposite in phase to that from the first, and the com-

bined effect of the two is zero, similarly the light from the

second bright element is quenched by that from the i,5o2nd,

and so on. Thus one-half of the grating sends to the point

in question light of exactly opposite phase to that from the

other, and in consequence there is darkness at the point

considered.

Thus we see that under the circumstances considered,

when we are using light of one definite wave-length, the

appearance on the screen consists of a number of bright

bands parallel to the length of the lines on the grating.

The position of these bands depends on the distance

1
I Paris inch = 2707 centimetres.
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between two consecutive transparent portions of the
grating

and on the wave-length of the light used. If n be thj

angle between a line joining o to the #th bright band, an<(

the direction of the incident light produced, and e + g th?

distance from centre to centre between two consecutiv

transparent spaces in the grating, and X the wave-length c

the light, then X = (e + ^ sin n.

Let us now take a more general case and suppose w.,

are using white light. This we have learnt already consist]

of a number of waves of different wave-lengths superposed

and travelling in the same direction.

The points of maximum brightness on the screen will bo

different for the different waves of which our white wav

consists. We have seen already that two waves differing iij

length appear to the eye to differ in colour. The white wava

consists of a number of waves of different colours, and fo:i

each colour there are points of maximum brightness on thfl

screen. Using the light from a lamp or candle we should

see on the screen or in the focal plane of the telescope :j

coloured band. If we call the single between the directior!

in which light travels from the grating to any given point or;

the screen, and the direction of the incident light the deviaj

tion for light of that colour, we have seen that the sine of the

deviation varies as the wave-length. Now the wave-lengtf

is greatest for red light, and least for violet. The deviation

then, is less for violet light than for red, and the colourec

band seen is violet at the end nearest to the direction of the

incident light and passes through the colours of the spectrurr

to red. A similar band will, of course, be formed on the

other side of the centre of the screen.

Again, there is more than one point of maximum bright-

ness for light of any colour, so that each of these bands o

colours is succeeded by a second, and that again by a third,

and so on.

It may happen that the deviation for the second violel



CHAP. VIL] Diffraction. 191

maximum is less than that for the first red, so that the violet

end of the second band could overlap the red end of the

first, and the colours there would be mixed. If this is not

the case there will be a dark interval between the first ar\d

second spectra.

The order in which the colours succeed each other is the

same as in the band produced by passing white light through
a prism, namely, violet, indigo, blue, green, yellow, orange,

red. With the diffraction grating, as described above, any

point on screen is illuminated with light of one definite wave-

length unless, indeed, two consecutive spectra happen to

overlap ;
the spectrum thus formed is said to be pure. A

pure spectrum, then, is one in which the illumination at each

point consists of light of one definite wave-length. In the

spectrum formed by refraction through a prism this is not

generally the case
;
we shall see shortly how, by a proper

! arrangement of lenses and prisms, a pure spectrum may be

: obtained.

The diffraction spectrum formed from the light of a lamp
i or candle consists, we have seen, of continuous bands of

i colours. To obtain by diffraction a pure spectrum let the

i light pass through a narrow slit placed in front of the candle,

I with its length parallel to the lines of the grating, so that we

! may treat this slit as our source of light. Place between the

)
slit and the grating a convex lens at a distance from the slit

I equal to its own focal length. The rays of light coming
from the slit will emerge parallel and the wave which falls

on the grating will be plane. An arrangement of this kind,

consisting of a slit and a lens which can be adjusted so as to

make rays of light coming from the slit parallel on emergence,

}

is called a collimator.

If now the diffracted beam be received on a telescope

focussed for parallel rays, or on a screen at a long distance

behind the grating, the conditions assumed above will be

satisfied, and the diffracted spectrum will be pure. If we

consider any line in it parallel to the grating it is just an
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image of the slit formed by light of one definite wave-length

after diffraction, and these bright images of different colours

placed side by side form the whole spectrum.

Now, however, let us suppose that our slit is illuminated

with sunlight, the other adjustments remaining the same. A
spectrum is formed as before, but we shall find that it is

crossed by a large number of dark lines or bands parallel to

the length of the slit. These dark lines are visible whenever

a pure solar spectrum is obtained, whether by diffraction or

refraction. They were first observed by Fraunhofer in 1814,

and are frequently called after him Fraunhofer's lines.

Thus in the pure solar spectrum a certain number of the

images of the slit, which placed side by side make up the :

whole spectrum, are wanting ;
all the rays of certain definite

wave-lengths in air, or better still, if certain definite periods!

ofvibration are absent. Each line in the spectrum parallel to

the slit is a line of brightness for light of some definite period

certain lines are dark because there are no rays of the proper

periods in the incident light. In a future chapter we shal

return to many important consequences of this discovery
At present we intend to use the dark lines merely as definite

marks in the spectrum which we can recognise.

We may speak of the wave-length of red light, but the

phrase is indefinite, for red has many shades, and we could

never feel certain that the shade of red we were observing
at any given moment was exactly the same as that we hac

observed at some past time
;
but there is in the red part o

the solar spectrum a distinctly marked dark line which a

little practice enables us to recognise at once when we see it,

and we know that this line corresponds to light of a certain

period which is absent from the solar spectrum. If by an>
means we can measure either the wave-length in air or the

period of vibration of the light corresponding to this line, we

have a physical constant for use through all time, and one

which we can recover at any moment by repeating oui

observation. The principal lines in the solar spectrum art
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denoted by the letters A, B, c, D, E, F, G, H. The dark line in

the red referred to above is the line c. D is in the orange,

E in the yellow end of the green, the most brilliant part of

the spectrum, F in the blue end of the green, G in the indigo,

and H in the violet. Again, we know that the velocity of

light of a given colour depends on the medium in which it

is travelling. If, then, we wish to compare the velocity of

light in two different media we must make sure that the light

is of the same period in the two cases. This we can do

by observing in each case the velocity of the light cor-

responding to the same dark line in the solar spectrum.
Fraunhofer was the first to apply the theory of the dif-

fraction grating given above to the measurement of wave-

lengths. His first gratings were made by winding a fine wire

round two screws of the same thread placed parallel to each

other. Much finer gratings have since been obtained by

ruling parallel lines on the surface of glass or metal with the

point of a diamond. Mr. Rutherfurd, of New York, has

ruled some containing 17,280 lines to the inch, and of these

copies have been made by photography by Lord Rayleigh
and others, while quite recently Professor Rowland,' of

Baltimore, has constructed a machine by the aid of which he

can rule gratings of six inches in breadth containing 28,876

lines to the inch.

The most accurate measurements of the wave-lengths of

the principal Fraunhofer lines are those of Angstrom, made

in 1868, and given in the following table in tenth metres, a

tenth metre being -^ metres.
io 10

Table of Wave Lengths.

A ... 7604-00
B , . . 6867-00
c . 6562*01

DI , 5895*00
D 2 . . . 5889-04

E . . . 5269-13
F . . . 486072
G . . . 437 25

H, . . . 396801
H 2 . , . 3933'
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To obtain the wave-length of light from observations

with a diffraction grating we require to know the distance

between two consecutive transparent spaces measured from

centre to centre, and the deviation of the light whose wave-

length is sought We proceed, then, to describe the appa-

ratus and method of making the observation. The grating

is mounted on the table of a spectrometer. This instru-

ment (fig. 91) consists of a graduated circle, which is generally

fixed in an horizontal position.

A collimator is rigidly attached to the circle, the axis of

FTG. 91.

the collimator is in a plane parallel to that of the circle, ar

is directed to a point above the centre of the circle. An
astronomical telescope, generally fitted with cross wires and

a Ramsden's eye-piece, is fixed to an arm which turns in a

plane parallel to that of the circle about its centre. The

axes of the telescope and the collimator should both be

parallel to the plane of the circle, and the two should meet

above its centre. The position of the telescope with refer-

ence to the graduated circle is read by means of a vernier.

Above the centre of the circle there is an horizontal table,

which is generally capable of rotation about the vertical axis

of the circle, and attached to this table there is a second

vernier, so that its position can be determined.
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The whole instrument rests on three levelling screws,

md the collimator and telescope are held in their positions

Dy moveable screws, so that their axes can be adjusted until

hey are parallel to the circle. To perform this adjustment
t is generally sufficient to place a spirit level on the circle*

md level the instrument by means of its feet Then place
he level on the tube of the telescope with its length parallel

;o the tube, and level it by altering the screws which fix it

o the moveable arm. Then do the same for the collimator.

f the optical axes of the telescope and collimator coincide

with the axes of their respective tubes, the required adjust-

ment is now made, and in practice this will generally be suffi-

:iently accurate. The instrument now requires to be

bcused. Turn the telescope towards some very distant

>bject, which should be clearly marked and distinct, and

idjust the eye-piece until the cross wires are seen distinctly.

Then adjust the focusing screw until the distant object as

through the telescope appears to be in the same plane
is the cross wires. This will be the case when a small

motion of the eye before the eye-lens produces no change
in the relative positions of the cross wires and the image of

Ithe object The object is supposed to be so distant that

the rays which fall from it on the telescope may be treated

^s parallel The telescope then is focused for parallel rays,

and whenever an object is seen distinctly through it the

tays falling on the object-glass of the telescope must be

parallel. Now turn the telescope to look directly into the

collimator, and place a light behind the slit, which we
shall suppose is vertical; it will generally appear as a bright

blurred line in the field of view of the telescope. Adjust
the focusing screw of the collimator until the slit is seen

clearly and distinctly. When this is the case the rays which

fall on the object-glass of the telescope must, we know, be

parallel ;
thus the rays which emerge from the collimator

are parallel and the instrument is ready for use. The

focusing screws of the collimator and telescope should not



1 96 Physical Optics. [CHAP. VII.

FIG. 92.

again be touched. It may, however, be necessary to alter

the position of the eye-piece to suit the eyesight of a second

observer.

The grating is now fixed on a small stand on three

levelling screws and placed on the table of the instrument

with its lines as nearly as may be vertical.
1 It is best to

place the grating on this stand so that its plane is per-

pendicular to the line joining two of the levelling screws,

for in this position it can most easily be brought into the

proper adjustment. We require that the lines of the grating

should be parallel to the

slit, and that this again

should be parallel to the

axis round which the

telescope turns. This

axis we have supposed

is vertical. Thus the

lines of the grating are

to be vertical. We must

therefore place the face

of the grating in a verti-

cal plane, and then level

it until the lines are ver-

tical. Let us suppose that A B c are the three levelling screws,

and that the plane of the grating is perpendicular to the line

joining BC (fig. 92).

Turn the telescope so as to view the slit directly, and fix

with a piece of wax across the slit a hair, in such a position

that it appears to coincide with the horizontal cross wire
; or,

if more easy to do, cover up half the slit, making the junctions
of the covered and uncovered portions coincide with the hori-

zontal cross-wire. Some of the light from the slit will fall on

the grating and be reflected there, and by turning the tele-

scope the reflected image can be brought into the field. In
1 In figure 91 a prism is shown in the position which the grating

would cccupy.
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general the image of the wire placed across the slit will no

longer coincide with the horizontal cross-wire, but the two

can be brought into coincidence by altering either of the

screws, c or B
;
and it is quite evident that when this is the^

case the plane of the grating is vertical, and, moreover, it will

remain vertical, even if we alter the levelling screw A. By
adjusting this screw we can alter the angle between the

lines of the grating and the vertical, and bring the two into

coincidence. This will be the case when the diffracted

images of the slit are as clear as possible. Illuminate the

slit with homogeneous light and turn the grating so that the

light falls on it approximately normally. Turn the telescope

to view one of the diffracted images, and adjust the levelling

screw c until this appears as clear as possible. The lines of

the grating will then be sufficiently nearly vertical

In obtaining the formula X = e & sin n we supposed
ft

that the incident light was travelling at right angles to the

plane of the grating. We have therefore to place the

grating at right angles to the axis of the collimator. This

can be done with considerable accuracy by eye; the follow-

ing method is applicable when the table of the spectro-

meter is moveable, and has a vernier. Turn the telescope

to view the slit directly and bring the slit into coincidence

with the vertical cross-wire. The telescope is generally

fitted with a clamp by means of which it can be rigidly con-

nected with the circle and a tangent screw, which will give

it a small slow motion
;
with the help of this it is easy to

bring the cross-wire over the image of the slit. Now read

the vernier attached to the telescope. Unclamp the tele-

scope and turn it through 90. This of course is easily

done by means of the graduations. Thus if when viewing
the direct light the vernier reading was 171 21' 15", we
should have to turn the telescope until the vernier read

81 21' 15" or 261 21' 15". The axis of the telescope is

now inclined at 90 to that of the collimator. Now turn
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the table carrying the grating until the image of the slit

reflected from the grating appears to coincide with the cross-

wire. Then it is clear that light which before it fell on the

grating was travelling parallel to the axis of the collimator

has been reflected so as to travel parallel to the axis of the

telescope, that is, it has been turned through 90.
Let L G (fig. 92) be the axis of the collimator, T G that of

the telescope, then the path of the ray is L G T, and the angle

LGT is 90; and if G N be normal to the grating, G N bisects

the angle LOT, so that the angle LGN is 45. If now we

turn the table of the spectroscope carrying the grating

through 45 in the proper direction, we shall bring GN into

coincidence with p L, and so set the plane of the grating at

right angles to the incident light. To do this we have only

to read the vernier of the table when the reflected image coin-

cides with the cross-wire, and then turn the table in the right

direction until the vernier reading differs from this by 45.
The grating is now at right angles to the axis of the

collimator. Of course, the above adjustment may be used

to put any plane reflecting surface at a given angle to the

axis of the collimator.

Now turn the telescope to view the slit through the

grating. A brilliant image will be seen, and on moving the

telescope in either direction from this position, if the light

used be white, a series of spectra will come into the field.

If the sun be the source of light, these spectra will be crossed

by narrow dark lines, provided the grating be fairly good
and the slit sufficiently narrow. If the light be homoge-
neous, instead of the spectra we shall have a series of images
of the slit. Such a source of homogeneous light may be

obtained from a spirit-lamp with a salted wick, or from a

Bunsen gas-burner, in the flame of which a platinum or

asbestos wick, moistened with some salt of sodium com-
mon salt, for example has been placed. The number of

images visible depends on the brightness of the source of

light and on the closeness with which the lines are ruled on
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he grating. The spectrum of sodium vapour consists of

:wo brilliant yellow lines very close together, so close that,

except with powerful instruments, they appear as one, and

some other faint lines, so faint that they are rarely observed

n a diffraction spectrum. Thus, we should have a bright*

central yellow image, and on either side of this a number of

[yellow images growing fainter and fainter. Each of these

piffracted images really consists of two very close together,

put
with ordinary instruments they would appear as one.

[Let
us suppose that our grating is one of Nobert's, with

^3,001 lines to the Paris inch. Then with telescopes of

Aperture
of about \\ inch we may see four or five images

on each side of the central one. Turn the telescope to view

jthe
central image, and bring this into coincidence with the

cross wire. Then read the vernier. Turn the telescope to

(the right till the first diffracted image coincides with the

slit, and read again. The difference between the two read-

ings gives a value for l5 the deviation of the first image.
'Now turn the telescope to the first image to the left, and

I
read again. The difference between this and the direct

.reading gives us a value 0/ for the deviation of the first

image to the left If we have made our adjustments with

icare, these two b 9,' will be nearly the same. If we

! could have done everything with absolute accuracy, they

I

would be exactly the same. The mean of the two will give

:us a value for the deviation more accurate than either.

Thus, in the case considered above, we have e + r= -

3000
Paris inches = -000009023 metres, and we might find

0i = 3 44' 3"
0,' = 3 44' 45"-

Thus, we take for the deviation, 3 44' 37"'5, and substi-

tuting in the formula

X = (e + g) sin 0, find

X = -00000058913 metres,
= 5891-3 tenth metres.
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On referring to our table of wave-lengths, we find that

this . is very nearly the wave length thus given for the solar

dark line D. A more accurate measurement would have

told us that the two agreed absolutely, and that the solar

line D is really two lines very close together, coinciding

exactly in position with the two bright sodium lines. This

important fact we shall return to in considering spectrum

analysis. If we observe in a similar manner the deviations

corresponding to the second and third diffracted images, we

get other equations to determine A, and the mean value

deduced from the results of all the observations will be more

accurate than the result of any single measurement.

Moreover, the observation of each single deviation ought
to be repeated to eliminate errors made in setting and read-

ing the vernier. The accurate reading of a vernier is greatly

facilitated by a proper placing of the light by which it is

illuminated. The line joining the vernier to the light should

pass through the axis of the circle, and the eye should be

placed so as to catch the reflection of the light from the

scale. The eye will thus look directly down on the gradua-
tions of the scale, being in the same vertical plane with

them, and the error of parallax, which may arise from the

scale and vernier division not being in the same plane, will

be avoided.

We may require to measure the distance between the

lines of the grating, if this is not already known from the

maker. To do this we require a good microscope fitted

with a micrometer eye-piece, or else some well-defined

object whose breadth we can measure accurately, and which

we can bring into the field of view at the same time as the

grating. We then have to place the grating so that its lines

are parallel to the edge of this object, and measure the

number of lines which '

occupy the same breadth as the

object. From these measurements we can easily calculate

the distance between the lines.

Many of the best gratings used are not transparent, but
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(iconsist of parallel lines ruled on a plane polished metallic

surface. The incident light falls on the surface and is there

reflected ; but, since the surface is not regularly polished,

(the appearances presented by the reflected beam differ from

those described above in Chapter III. Let AC (fig. 93) be

the reflecting surface, and suppose the incident wave to be

plane. Let L be the point of the surface from which light

regularly reflected would reach p. Divide the surface

i exactly as in Chapter III., in L,, L 2 ,
L3 ,

&c. Then we have

FIG. 93.

seen that the disturbances from these consecutive elements,

L L
1} L! L 2, &c., are in opposite phase when they arrive at p.

Moreover, at but a short distance from L the consecutive

elements are of equal length. Let N N
l5 NJ N 2 , &c., be some

of these elements, and suppose that the reflecting surface does

not extend as far as L. Then, since the effects of the ele-

ments N NJ, &c., are equal in amount opposite in phase,

they destroy each other, and there is darkness at p
; but if

we suppose that the alternate elements, N, N 2,
N 3 N 4 , &c.,

are blackened so as- to cease to reflect light, the disturbances

coming from NN
I}
N 2 N3, &c., are in the same phase, and
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augment each other's effects, so that there is brightness at

the point P.

The case is exactly analogous to that of the refraction

grating just considered, in which the alternate elements

ceased to transmit light. In fact, if we draw p K perpen-

dicular to the surface and produce it to P', making KP'

= PK, then the diffraction effects produced at p by the

reflection grating will be similar to those which would be

produced at p' by a refraction grating with the same interval

between the lines occupying the position of the given grating.

The two spectra would differ only in brightness.

The brilliant iridescent colours shown by mother-of-

pearl and other striated substances are due to#an effect of

this kind, produced by them on the light falling on them.

In the diffraction gratings considered above, we have

supposed that the breadths of the transparent intervals are

all equal, and also those of the opaque. If our apertures be

equal but not equidistant, it is possible to show that the

effect produced at any point is that due to A single aperture

multiplied by a number of apertures ;
or if, again, the aper-

tures be equidistant but not equal, so that the diffraction

effects are produced by a number of equal and parallel but

not equidistant fine fibres, we may show that the effect at

any point is that due to a narrow transparent aperture equal
in breadth to any one of the fibres, multiplied by the num-
ber of spaces between the fibres.

The diffraction appearances in these two cases remain

unaltered if we suppose the transparent portions to become

opaque and the opaque transparent ; and this, in fact, as we
have seen, is always the case.

Again, we may show that the intensity produced by a

number of equal circular apertures placed in an opaque
screen at irregular intervals is just that due to a single aper-
ture multiplied by the number of apertures, while, as before,
the appearances are unchanged if we suppose the apertures
to become opaque discs and the screen transparent. Instead
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of the opaque discs we may equally well have small opaque
bodies of a regular form, such as the small globules of con-

densed vapour in a cloud.

It is this diffraction by a number of opaque particles

which gives rise to the luminous rings seen in contact with^

the surface of the sun or moon when viewed through a thin

cloud. Fraunhofer imitated these halos by looking at a

luminous object through a glass covered with fine grains,

such as those of lycopodium powder. It is necessary for the

success of the experiment that the grains should be nearly

equal in size. He also experimented with a number of

small equal circular discs placed between two parallel plates

of glass, and allowed to arrange themselves side by side in

any manner under their weight. He measured the diameters

of the rings formed, and found that, conformably with theory,

they varied directly as the wave-length, and inversely as the

diameter of the discs.

These rings had been previously observed by Young,
and the fact that their radii are inversely proportional to the

diameter of the small opaque particles to which they are

due, had been applied by him in an instrument invented to

measure the diameter of very minute objects, which he

called the eriometer. A plate of metal has a hole of about

5 mm. diameter perforated in it, and a series of smaller

holes in a circle of between TO or 15 mm. radius round it.

This is placed in front of the lamp and viewed through the

substance to be examined. A ring or halo is seen round

the image of the central hole, and the distance between the

plate and the substance is varied until this ring appears to

coincide with the ring of small holes in the plate. The dis-

tance between the plate and the substance is then measured,

and the experiment repeated with a substance containing

particles of known size. The diameters of the particles vary

inversely as the angular diameters of the rings produced, and

since these rings were of the same size, their angular diameters

vary inversely as the corresponding instances between the
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plate and the substances. Thus the diameters of the par-

ticles vary directly as these distances, and since the diameter

is known for the second set of particles, that for the first

can easily be obtained.

The luminous rings (couronnes) referred to above are

those which are seen close to the surface of the sun or moon,
and must not be confused with the halos frequently formed

at some apparent distance away.

The theory of the rainbow belongs to this part of our

subject, and though this can hardly be given completely

without the introduction of mathematics, a general explana-

tion may perhaps be of use.

The rainbow is produced by the reflexion and refraction

of the sun's rays at the surfaces of the drops of water forming

the cloud against which it is seen.

Let us then consider one such drop and suppose we have

a parallel pencil of rays falling on it. We shall treat the drop
as a sphere of water. Take any one ray p Q of the pencil

incident on the drop at Q, it is then refracted into the drop
in the direction Q R, falls on the inner surface at R, is there

reflected along R s, and after refraction again at s emerges

along ST. A neighbouring ray p' Q' follows the course

p' Q' R' s' T'. Both these rays have been deviated or turned

out of their course by the drop. The deviation is measured

by the angle between their initial and final directions, and in

general it is clearly different for these two rays. Let us sup-

pose PQ and TS meet in u,
1

P'Q', and, T' s' in u' the deviation

in the one case is 180 p u T, in the other 180 p' u' T'.

The two refracted rays Q R, Q' R', will in general intersect

in some point. Let it be K. If we draw another neighbour-

ing ray p" Q" R" s" T", Q" R" will intersect Q' R' in L say, and

so on, and we can get a number of points K L M, &c., which

are the points of intersection of consecutive refracted rays.

These points all lie on a curve called the caustic curve, and
this caustic can be drawn, and we can show that its form

will be L M N F as in the figure.
1 u and u' are not shown in the figure.
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Each point on it is the point of intersection of two con-

kecutive rays after refraction at the first surface, and all these

rays touch the caustic. Now this caustic curve will cut the

drop somewhere. Let N be the point of intersection. Two
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rays B N, B' N refracted at B and B' respectively fall on the

inner surface of the drop at N. B and B' are very close

together, and the incident rays A B, A' B' are consecutive rays.

These two rays are reflected at N in the directions N c, N c'

respectively, and refracted out along c D and c' D', and we

may show without difficulty that these rays c D, c' D' are

parallel.

Just as a caustic curve is formed by the intersection of

two consecutive rays after the first refraction, so too is one

formed by the intersection of the consecutive emergent rays,

and these rays are all tangents to the caustic. But the two

consecutive rays c D, c' D', do not intersect till we reach an

infinite distance from the drop, since they are parallel. Thus

the form of the caustic made by the emergent rays will be as

in the curve K' N' in the figure ;
N' being supposed to

be the point of intersection of the two parallel rays c D, c' D'

which touch the caustic at an infinite distance from the

drop. The ray c D is said to be an asymptote to the caustic.

Now it is quite clear from the figure that there will be a very

large number of tangents to this caustic which do not differ

greatly in direction from c D, and these tangents are rays of

light. Thus there are a great number of emergent rays

travelling from the drop in directions which do not differ

much from CD, and an eye placed in the line CD and look-

ing towards the drop would receive more rays of light than

if it were placed in any other position. That direction would

appear brightest to the eye if we admit that the effect of two

rays is twice that of one, and do not consider the differences

of phase which may exist between the rays travelling in

directions nearly coincident with c D. For the present let us

make this assumption.
Now the two rays c D, c' D' are parallel, and they were

parallel before incidence. They have, therefore, been devi-

ated through the same angle. Thus, in going from A B to the

consecutive ray A' B', the deviation has not altered. The

deviation, then, is either a maximum or a minimum for the



HAP. VII.] Diffraction. 207

,ay A B. If we consider the ray which falls directly on the

[irop
and passes through the centre, we see that its deviation

is two right angles, and is a maximum. But in all cases

maxima and minima values of a quantity occur alternately,

M that the deviation of the ray A B, which we have shown

must be either a maximum or minimum, will be a minimum,
Lnd no light can emerge from the drop in a direction to

reach an eye placed below c D.

Thus in the direction of the ray which undergoes mini-

pnum deviation the brightness will be very great ;
below that

FIG. 95.

ay there will be no light at all, and above that ray there

be but a faint illumination from the drop. We shall

pall
the ray A B N c D the effective ray. In the neighbourhood

pf
the effective ray the emergent rays are nearly parallel and

.hus many of them fall into the eye, below it there are no

emergent rays from the drop, and above it the rays are

nclined to each other at considerable angles, and but few

jrom the neighbourhood of any one point on the drop reach

the eye, so that there is but a faint illumination.

Thus an eye situated anywhere on the line c D would

oerceive a bright spot in that direction. Now let E (fig. 95)
ae the eye of the observer, and E^ parallel to the direction
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of the incident light, so that Eg is the line joining the ob-

server's eye to the sun.

Let us suppose the figure made to turn about g E as an

axis, so that the drop describes a circle in a plane perpen-

dicular to this line. All the drops in this circle would be

situated in exactly the same manner with reference to the

observer, and the rays reaching him from each would be

effective rays. He would thus see a bright circular arc in the

sky whose centre would be on the line g E produced, and

whose angular radius would be 180 minus the deviation of

effective rays.

If we consider a drop centre o' somewhere above this

circle, it is clear that the deviation of light reaching the eye

from it must be less than that for the drop centre o. But

this drop sends its effective rays to the eye, and the deviation

of the effective rays is less than that of any other. Thus no

light comes to the eye from drops above this bright circle.

For a drop centre o ' below the circle the deviation will be

greater than that for the drop centre o
;
some small amount

of light can reach the eye from the space below this circle,

which thus forms a bright upper boundary to a faintly

illuminated space.

The radius of this bright boundary depends on the

minimum deviation of the light falling on the drop. This

again depends on the refractive index of the drop, and this

refractive index is different for rays of different colours.

Thus the radius of the bright boundary is different for rays

of different colours. Thus since solar light is compounded
of a number of rays of different colours, the bright arc seen

will not be white, but coloured like a spectrum made by a

prism, and this bright-coloured band is the primary rainbow.

We might without difficulty find an expression for the

deviation of light passing through the drop in this way, and
determine the condition that it should be a minimum.
The expression would involve the refractive index, and on

substituting the values for red and violet light in water
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FIG. 96.

espectively, we should find that the angular radius of the

ed bow was about 42 2', while that of the violet was 40

[f. Thus the violet bow is the lower.

We can show this, however, without actually finding

expressions for the devia-

ion. For let P Q R s x (fig.

)6) be the effective violet

ay, and consider a red ray
> Q R s t having the same
>ath in the drop.

It is less deviated both

at incidence and on emer-

gence ; thus the deviation

)f this red ray is less than

he minimum violet devia-

tion, and so a fortiori the

minimum deviation for red

ight is less than that for violet. But the angular radius is

:8o minimum deviation. Thus the angular radius of

he red bow is greater than that of the violet, or the red bow
s the upper.

We have thus accounted on the supposition of the

FIG. 97.

arithmetical addition of the effects of rays of light for the

formation and colours of the primary bow. Again, frequently,

when a bright rainbow is seen, a second and fainter bow of

greater angular radius is visible. This is called the second.
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ary bow. It is formed by rays which emerge nearly parallel

after two reflexions at the interior surface of the drop, suchj

as the rays A B c D E F, A' B' c' D' E' F', in fig. 97, and its order 1

of colours and angular radius can be found in a manner

similar to that indicated for the primary bow.

The angular radius is about 50 58' for red light, and

54 9' for violet, so that the red bow is the lower in the

secondary bow.

Rays which emerge parallel after three, four, and five

reflexions form the third, fourth, and fifth rainbows
;
of these

the third and fourth are formed in that part of the sky which

lies between the observer and the sun, and are rendered

invisible by the brightness of the sun's light. The fifth bow,

like the first and second, is formed on the side of the

observer away from the sun, but the light is so much
weakened by the five reflexions that it is rarely, if ever,

visible.

According to the explanation developed above, the space

directly below the violet of the primary bow should be dark.

In fact, however, several alternations of colour are frequently

seen below the first violet. The primary bow is accom-

panied by a number of additional or supernumerary bows,
and of these our investigations have given us no informa-

tion, and for a complete explanation we must turn to the

wave theory. In the direction of the effective ray a large
number of rays reach the eye. We have hitherto entirely

neglected any differences of phase which may exist between
these rays and the interference effects these differences oJ

phase may produce. Now we have seen previously that the

method to adopt in considering the effect of a wave of light
at any point is to take the wave front at any instant, divide

it up into half-period elements, determine the effect due tc

each element separately, and add together algebraically all

these individual effects. Thus the result will depend partly
on the form of the wave front, partly on the position of the

point considered with reference to the wave front We
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require, then, to find the form of the wave emerging from

the drop of water.

Let c D (fig. 98) be the direction of the effective ray as

defined above, and let A o B cut c D at right angles in o, then

|

it can be shown that the form of the

emergent wave is that of the curve

p o Q, which touches A B at o and

above c D lies to the right of A B,

while below c D it is to the left, o

is called a point of inflection. We
have then to enquire what will be

the illumination produced by such

a wave on a screen drawn through \
D perpendicular to c D. Now this

is a complicated problem, and we must be content with stating

the results. Let R be the point on the screen at which we

require the intensity. Then Sir George Airy has shown that

as we travel from D downwards the intensity of the light

decreases very rapidly, so that the illumination is soon in-

sensible for points below the effective ray. As we travel

upwards from D the intensity increases very rapidly at first

and soon reaches a maximum. This corresponds to the

primary rainbow.

The direction then of the light forming the primary bow
does not coincide exactly with that of the effective ray, but

is slightly above it. The deviation for the primary bow is

therefore very slightly greater than the minimum, and its

angular radius slightly less than that given above. After

leaving this point R, the intensity rapidly diminishes to a

minimum and then increases again to a maximum, passing

through a series of maxima and minima as we travel on for

a short distance. The maxima, however, decrease after the

first, which is much greater than any of the others. To these

maxima correspond the supernumerary bows, and since

the deviation for these maxima increases as we go from the
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primary bow, the radii of the supernumerary bows are

less, than that of the primary.
Now let E

(fig. 99) be an eye placed to see the primary
bow formed by a drop centre o

; that is to say at a certain
small distance above the effective ray c D. Consider a drop

FIG. 99.
centre o' above o. Its effective

ray is c' D' parallel to c D, and
since E is below c' D', but

very little light from this drop
reaches the eye. The space
above the primary bow is all

dark.

Take now a drop o" below
D

; its effective ray is c" D"

parallel to c D. E is above this

ray, and may be the position
of one of the additional maxima for the drop o". At any
rate a position can be found for o" below osuch that E shall
be a point ofmaximum illumination for light from o", though,
of course, E cannot be the first maximum. In this case,
then, the eye would see one of the supernumerary bows
in the direction EO". The. same point E can clearly be a
first maximum for o, a second for o", a third for o'", &c.,-
o", o'", &c., being below o, and in these directions re-

spectively an eye at E will see the primary bow and the
successive supernumerary bows. These theoretical con-
clusions of Sir George Airy were verified by the late Professor
Miller, of Cambridge, who measured the angular radii of the
primary and

supernumerary bows formed by a stream of
water drops illuminated by a small bright light
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CHAPTER VIII.

DISPERSION AND ACHROMATISM.

VE have seen already that when a ray of white light falls on

[ prism of glass or other refracting substance its direction is

Itered, and the emergent beam is no longer white but

poured. If the light be a ray of sunlight, which, as in

jfewton's experiment, is admitted to a darkened room

irough a hole in the shutter, and is allowed to fall on a

rism with its edge horizontal and its refracting angle turned

ownwards, a coloured band will be seen on the opposite

all, red at its lower end, and passing through orange,

ellow, green, to blue, indigo, and violet at the upper. This

and is, we have learnt, called the solar spectrum, and the

ict that white light can thus be split up into differently

oloured rays is known as the dispersion of light We have

;en, too, that this dispersion is a consequence of the fact

lat, in refracting media such as glass or water, the velocity

f a wave of light depends on its wave-length, so that red

md violet waves travel in the prism with different velocities
;

hey are, therefore, differently refracted by the glass, and

emerge in different directions. The angle which any ray

>n emergence makes with the direction in which the light

vas originally travelling is called the deviation of that ray,

md the angle between the directions of any two emergent

rays coming from the same source is known as the disper-
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sion of those two rays. Thus, if B A c (fig. 100) be a prism
|

of refracting substance, PQ an incident ray, QSR, QTV!

the refracted red and violet rays, and PQ be produced |

to p', the angle between SR and QP' measures the de-
j

viation of the red ray. That between v T and Q P' is the

deviation of the violet ray, while the dispersion of the prism i

for the red and violet rays is the angle between s R and T v.

We proceed to consider the effects of dispersion in

modifying the action of lenses or other optical instruments.

Let us take, first, a convex lens ABC (fig. 101) ;
let p Q

be a luminous object in front of the lens emitting white light,

and consider any ray Q R falling on the lens at R. This ray

is refracted, but its red and violet components are refracted

at different angles along R s, R T respectively ;
it is dispersed,

and this dispersion is further increased by the refraction at the

second surface at the points s and T. The red light emerges
from s along s q, the violet from T along T q'. A red image
of Q will be formed at ^, a violet image at q'. In fact, as

we have seen before, the part of the lens about the points|
R, s, T acts just like a prism whose refracting angle is turned

towards A. The red and violet rays are both bent down-
wards, but there is dispersion, the violet ray being deviated

more than the red. If we placed between the source off

light P Q and the lens a violet glass a violet image would
be|

formed at /, if we placed in the way instead a red glass we
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should have a red image formed at q. Q, q are conjugate

bci for red light, Q, q' for violet, while the foci for rays

[between the red and violet lie between q and q'.

Thus, our lens will not form us a white image of the

white object. Let us suppose the light falls on a screen

perpendicular to the axis of the lens between it and q', and

that Q is simply a luminous point. The violet rays will

form a cone with q' as vertex, the red rays another cone

with q as vertex, and the intermediate rays cones with points

between q and q' as vertices. These cones will cut the

screen in circles whose centres lie on the axis of the lens.

Let us suppose we have only red and violet light, and let

D D' F E' E be a position of the screen cutting q A, q B in

D and E, q' A, q' B in D' and E'. Throughout the space D' E'

we have red and violet light mixed, but the annulus D D'

E' E is only illuminated by the red rays. And if our light

be white, the rays of all colours will pass through the central

space D' F E', which will, therefore, be whitish not white,

because the light will not be mixed in the right proportion,

there will be too much violet
;
as we travel outwards towards

D and E there will be less and less of the violet end of the

spectrum ; finally, when we get to D and E we shall have

nothing but red light. Thus our whitish centre will have a

red border. If the screen were placed beyond ^, the central

part of the image formed would be reddish and the border

violet.

For some positions of the screen between q and q' we

should have a violet border, for others a reddish, and in no

position would the image formed be absolutely colourless,

though, except with very bright light and a lens of short

focal length, the coloured edge, when the object is best

defined, is not much noticed.

We can easily show this effect of dispersion by forming
an image of a candle-flame on a sheet of white paper with

an ordinary magnifying-glass. If the paper be moved
towards the lens the image becomes blurred and its border
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is coloured red
; if, on the other hand, the paper be moved

away, the image again becomes blurred, but the border is

blue or violet.

Whenever for any reason a lens or system of lenses
does not bring all the rays diverging from one point to
a focus at another point, there is said to be aberration.

When, as in the present case, the aberration is due to the
dispersion of the light by the lens, it is called chromatic.

We may consider this chromatic aberration with advan-
tage from another point of view. When we say that two
points Q, q are conjugate foci for red rays, we imply that the
time taken by red light to travel from Q to q is the same for
all paths possible. But the violet rays travel through the
lens more slowly than the red, and, therefore, the time
taken by violet light in travelling from Q to q will not
necessarily be the same for all paths which might be
possible. Q, q will not be conjugate foci for violet light ; in
fact, the only violet ray which will reach q is that which
travels along the axis.

Or, again, we know that, if v and u are the distances of
the conjugate foci from a convex lens of focal length, /

', u, and/are connected by the equation

Now the value of/depends on the form of the lens and .

the refractive index of the material of which it is made.
This refractive index is different for light of different colours
and, therefore, /is different for light of different colours
being least for violet, greatest for red light. Then, if the
distance of the source of light from the lens-that is the

rfthe lf ht^sed
giV

A'c

he^ f " deP6ndS n ** C 1<3Ur

distant object brings the violet r^tT^foluTnearTtothl
lens than the red.

If, on the other hand, the
'

formed be virtual, the violet focus will be the



istant of the two. This is clear if we remember that a

iolet ray falling on the lens at any point is more deviated

han the red ray which falls on it at the same point. If our

ens be concave the same reasoning shows us that, in the

ase of a divergent incident pencil, the violet focus is nearer

o the lens than the red, while, if the incident light be con-

erging to a point beyond the lens, the violet focus will be

he most distant. Fig. 102 gives these two cases, q being

he focus for red rays, q' for violet.

This fact, the chromatic aberration of light, is of the utmost

-D

importance in the construction of telescopes and other optical

instruments. In a telescope a large convex lens or concave

mirror collects a great number of the rays from a distant

object, and forms at its focus an image of that object.

This image is viewed with a lens or lenses, convex or

concave, as the case may be, which magnify it. In the case

of refracting telescopes, the image formed by an object-

glass consisting of a single lens will not be colourless, but

surrounded by a coloured ring, which appears red or violet,

according to the position of the eye-piece, and all clear de-

finition is rendered impossible. Newton, who, we have

seen, discovered the dispersion of light, was of the opinion

that this difficulty was insuperable.
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A lens forms an image of an object because it deviates

or turns from their course the rays of light which fall on it.

At the same time, it disperses those rays. Newton, misled

by an experiment he made, believed that any means which

could be used to prevent the dispersion would also prevent

the deviation, and so render the lens useless. The light on

emergence, he thought, would be travelling parallel to its

original direction, and thus the lens might as well be re-

moved; and this opinion of Newton's became prevalent,

and for many years hindered the development of refracting

telescopes.

It was this belief which led Newton to construct the re-

flecting telescope known by his name
;
for in a reflector the

image is formed by reflexion at a polished surface, and, rays

of all colours being reflected according to the same law,

chromatic aberration does not come in. Of course it does

affect the image formed by the eye-lens, but this is equally
the case with refractors. This same belief led Huyghens to

construct giant refracting telescopes with object-glasses of

60 to 100 feet in focal length, for the effect of chromatic

aberration is less marked in lenses of long than in those of

short focal length.

We shall now show how it is possible to combine two or

more lenses to produce deviation without dispersion to

form a combination which shall be achromatic, that is, with-

out chromatic aberration. This was first discovered by Mr.

Hall, of Worcestershire, and rediscovered by Dollond, a

London optician.

Let us take the case of a prism first, and suppose we
have a ray p Q (fig. 103) falling on a prism ABC. Consider
the red and violet refracted rays, which emerge in the direc-

tions s s' and x T' respectively. Can we by any means com-
bine them so as to make them again parallel ? One method
is very simple. Place behind the prism ABC a second

prism D E F of the same material and with the same angle,
but in such a position that the refracting edges of the two
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'are turned in opposite directions, and turn the second

Iprism until DE becomes parallel to CB, B and E being the

(refracting angles. Then clearly the rays falling on this

second prism are deviated by it through the same angle as

by the first, but in the opposite direction. The red ray
-.

falling on the second prism at s' emerges along Q' R, the violet

ray at T' emerges along Q" v, and these two lines are parallel ;

the two prisms act just like a plate of glass.
The dispersion

has been destroyed, but so too has the deviation, for R Q'

v Q" are both parallel to p Q.

The ratio of the dispersion to the deviation is the same

in the second prism as in the first. The two being of the

same material, whenever then we make the two dispersions

equal in amount but opposite in direction, so that the

emergent beam is achromatic, we do the same for the two

deviations, and the emergent beam is parallel to the inci-

dent. Newton's mistake lay in supposing that this ratio of

the dispersion of two rays to the deviation of one of them

was the same for all media, so that in all cases in which we

produced two equal and opposite dispersions we produced

two equal and opposite deviations.

Hall and Dollond showed that this was not the case.

The ratio dispersion to deviation is very different for

different media, so that it is possible to produce two equal and

opposite dispersions without producing two equal and oppo-

site deviations. If I have given a prism ABC, I can con-

struct a second DEF, which, when placed to receive the
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light from ABC, shall render the two emergent rays Q' R

Q" v parallel to one another, but not to the incident ray p Q.

The refracting edge E of the second prism will be turned in the

opposite direction to that of the first. The dispersion which

it produces is the same as that produced by the first, though

opposite in direction
;
the deviation, too, is opposite in

direction but not of the same amount. The emergent beam

is achromatic, but it has been turned through an angle equal

to the difference of the deviations of the two prisms sepa-

rately.

Thus, for example, the ratio dispersion to deviation is

very much greater in flint glass than in crown glass. If we

have a prism of an angle of 60 of crown glass we can pro-

duce the same dispersion between the red and violet rays

with a flint glass prism of about 37. The minimum devia-

tion for the yellow-green rays for the crown-glass prism will

be about 40, that for the flint glass only 25 48', so that

by combining these two we shall get our red and violet

light combined and have a deviation of 14 12', the differ-

ence between 40 and 25 48'. The combination is achro-

matic for the red and violet rays. In order to combine by
means of two prisms two given colours, we must arrange the

prisms so that the distance between these colours in the

spectrum each would form on the screen if used separately
shall be the same. Then, using the two together, with their

edges in opposite directions, these two colours are combined.

If, for example, we wish to combine the red and violet

light seen near the dark lines c and H respectively in the

solar spectrum, we must take two prisms which would give

spectra in which the distance from c to H was the same
;

then, using the two together, this distance would be reduced
to nothing, or the light from the lines c and H would be

combined.

But the spectra formed by our two prisms separately
would by no means be identical

;
we should find that

although the whole distance c H was the same in both
;

so
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that if, as in fig. 104, the two spectra were placed one above

the other, the lines c and H in the two would appear con-

tinuous : this would not be the case for the other dark lines

such as D, E, F. In the lower spectrum, that from the crown-

glass prism, they appear pushed to the right so that the dis-

tances c D, c E and c F are not the same for the two. When
the two are combined, then, though the lines c and H coin-

cide, the same will not be true for the other lines D, E, F, &c.

The compound image formed will not be absolutely colour-

less, though much more nearly so than that formed by either

prism separately, the dispersion between two rays such as

C and E being the difference of the dispersions in the two

prisms separately. In short, just as the ratio dispersion to

deviation is different for different media, so also is the ratio

of the dispersion of two colours to that of two others. In

consequence of the first law we are able to construct a com-

bination of two prisms which shall be achromatic for two

given colours. In consequence of the second that combi-

nation is not achromatic for all colours. We can, however,

combine three colours by using three prisms, and so on.

The spectra formed when two prisms are combined in this

manner are called secondary spectra.

The fact that the ratio of the dispersion of two colours

to that of the extreme colours is not constant for different

media is known as the irrationality of dispersion.

We have thus seen how to form an achromatic combi-
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nation of two colours by means
of two prisms. Let us turn

now to the case of a lens. The

rays refracted through the con-

vex lens in the neighbourhood
of any point Q (fig. 105) travel

after refraction as if they had

passed through a prism with

faces parallel to the tangent

planes to the lens near Q.

They are therefore dispersed,

but this dispersion can be cor-

rected without destroying en-

tirely the deviation by allowing

the rays to pass through another

prism of a different material

with its edge turned towards

the axis of the lens. The same

is true for all points of the first

lens, only, of course, the angle

of this correcting prism would

have to vary for different posi-

tions of the point Q. Now

suppose we place behind the

convex lens a second concave

lens of different material. The
red and violet rays into which

the ray p Q is dispersed by the

first lens fall on this second

lens at s and T, which are not

far apart. This second lens

affects these rays as a prism
bounded by the tangent planes
at s or T, and the opposite face

of the lens
;
and by inclining

these tangent planes at a proper
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ingle, that is, by properly adjusting the form of the second

ens, the dispersion produced in the ray p Q by the first lens

:an be destroyed, so that the emergent rays s' Q', T' Q' will

:ut the axis of the two lenses in the same point Q', and the

ed and violet images produced by the combination be

nought into coincidence.

In other words, considering only the first lens, the

dolet ray incident along p Q is refracted to q\ the red ray
o q ; these two rays fall on the second concave lens.

3oth are refracted upwards by it, the violet more than the

ed, and it is possible to adjust the forms of the lenses and

he distance between them, so that the focus for the red

ays on emergence from the second lens coincides with that

"or the violet. A combined red and violet image is produced
itQ'.

In practice the first face of the concave lens is usually

nade of the same curvature as the second face of the con-

rex, and the two are brought into contact. We have then

it our disposal the curvature of the second face of the con-

rave lens, and that can be made such as to combine two of

he colours in the image formed by the combination. Owing
:o irrationality of dispersion the image formed will not be

perfectly colourless, but much more nearly so than if the

:onvex lens had been uncorrected. The combination

generally adopted in the object-glass of an achromatic

:elescope is a convex lens of crown glass followed by a

:oncave lens of flint glass.

The two colours chosen for combination are not the

extreme red and violet of the spectrum, but two rays from

:he more luminous part, a ray from the yellow-orange

Deing combined with one from the green-blue. Thus sup-
Dose we had a convex lens of crown glass of 20 centi-

metres focal length. To correct this with a flint-glass con-

ave lens so as to combine the rays c and F of the solar

spectrum we should require a lens of 33 centimetres focal

cngth, and the focal length of the combination would be
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about 5 1 centimetres. The focal length of the concave lens

required to correct for these two rays a given convex lens

will always be to the focal length of the convex lens in the

ratio of 33 to 20, while the focal length of the combination

will be about ^ of that of the convex lens. The combi-

nation thus formed will be achromatic only for rays coming
from a very distant point, so that the incident wave may be

considered as plane.

The combination of lenses described above will form for

us an achromatic image of a distant object. Now in a tele-

scope this image is viewed with an eye-piece, and this, at

any rate if it consists of a single lens, will again produce

chromatic aberration. Now we have seen that when an

eye-piece is in adjustment for giving distinct vision, the rays
of one definite refrangibility from each point of the object

viewed, emerge parallel. If the violet rays coming from a

point P of the object are parallel among themselves, the red

rays from p are also very nearly parallel but not parallel to

the violet A virtual violet image is seen by the eye in the

direction of the violet light ;
a virtual red image in the

direction of the red light ; and these two only partially

overlap.

The white ray p Q (fig. 106) is dispersed into s R and

TV, a red and violet ray with the others between them.

Now the effect of two parallel rays in producing vision

is the same as if the rays were coincident. If then by
any means we can render the violet ray TV parallel to

the red ray s R before they reach the eye, they will
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appear to the eye to come from the same point. The
virtual red and violet images of the point P which the eye
sees will coincide, and the combination will be achromatic

For these red and violet rays. Let us then consider the

effect of placing behind the first lens another convex lens,

md let us suppose that s R and T v fall on this lens at R and
v before they cross the common axis of the two lenses, v

l be nearer to the centre of this lens than R, and the faces

of the lens at the points v, v' in which the violet ray cuts

them will be more nearly parallel than they are at the points

R, R' in which the red ray cuts them.

Let R' r be the direction of the emergent red ray, and

let v' v be parallel to R' r. We wish to determine if it is

possible for v' v to be the direction of the emergent violet

ray. Now clearly the angle between R' r and s R produced
is greater than that between v' v and T v produced, and the

first of these angles is the deviation of the red ray, while

the second would be that of the violet ray. Thus, in order

that v' v may be the violet ray, the deviation produced by
the lens at R, R' in the red ray must be greater than that

produced at v, v' in the violet ray. If the angle between

the faces of the lens at R, R' were equal or less than that at

v, v' this would clearly be impossible, but since the angle at

R, R' is greater than that at v, v', it is possible for the de-

viation of the red light at R to be greater than that of the

violet light at v; that is to say, it is possible for the violet

ray to emerge in the direction v' v parallel to the red ray

r. We can then combine two convex lenses to form an

achromatic eye -piece.
The dispersion produced by the first lens is compensated

in the second from the fact that the red light falls further

from the centre than the violet, at a point, therefore, where

the refracting angle of the prism which would produce the

same deviation as the lens is greater than at the point of

incidence of the violet light. A similar argument will apply

to the case in which the light cuts the axis of the lenses

Q
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between the two. In this case (fig. 107) v will be further

away from the centre of the second lens than R, and in

order that the two colours may emerge parallel, the violet

light must be more deviated than the red. This it will be

for two reasons. Firstly, because it is violet light and is

therefore more deviated than red incident in the direction

T v would be
;
and secondly, because the faces of the lens

at v, v' are inclined to each other at a greater angle than they

are at R, R', so that red light travelling along T v would be

more deviated than red light along SR
;
thus a fortiori the

violet ray T v is more deviated by the second lens than the

FIG. 107.

red ray SR, and the two may emerge parallel. Thus a

second convex lens placed behind the first lens of an eye-

piece tends to correct the chromatic aberration produced by
the first lens. It may, of course, over-correct it, but in

general if we have two convex lenses of given focal length

we can put them at such a distance apart that they form an

achromatic combination.

The complete investigation shows that if/, /2 are the

focal lengths of two lenses of the same material, and the

light incident on the first be inclined at a small angle to the

axis, the combination will be achromatic when the distance

f -4- f
between the two lenses is

J- A This condition is exactly

satisfied in Huyghens's eye-piece, though it was designed by
its inventor for quite different reasons, and without any

knowledge of achromatic combinations.

We have already described Newton's experiment with
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he prism ; we must now, however, consider it a little more

"ully. Let us suppose the sunlight comes through a narrow

ilit, A (fig. 1 08), whose length is perpendicular to the paper.
We shall have a sort of wedge of light diverging from the

lit and falling on our screen at B c. A prism with its edge
parallel to the slit is placed in the path of this wedge of

ight, and a spectrum is formed on the screen. Turn the

Drism about until the lower end, R', of the spectrum is as

ear as possible to B c, so that the deviation is a minimum,
lad we been using red light we should have found on our

creen, near R, a red patch of light about the same width as

i c. In fact, the red light all comes as if it diverged from a

irtual image, r, of the slit, r being at the same distance

rom the prism as the slit. The violet light again comes
roni a virtual image, v, and the intermediate rays from

mages between v and r. Thus, corresponding to rays of

ach colour, we have coloured patches of light. Let A B, A c

neet the prism in D and E. Let D G, EG' be the paths of

Q 2
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the red rays, A D, A E, through the prism, D H, E H' those of

the violet rays. Join rG,rG' and produce them to meet the

screen in R, R'. R R' will be the breadth of the red patch of

light which would be formed were the incident light all red.

Join VH, VH', and let them meet the screen in v, v'.

v v' will be the violet patch. Now, it is clear that if the I

screen is sufficiently near to the prism, these red and violet

patches will overlap, and the colours there be mixed, and

for all positions of the screen, if the sun be the source of

light, so that we have rays coming from all points between

FIG. 109.

v and r, the rays coming from one point will overlap

those from the next, and the colours will be mixed. The

spectrum will not be pure. We must introduce some addi-

tional apparatus. This is most simply done (fig. 109) by

putting a convex lens, L M N, between the slit and the prism,

and so arranging the screen that, before the prism is brought

into position, the lens forms an image of the slit on the

screen, as at B, so that we have a narrow line of light at B

instead of a broad patch. The light, then, which falls on

the prism placed behind the lens is converging to B insteac

of diverging from A, and if the prism be placed in a positior

of minimum deviation, the rays of any definite refrangibilit)

will converge so as to form a real image of B after refractior
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rough the prism, instead of diverging, as before, from

/I/I//
/ff/I// // //'w

// / /

tual images of the slit. Thus, we shall get behind the

ism a series of real images, v, Y, R, of B, each formed by
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light of one definite colour. These images, arranged side

by side, form the pure spectrum. Of course, B being an

image of the slit A, the images which thus constitute the

spectrum are images of the slit. All the yellow light of a

certain refrangibility has been made by the lens and prism

to converge to y, and form there a yellow image of the slit,

and so on. The spectrum thus formed may be viewed on

the screen, or it may be looked at from behind with a lens

or eye-piece.

But we can arrange our lens and prism to give us

the pure spectrum somewhat differently. Let us suppose

that the light, after passing through the prism, is received

on a convex lens, LMN (fig. no). The violet rays, diverg-

ing as they do from the virtual focus v, will be brought to a

focus at some point v on v M produced, M being the centre oi

the lens, and a real image of the slit will be formed at v by

these rays. The red light will come to a focus at R, a point

on r M produced, and we shall have at R a red image of the

slit. Rays of intermediate refrangibilities will form image
in positions intermediate between v and R, and we shal

thus get a pure spectrum on a screen placed in the position

v R to receive the light. But this spectrum will, in general

be small, though very bright. If, then, we wish to see it

distinctly, we can place another convex lens, Im n, behinc

it, adjusting the distance between / m n and the screen,

which we must suppose to be transparent, so that the

spectrum is distinctly seen. But these two lenses z

convex lens, L M N, focused on the virtual images v t

and a convex eye-piece, /m n constitute an astronomical

telescope adjusted to view these virtual images. If, then

we receive the light from the prism on a telescope, we shal

be able, by focusing the telescope, to see a pure spectrum.
But the lenses are not necessary if we merely wish to se<

the spectrum, for our eye itself is a convex lens, and b

placing the slit at such a distance that we can see it dis

tinctly, and then interposing a prism, adjusted so that th<
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deviation of the light passing through it is a minimum, the

-ays, on emerging from the prism, will appear, as before, to

:ome from a series of virtual images, v r, and the lenses of

:>ur eye will form on the retina a real image of these points

hat is, a pure spectrum. Since the distance between the

Drism and the slit is the same as that between the prism
and the images vr, and the slit has been placed so that

ure can see it distinctly, the virtual images v r are in the

position for producing distinct vision on our eye, situated

ust behind the prism.
It remains now to point out why the prism in all

these experiments is placed in one particular position viz.,

that of minimum deviation. Let us consider any pencil

of rays of a definite refrangibility diverging from a point

and falling obliquely on the prism. Since the incidence

is oblique the refracted pencils will not diverge from,

or converge to, one given point. There will be no

focus conjugate to the origin of light Q, but, as we have

[seen (Chapter IV.), there will be two focal lines, lying respec-

I

lively in, and perpendicular to, the plane of incidence, and

I through these all the refracted rays will pass. This refracted

pencil falls on the second surface of the prism, and is there

again refracted. The emergent pencil will pass through two

focal lines at right angles, and the nearest approach to an

image of Q will be the circle of least confusion somewhere

between them.

When, then, a divergent pencil of rays of one refrangi-

bility falls on a prism, and is refracted through, the emer-

gent pencil does not, in general, appear to diverge from a

point, but from two focal lines at right angles to each other,

'so that if the light were received on a lens, instead of getting

on the screen a real image of Q, we should get for one posi-

tion of the screen a real image of the primary line, for

another a real image of the secondary. There is, however,

it may be shown, one position of the prism for which the

primary and secondary focal lines coincide, and when,
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therefore, the emergent pencil appears to diverge from one

point If we obtain the formulae which determine the posi-

tions of these focal lines, we shall find that this is the case

when the angle which the incident light makes with the

face of incidence is equal to that which the emergent light

makes with the face of emergence.
Let Q R s T (fig. 1 1 1) be the path of the ray through the

prism. Let L R M be normal to the face A B at R, L s N, to the

face AC at s, and, as before, let Q R M = 0, s R L =
<$>',

R s L = ;//, T s N =
i//. Then, the formulae show us that the

primary and secondary focal lines will coincide if $ = il/,

and therefore
<p'
= y. Now, if D be the deviation of the

light passing through the prism, and f the refracting angle,
B A c, we have shown already (p. 50) that

We shall show now that D is a minimum when 9 = J>.

Thus, this being the case, when D is a minimum the primary
and secondary focal lines of the emergent pencil will coin-

cide, and it will appear to diverge from a point. To prove
that D is a minimum when < = ^, we shall have recourse to
a simple geometrical construction giving the deviation of
a ray refracted in any manner.

With any point, o
(fig. 112) as centre, draw two circles,

A B, c D, with radii in the ratio of i to ^, p. being the refractive
index of the medium, supposed denser than air. Draw o A,
a radius of the lesser circle, in a direction parallel to that of
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he incident light. From A draw N A c parallel to the normal

o the surface at the point of incidence to meet the second

ircle in c. Join o c. Then o c is the direction of the ray

n the prism. For N A o is clearly equal to 0, the angle of

ncidence, and sinNCO :SUINAO= AO :co= i : p,

.'. sin N c o = -,
p-

.*. N c o = 0', the angle of refraction,

.*. c o is parallel to the direction of the refracted ray,

md the angle A o c measures the deviation produced by the

irst refraction.

Draw c B M parallel to the normal at the point in which

he ray cuts the second surface of the prism to meet the

nner circle in B
; join o B. Then, similarly, o B is parallel

:o the direction of the emergent ray, M B o =
i//,

M c o = i|/,

and the total deviation is A o B. Thus, the deviation will be

a minimum when A OB or the arc A B is a minimum. Again,

c A and c B being parallel to the normals at the points of

incidence and emergence, the angle A c B is equal to the

angle of the prism, and is constant. Thus, A B is the arc

cut off from the inner circle by two lines inclined at a con- '

stant angle to each other.

We shall show that A B is least when c A is equal to c B.

For let c B be greater than c A, and draw c B' inclined at a

small angle to c B in such a way that c B' is greater than c B.

Make the angle A' c B' = angle A c B. Then c A' is less than
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c A, and angle B c B' = angle A c A'. If this angle be very

small we may treat A A' and BB' as if they were straight

lines, and the figures A c A' B c B' as if they were triangles.

But CB' is greater than CA', and CB is greater than CA,

and angle A c A' = angle B c B'. Thus, the base B B' is

greater than the base A A'. Hence, the arc A' B' is greater

than the arc A B. Thus, if c B is greater than c A, the arc

A B is increased by increasing the inequality between c A

and c B.

Similarly, if c A is greater than c B, the arc will be in-

creased by increasing this inequality. Thus, the arc A B

must be least when c A is equal to c B. But, in this case,

the angle OCA is equal to the angle o c B, or
</>'
=

4>', and

therefore 9 = ^- But when the arc A B is least the devia-^

tion is least. Thus, the deviation is least when
<j>

=
\l>,

and

in this case the emergent light diverges from a focus, and

not from two focal lines.

If, therefore, to obtain our spectrum we use simply a

slit and a prism, followed by a lens or telescope, the prism
must be placed in the position of minimum deviation.

An instrument fitted to observe a spectrum is called a

spectroscope. If in addition it has a graduated circle, by
means of which we can measure the deviation of the

emergent light, it becomes a spectrometer. But we have

not yet overcome all the difficulties attendant on the pro-

duction of a pure spectrum. The condition that the two

focal lines of the emergent pencil may coincide is that
</>

should be equal to
\fr. Now, if we are using white light so

as to get a spactrum, $ is the same for all the colours, i/>,

however, is different. And thus the prism cannot be at

once in the position of minimum deviation for all colours.

Thus, for example, when the red end of the spectrum is in

focus, as seen through the telescope, the violet will be out

of focus. We must, of course, have an achromatic object-

glass to our telescope, or we shall be still further troubled

by the chromatic aberration produced by the refraction
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through it. This difficulty is best obviated by putting

between the slit and the prism another convex lens, which

is also achromatic, and adjusting this lens, L' M' N' (fig. 113),

so that the distance between it and the slit is equal to its

focal length. These being the case, all the rays from it will

emerge parallel to A M'. Now, a pencil of parallel rays of

given refrangibility remains parallel after any number of re-

fractions at plane surfaces. Thus the violet rays will emerge

from the prism all parallel among themselves, while the

red rays also will remain parallel among themselves, though,

of course, they will be inclined to the violet, owing to the

dispersion produced by the prism. If now these differently

coloured pencils fall on the achromatic object-glass L M N

of a telescope focused to receive parallel rays, the violet

rays will be brought to a focus at v, and the red rays

will at the same time be brought to a focus at R. Both

violet and red will be seen distinctly for the same

adjustment of the telescope, or at least any alteration in

adjustment which may be necessary will be due to a want

of achromatism in the telescope. A lens arranged in the

manner described above, to produce parallel rays, is called

a collimator. One point requires further notice. If a

collimator be used, the rays of any one colour coming from

the prism will always be parallel whatever be the angle of

incidence. There is, therefore, no need to place the prism
in a position of minimum deviation to obtain a pure spec-

trum. For making measurements and comparisons, how-

ever, we must know that the prism always occupies the

same position, and this position of minimum deviation is the

one which it is most easy to recover. The prism, therefore,

even when a collimator is employed, is usually put in the

position of minimum deviation.

We have spoken throughout of the sun's rays passing

through the slit and falling on the prism, but owing to the

earth's rotation, the sun appears to move, and the direction

in which they come to the slit is continually changing.
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Thus we should have continually to move our prism and

lenses to allow the light to reach them. This difficulty is

obviated by placing a movable mirror, T u, outside the slit,

and adjusting it so as to reflect the sun's rays in any

required direction. The mirror is then made to move, fol-

lowing the sun but at only half the rate, round the polar

axis of the earth, and the motion is so arranged that the

light is always reflected by the mirror in the same direction,

and so when the lenses and prisms are once adjusted no

alteration is necessary. This apparatus is called a heliostat.

Again, it is clear that of the broad beam of parallel

rays which falls on the shutter only a very small portion can

pass through the narrow slit. This may be remedied by

placing between the slit and the heliostat a convex lens, B c,

of somewhat short focal length, and adjusting it to form an

image of the sun on the slit. All the light, then, which

falls on the lens passes through the slit, for the sun's image
will be practically a point, or, if a cylindrical lens is used, a

line of light parallel to the slit.

That part of this light which falls on the collimating lens

emerges parallel, and falling on the prism forms a spectrum.

Fig. 113 shows the arrangement, T u being the heliostat,

and B c the convex lens forming an image of the sun on the

slit at A.

The arrangement of the telescope and collimator in a

spectrometer has been described already in the Chapter
on a diffraction grating and measurement of wave-lengths.

We shall now show how the instrument may be used to

measure the refractive index of a given medium for a given

ray. We have already proved the formulas

D =
(f>
+ \l/ z

And we have shown that when D is a minimum for any

given ray <f>
=

i|/, <j>'
=

\]s'.

Let us suppose DJ is the minimum value of D, then
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But if u is the refractive index,

[CHAP. VIII.

FIG. 114.

If, then, we can measure the minimum deviation of the

light passing through a prism of the medium, and also the

angle of the prism, we can obtain a value for /j.

Let us suppose that the telescope and collimator have

been adjusted for parallel rays, as in Chapter VII. (fig. 91);

and that we have also made sure that their axes are in the

same plane as the graduated circle. The prism is then

fixed with wax or cement on to the levelling stand, which is

placed in position on the central

table. The first step is to level

the prism, that is, to place it so

that its faces and therefore the

line of their intersection are per-

pendicular to the plane of the

graduated circle. This is done

for each face successively, exactly

in the same manner as the grating

was levelled. One point 'must be

attended to if we do not wish to

spend a long time over the level-

ling. Let ABC (fig. 114) be the prism, p Q R the tops of

the levelling screws. Level the face A B, then in general

A c will not be adjusted, and in levelling it the position of

A B will be altered
;
while in bringing A B into position again,

A c will be moved, and so on.

But now let us suppose that the face A B is perpendicu-
lar to the line p Q, which joins two of the screws. Then,

clearly, altering the third screw R only causes A B to turn in

its own plane, and does not affect its inclination to the plane
of the graduated circle. If then we level A B first, we can

bring A c into position by altering the screw R without

affecting A B. Thus we should put the prism on the stand
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o that one face is at right angles to the line joining two

crews. This can be easily done by eye with sufficient

xactness.

We must at the same time be careful that the prism is

o fixed that it is possible to place it so as to see the slit by
eflexion from both faces on bringing the telescope into

ic required position; and secondly,, so that when the prism

placed in the position of minimum deviation the light

rom the central portion of the collimator lens falls on it and

FIG. 115.

not beside it. These conditions are generally attained by

placing the prism with its edge a little, but not much, in

front of the centre of the graduated circle.

The prism being adjusted, we proceed to measure its

angle. Turn the table of the spectroscope so that the edge of

the prism is towards the collimator, and the light from the

collimator lens falls on both faces and is there reflected
; any

moderately bright source of light may be used. Turn the

telescope until the light reflected from the face A B
(fig. 115)

falls on its object glass and an image of the slit is seen in the

field of view. Clamp the telescope, and by means of the
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tangent screw bring the vertical cross-wire or needle-point to

coincide with the image of the slit, then read the vernier

attached to the telescope. Now unclamp and turn the

telescope to the position T' in which the image reflected

from the face A c is seen
;
and again read the vernier. We

shall show that the difference between these two readings is

twice the angle of the prism. The difference between the

two readings is clearly the angle through which the telescope

has been turned. Now let P Q T be the path of a ray

reflected at A B, P' Q' T' that of a ray reflected at A c
;

the

incident rays being parallel, P Q is parallel to P' Q'. In the

first case, the axis of the telescope coincided with P T, in the

second with Q' T', so that the angle which has been observed

is the angle between Q T and Q'T'.

Let us call this angle c, and let i be the angle of the

prism ; produce P Q to R, P' Q' to R'. Then since 3 is the

angle between T Q and T' Q', and Q R is parallel to Q' R', it is

clear that % = TQ R + T' Q' R'.

NOW TQB = PQA = BQR.
Thus TQR = 2BQR

similarly T' Q' R' = 2 c Q' R'

.'. T Q R + T' Q' R' = 2 (B Q R + C Q' R') 2 B A C,

for Q R, Q' R' are parallel.

Thus ri = 2 /
; or the angle of the prism is half the

angle through which the telescope has been turned, i.e. half

the difference between the two observed readings.
To ensure accuracy, of course the observation should be

made several times, moving the table on which the prism
stands between each, so as not to use exactly the same part
of the graduated circle.

If, as in many instruments, a vernier is attached to the

movable table on which the prism rests, so that its position
can be determined, another method may be used. Clamp
the telescope to the circle so that its axis is inclined to that

of the collimator, and turn the prism until an image of the slit

is seen in the telescope by reflexion at the one face. Read the
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vernier of the table. Then turn the prism round until the slit

is again seen by reflexion from the other face, and bring its

image into coincidence with the

cross-wire, and again read the

(vernier. Then the difference

Between the two readings will

pe equal to 180 i. Let this

Difference be 1. Let A B c (fig.

|ii6) be the prism in the first

position, A' B' c' in the second
;

then it is clear that the face

f"

'

c' must be parallel to the face

B in the first position. Let

A' B' meet A B in o. A' B' has

been turned from the position
A B. Thus B' o B is c, the

angle through which the prism
has been turned

;
and since

A' c' is parallel to A B,

B o A' = c' A' B' =
t\ and B o A' + BO B' = 180

Thus

or

/+ I 180

/ = 1 80

Having thus found the angle of the prism, we require

only to measure the minimum deviation of the refracted

light in order to calculate the refractive index. But this

deviation depends on the nature of the light used and is

different for different parts of the spectrum. Let us suppose,

then, we are using a homogeneous source of light a

Bunsen burner, with a bead of salt giving the yellow sodium

light only. Turn the telescope to view the slit directly, and

bring its image into coincidence with the cross-wire. Then
read the vernier. (Of course when the telescope is turned

to view the collimator directly the prism is between the two,

but it can generally be placed so as not to intercept all the

light.) Move the prism so as to obtain a refracted image
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of the slit, and turn the telescope till this image comes

into, the field. Let us suppose the telescope has been

turned to the right. On moving the prism round the axis

of the graduated circle the image of the slit moves across

the field. Turn the prism so as to cause the image to move

to the left, that is to say, so as to bring it as close as possible

to the direction of the direct light, and follow it with the

telescope, keeping it always in the field of view. After a

time a position will be found for the prism, such that

motion in either direction causes the image to move to the

right, that is to say, causes an increase in the deviation.

The prism is then placed in the position of minimum devia-

tion. Bring the cross-wire of the telescope into coincidence

with the image and take the reading of the vernier
;
the

difference between this and the first reading will be the

minimum deviation required ; and if this is D,, the value

of p is given by the formula

The value of
ju depends on the medium used and the

nature of the light.

Thus for a prism of crown glass of refractive angle 60

we might find :

Direct reading . . . 183 15' 30''

Deviation reading . . 143 29 10

DI ..... 39 46 20^ = 49 S3' 10"

L = 30

and n = i
'5 296.

We saw, when treating of diffraction, that the pure
spectrum of the sun, formed by a grating, was crossed by a

number of dark lines. Light of various definite wave-

lengths is absent from the sun's rays, and the spaces in the
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pectrum at which those rays would have formed images
if the slit are therefore black. The same, too, will be the

-ase in the pure spectrum formed by a prism, and these

lark lines, which we then used as marks we could recognise,

,nd for which we could accurately determine the wave-

ength, we can now use as marks to assist us in determining
he refractive index. Just as we found the wave-length of

me of the dark lines A, B, or H, so we may find the refractive

ndex of a given medium for the same lines. This has

Deen done by many experimenters .
for various substances,

following table gives some of the results. To deter-

nine the refractive index of a fluid, a hollow prism, whose

aces are made of carefully worked plane parallel glass, is

ised. This is filled with the fluid to be observed, and the

neasurements are made as for solid media.

Table of Refractive Indices,

The numbers in the first two columns were obtained by
)r. Hopkinson ('Proc. Royal Soc.,' June 14, 1877), those

n the last three by Messrs. Gladstone and Dale. The index

if refraction of air for light in the neighbourhood of the

ine E is i '000294.

There is one important distinction to be noticed between
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the refraction and diffraction spectra. In the latter of the

two the sine of the deviation, and, therefore, approximately,

the deviation, since it is small, is proportional to the wave-

length. Thus, the distance between any two dark lines

varies as the difference of their wave-lengths.

No such simple law connects the wave-length and the

deviation in the refraction spectrum, and the distance

between two dark lines will, as we have seen, be different

for two media, even when the dispersion of the extreme rays

is the same.

Fig. 117 gives approximately the position of the dark

lines in the diffraction spectrum and that produced by a

FIG. 117.

B C

prism of flint glass, the total dispersion between the line;

B and G being the same. It will be seen that in the re

fraction spectrum (fig. 117) (i), towards the red end th<

lines are closer together, and towards the violet they an

wider apart, than in the diffraction one (fig. 117) (2).

There is, of course, a relation between the deviation pro

duced by a prism and the wave-length, but it is not s<

simple as in the case of diffraction. Cauchy, however, ha

indicated, from some theoretical considerations, the form c

an equation which may express this connection.

From a mathematical standpoint we consider the ethe

as a body which has been thrown into a state of strain, am
the particles of which are vibrating. The laws of thes

vibrations can be deduced from the mathematical equation
of the motion, and we arrive at the ordinary laws of th
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propagation, reflexion, and refraction of light. But, in order

simplify our equations, certain small quantities have been

icglected, so that our first result, according to which all

raves would travel at the same rate, is only approximate,

f we proceed to a higher order of approximation we find

hat there is a relation between the velocity and the wave-

ength ; and, on Cauchy's theory, if
p. be the refractive index

.nd X the wave-length, the relation is expressed by the

ormula
b c

M= + ST + xJ+

r, 6, f, &c., being constants depending on the medium.

The terms after the third are in general very small
; if,

hen, we know the values of p. for three wave-lengths, we
:an find values for a, b, f, and this formula would enable us

o determine the value of
p.

for any other wave-length. We
an test our formula by measuring the value of

p.
for that

rave. The results of a comparison show us that the

ormula can only be regarded as approximately true, and
rarious others have been suggested which will express the

>bserved'facts with the same amount of accuracy. In fact,

he theory of dispersion has not been worked out, and is

me of extreme difficulty, depending as it does on the

lature of the action between ether and matter. In a
racuum light of all wave-lengths travels at the same rate ;

his rate is modified, in a way in which we do not yet under-

tand, when the light enters any transparent medium
;

all

re can say is that there is some action between the particles

)f the medium and the particles of the ether, and that

his action depends on the wave-length in some unknown
narmer.

Cauchy's formula is sufficient to help us to determine in

nany cases the wave-length of a particular line from obser-

vations on its refractive index. Let us suppose we have

>bserved the refractive index
p.

of the medium for this line,

ind also the refractive indices
/* p%, p 3 ,

for three other
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lines not far from it of known wave-length X,, X
2 ,

X 3 .

Let X be the wave-length required. According to Cauchy,

p, X, &c., are connected by the equations

From these three equations we can find a, b, and c
; then, in

the equation p = a + ^ + ^,
between p and X, we know p,

a, b, and c, and can, therefore, find X.

A graphical method of solution may be adopted which is

simple in practice. Let us call D;, D 2 ,
D 3 (fig. 118) the ob-

served deviations of the known rays

X b X 2 ,
X 3 ,

and lay down abscissae o A,

o B, o c, representing these on a

horizontal line o x. From ABC
draw vertical ordinates A a, B />, c c,

to represent X b X
2 ,

X 3 ,
and draw a

curve through a, b, c. Let o N re-

present the observed deviation of

the unknown line X, p N the ordinate of the curve at N.

p N will represent the wave-length X. In applying the

method we should choose our lines Xj, X 2 ,
X3 fairly close to-

gether, and in such a way that X falls between two of them.

We will close this chapter with an account of a method

due to Professor Schuster for adjusting a collirnator for

parallel rays without having to turn the telescope to a

distant object or remove the prism, both of which it is often

inconvenient to do. The method, too, has the advantage
that the adjustments are made for light of definite wave-

lengths, so that any want of perfect achromatism in the

lenses can be corrected for that light
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Let us suppose the slit is illuminated with homogeneous

ight. Place the telescope so that it is inclined to the direct

ight at an angle somewhat greater than that of minimum
deviation. Now there are always two positions of the prism,

ane on each side of that giving minimum deviation, for

svhich the deviation will be the same. Thus there are two

)ositions of the prism in which the image can be brought
nto the field of the telescope. In one of these the angle of

ncidence is greater than that for minimum deviation
;
in the

Dther, less.

Turn the prism into the first of these positions. In

general the image will appear blurred and indistinct. Focus

.he telescope until it is clear. Turn the prism into the

second position. The image seen, unless the collimator is

n adjustment, will no longer be clear and in focus. Focus

:he collimator. Turn the prism to the first position and

igain focus the telescope, then to the second, and focus the

:ollimator. After this has been done two or three times the

>lit will be in focus without alteration in both positions of

he prism, and when this is the case the rays which fall on

the telescope must be parallel ; for, since the slit remains in

(focus, its virtual image formed by the prism is at the same

distance from the telescope in the two positions of the

jprism; that is to say, the distance between the prism and

Ithe virtual image of the slit is not altered by altering the

angle of incidence; but this can only happen when the

distance is infinite, that is, when the rays falling on the

telescope are parallel ; and, since the faces of the prism are

plane, the rays emerging from the collimator are parallel

also. Thus both telescope and collimator are in adjustment.
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CHAPTER IX.

SPECTRUM ANALYSIS.

THE solar spectrum formed by a prism consists, we have

seen, of a coloured band of light crossed by a number of

dark lines. If now we change our source of light we shall

find that the spectrum changes too. If, for example, we

look at the light of a candle-flame, or at the white hot lime

of the oxyhydrogen lamp, we shall find that the dark lines

are gone, and we have left only the continuous spectrum.

If, on the other hand, we look at the light coming from an

incandescent gas or vapour, we find in general that the

spectrum consists of a definite number of bright lines seen

on a dark background. Under some circumstances the

spectrum of a gas or vapour consists of a number of narrow

bands distinctly marked on one side, but which gradually

fade away on the other, while in other cases a continuous

spectrum may be produced. The spectra then formed by
the- light from different glowing vapours and gases are

different, and a careful examination of their spectra may
give us some information as to the bodies emitting the light.

The spectrometer described in the preceding chapter might
be used for such examination, but the dispersion we could

obtain from one prism would be too small for many im-

portant observations, and, therefore, a second prism is

placed to receive the light emerging from the first, and a

third prism after the second, and so on. The dispersion is

increased by each prism, and the spectrum seen in the

telescope is thereby greatly lengthened.
The prisms are placed successively, each in the position

of minimum deviation
t

for some definite ray, for this is an

arrangement which cari easily be recovered at any future

time, though, when a collimator is used, it is, as we have

seen, not necessary in order to secure distinct vision.
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In many spectroscopes there is a third moveable tube ;

this tube carries at one end a transparent scale, which can

be illuminated by a lamp, and at the other a lens whose

focal length is the length of the tube. This tube can be

placed so that the light from the scale falls on the second

surface of the last prism, and part of it is there reflected.

By moving the tube this reflected light can be brought into

the field of view of the telescope, and an image of the scale

becomes visible. The lens in the scale-tube can be focused

so as to give a clear image of the scale in the telescope. By

FIG.

this means we have always visible a scale to which we can

refer the position of any given line or band.

Fig. 119 shows a spectroscope.

With this arrangement of scale there is no necessity for

a graduated arc to measure the angle through which the

telescope is turned. The distances between the lines are

directly given in terms of the divisions of the scale.

Some spectroscopes are fitted with a micrometer eye-

piece, and the distance between two lines is then measured

by the number of turns of the screw required to bring the
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cross-wire or needle-point from coincidence with one line to

coincidence with the other.

The slit is an important part of a spectroscope, and is

shown separately in the figure. This is formed by two care-

fully worked parallel metal jaws, which are moved parallel

to themselves by a screw, and so form a narrow rectangular

aperture.

Spectrum analysis consists chiefly in comparing two

spectra, one of which is known, and for this purpose it is

useful to have the two spectra in the field simultaneously.

This is attained by placing in front of the lower half of the

slit a small rectangular prism of glass. Thus, in fig 120 (i)

FIG. 120.

Q.

L M is a section of the slit, ABC the glass prism, c A is

parallel to the plane of the slit, and c B at right angles to it.

Light coming from a source Q falls perpendicularly on the

face B c, is totally reflected at the hypothenuse A B, and

emerges at right angles to the face A c, that is to say, in the

direction of the axis of the collimator. This light falls on

the upper half of the prisms, and is formed by them into a

spectrum. The upper half of the slit is illuminated by the

light coming directly from a second source which is dispersed

by the lower portions of the refracting prisms. The two

spectra are seen in the telescope, the lower half of the field

being occupied by the direct light, the upper half by that

from Q.
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Fig. 120 shows the slit of a spectroscope with the

reflecting prism.

In some instruments the prism used is equilateral, and

the path of the light is as in fig. 120 (2).

For many purposes the direct-vision spectroscope is a

convenient and useful form. We have seen how it is

possible to combine two prisms so as to produce deviation

[without dispersion. It is equally possible to combine a

number of prisms so as to produce dispersion of the extreme

rays without deviation for some one given ray. On allow-

ing then the light from a slit to fall on such an arrange-

ment, a spectrum will be formed on a screen placed behind

the prisms in the neighbourhood of the point in which the

incident light would, if produced, meet the screen. Light

of one definite refrangibility passes through the combination

without deviation
;
the other rays are slightly deviated, and

form a spectrum. Fig. 121 shows the path of the light

through such a spectroscope with five prisms, three of crown

and two of flint glass.

To see the spectrum formed by a given source of light

we have only to hold the apparatus between our eye and

the light at such a distance that, if the prism were removed,
we could see the slit distinctly. The spectrum formed may
be magnified by means of a convex lens placed between the

observer's eye and the slit, and focused on the slit. Small

pocket instruments of this kind, which show distinctly the

dark lines in the solar spectrum, are made by Hilger, of

Tottenham Court Road, London, and other opticians.

Larger instruments of the kind are fitted with a col-

limating lens and a telescope to view the spectrum formed,
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and are frequently used for observations which do not

require a very high dispersive power.

Let us now turn the slit of the spectroscope towards the

non-luminous flame of a Bunsen gas-burner, and introduce

in turn some of the salts of the various metallic elements

into the hottest portion of the flame. The salt becomes

volatilised by the heat, and the vapour rises and colours the

flame. Thus, if we place on a small platinum spoon a little

common salt or chloride of sodium the flame glows with a

brilliant yellow light, and on looking through the spectro-

scope we see the spectrum consists of a narrow line of

yellow light. If the instrument be sufficiently powerful we

should find that this narrow line is really double that there

are, in fact, two narrow lines very close together. Some
other faint lines which occur in the sodium spectrum would

not be visible. If for the chloride of sodium we substitute

that of some other metal which can be volatilised at the

temperature of the Bunsen burner, the colour of our flame

alters, and the spectrum changes too. Thus strontium

colours the flame red, and its spectrum consists of a number
of lines in the red, with an orange line somewhat less re-

frangible than the sodium line, and a line in the blue part
of the spectrum. Lithium, too, colours the flame red, and
with the naked eye it would be difficult to say whether the

red colour of a given flame was due to the presence of

strontium or of lithium
; but the spectroscope tells us at

once, for the spectrum of lithium consists of one brilliant

red line with three fainter lines respectively in the orange,

green, and greenish blue. A potassium salt will give us two

lines in the red and one in the violet, while the flame

would appear to be of a violet tinge. Barium will colour

it green, and calcium a yellowish red. The spectrum of

calcium, seen in this way, consists of two lines in the red, four

in the yellow, one in the green, and one in the violet
;
while

m that of barium we have a series of brilliant lines in the

green and greenish blue, with others in the red and orange.
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Again, it is immaterial what salt of these metals we use :

we always get the same spectrum. We may put into our

flame either chloride, carbonate, or nitrate of sodium we

shall still have the two yellow lines close together, and we

may use these two yellow lines as a mark of the presence of

incandescent sodium vapour. Whenever we see them we

know that sodium is present in the flame, and so delicate is

the test that Bunsen and Kirchhoff have calculated that the

eighteen-millionth part of a grain can be detected by it In

fact, it is difficult to obtain a flame free from some trace of

sodium vapour.

The presence of any other of these metals may with

equal certainty be detected by its spectrum. We wish to

determine if a certain salt contains lithium. Volatilise it in

the Bunsen burner, and examine the spectrum. A little

practice enables the observer to detect the distinctive lines

of each metal at once, and a glance is almost sufficient to

decide, if, for example, the bright red line of lithium is

present. If there be a doubt as to whether the line seen is

really the lithium line, introduce into the field the spectrum
of lithium by means of the reflecting prism at the slit of the

spectroscope, and notice if the red line observed, and that

of lithium, really coincide.

But there are other metals which we cannot reduce to

vapour at the temperature of a Bunsen burner. If we put
a piece of iron in the flame it remains solid but becomes

red-hot, and from it we get a continuous red spectrum,

which extends further and further into the violet as the

temperature of the iron rises; so too with copper, lead, gold,

or silver. To get the iron or copper spectrum we must use

the electric spark. When a spark passes between two con-

ductors of electricity a brilliant flash of light is seen
; the

spark renders the air between the poles incandescent, but at

the same time a very minute portion of the matter of the

poles themselves is carried across in a state of vapour, and

part of the light seen comes from this. Thus if we put upon
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the poles a little sodium the spark looks yellow, and the

yellow sodium lines are seen in the spectroscope. In

addition to these sodium lines we have the very complicated

spectrum due to the air which has been heated and rendered

incandescent by the spark.

To obtain the spark we use a Ruhmkorff induction coil.

Two pieces of the metal we wish to examine are held in a

suitable slip at about a millimetre apart. These two, A, B

(fig. 122), are connected by fine wires with c, D, the poles of

the secondary wire of the coil, and on working the coil the

spark passes between A and B, carrying with it a very minute

quantity of the metal in a state of vapour. If the battery

power used be only just sufficient to work the coil, some of

the most brilliant of the metal lines will be seen separated

by dark spaces, which are crossed by bands of light more or

less faint, corresponding to the more luminous of the air-

lines. If now A and B be connected with the two coatings

of a Leyden jar (L, j in figure) the sparks become much
more intense, and their spectrum proportionately brighter,

but at the same time the air-lines are brought out distinctly,

and the spectrum rendered very complex. To decide which

of the lines belong to the metal and which to the air, we

must introduce the spectrum from a second pair of poles ol
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a different metal into the field by means of the reflecting

prism. Those of the lines which are common to the two

spectra are either air-lines or are due to some common im-

purity in the poles. The non-coincident lines belong to

the two metals respectively. It is best to choose for our

second spectrum one like that of platinum, which contains

comparatively few lines and those fairly distinct

We can now determine in terms of the divisions of our

scale the position of the lines in the spectrum of the. metal

examined : we can map the spectrum. But, of course, a

map constructed in this manner refers only to our apparatus,
and for the definite position of the prisms at the time of ob-

servation we need to reduce it to some permanent scale of

measurement. Now a little practice enables an observer to

recognise with absolute certainty the more prominent of the

air- lines, and the wave-lengths of these lines have been de-

termined with care by various observers. We have here a

means of turning the scale of our apparatus into one of

wave-lengths. For let a horizontal line, as in fig. 118, re-

present the scale of our spectroscope ; coinciding with cer-

tain divisions of the scale in the field of view, we see bright

lines whose wave-lengths we know. Draw vertical ordinates

at the corresponding divisions of the horizontal line ox
(fig. 1 1 8) to represent these wave-lengths. Let us suppose

A, B
, &c., are a number of these ordinates; draw a curve

a b c through the points a, b, c, and let p be any other point
on this curve, and P N the ordinate at p, then p N represents

the wave-length of a bright line seen to coincide with the

division of the scale which corresponds to N. If, then, we
observe an unknown bright line coinciding with any given
division of the scale we must draw the ordinate of our curve

at the corresponding point, and this ordinate gives us the

wave-length of the unknown line directly.

To observe the spectrum of a permanent gas a vacuum
tube is used. The tube consists of two wider portions,

|A B, c D (fig. 123), connected by a narrow capillary tube, B c.
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Two pieces of platinum wire are sealed into the glass at

A and D, and can be connected with the poles of the

Ruhmkorff coil. The tube is exhausted and, after being

filled with the gas to be examined, is hermetically sealed at

G. On passing a spark through it the gas becomes in-

candescent, and a narrow line of light is seen along the

capillary part, the spectrum of which can be observed by

placing it behind the slit of the spectroscope.

The spectrum depends of course on the gas used, but

the same gas under different conditions of pressure and

temperature gives different spectra. Thus the spectrum of

nitrogen given by a strong spark in nitrogen gas consists of

a large number of bright lines
; if, however, the discharge

be reduced in intensity by removing the Leyden jar from

FIG. 123.

the circuit, we have a number of bands instead of our

sharply defined lines. Each of these bands is sharply

defined towards the red end, and fades away to blackness

towards the violet.

The spectrum of oxygen, again, when the Leyden jar is

in connection, and in addition the circuit is broken some-

where, so that the spark has to pass through an interval of

air, consists of a number of lines, lying for the most part in

the violet end. If the temperature of the incandescent gas
is lowered by reducing the intensity of the spark, a spectrum

consisting of four lines, one in the red, two in the green, and
one in the blue, is seen. As the pressure of the gas is

increased the lines, with the exception of the blue line,

widen out considerably. If the temperature be still further

lowered so that the oxygen is only just luminous, as, for

example, in the wide part of a vacuum tube, the spectrum
observed is a continuous one. A fourth different spectrum
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is obtained from the glow surrounding the negative pole in

oxygen.
Dr. Schuster has described (Phil. Trans, clxx.) the man-

ner in which these changes may be observed in a tube filled

with pure oxygen and undergoing gradual exhaustion.

If, again, the tube be filled with hydrogen at the atmo-

spheric pressure, the spectrum consists of three lines in the

red, green, and violet, with a certain amount of continuous

spectrum, there is also a fourth faint line in the extreme

violet
;

as the pressure is decreased the lines become

sharper and better defined, while the continuous spec-

trum grows fainter and fainter, and finally disappears. If

the exhaustion be further continued, the red and violet lines

disappear, and the green line alone is left. If, on the other

land, instead of exhausting the hydrogen we compress more

into the tube, the lines grow broader and fainter, while

the continuous spectrum becomes more brilliant

Thus spectrum analysis is able to tell us, by means of

the spectrum produced, not only what gas we are investigating,

3Ut it can also give us information as to the state of that gas
with reference to its pressure and temperature.

But the solar spectrum the one we started with con-

sists of a continuous band of colour crossed by a series of

dark lines, and, as yet, we have described no other such

spectrum. Now Fraunhofer, who first observed these lines,

lad noticed also that the dark line, which he called T>,

coincided exactly in position with the yellow line of glowing
sodium vapour, and in his recent book on the spectroscope,

Mr. Norman Lockyer quotes as follows from an extract

from Dr. Brewster's note-book, under the date October 28,

1841 : 'I have this evening discovered the remarkable fact

:hat in the combustion of nitre upon charcoal there are

definite bright rays corresponding to the double lines of

A and B, and the group of lines a in the space A B. The
coincidence of the two yellow rays with the two deficient

ones at D, with the existence of definite bright rays in the

s
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nitre flame, not only at D but also at A a and B, is so extra-

ordinary that it indicates some regular connection between

the two classes of phenomena.'
The exact nature of this connection was first stated,

about the year 1852, by Professor Stokes in conversation

with Sir W. Thomson.

In a letter written to Kirchhoff in 1860, SirW. Thomson

sayS :

< Professor Stokes said he believed a mechanical

explanation of the cause was to be had on some such prin-

ciples as the following. Vapour of sodium must possess by I

its molecular structure a tendency to vibrate in the periods

corresponding to the degrees of refrangibility of the double

line D. Hence the presence of sodium in a source of light

must tend to originate light of that quality. On the other

hand, vapour of sodium in an atmosphere round a source

must have a great tendency to retain in itself, i.e., to absorb

and have its temperature raised by, light from the source of

the precise quality in question. In the atmosphere round

the sun, therefore, there must be present vapour of sodium,

which, according to the mechanical explanation thus sug-

gested, being particularly opaque for light of that quality,

prevents such of it as is emitted from the sun from pene-

trating to any considerable distance through the surround-

ing atmosphere. The test of this theory must be had in

ascertaining whether or not vapour of sodium has this

special absorbing power anticipated.' Sir W. Thomson
continues :

'

I have the impression some Frenchman did make
the experiment, but can find no reference on the point. I

am not sure whether Professor Stokes' suggestion of a

mechanical theory has ever appeared in print. I have given
it in my lectures regularly for many years, always pointing
out that solar and stellar chemistry were to be studied by

investigating terrestrial substances giving bright lines in the

spectra of artificial flames, corresponding to the dark lines

of the solar and stellar spectra.'
'

1 Phil. Mag. Ser. iv. vol. xx. 1860, page 20.
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The Frenchman referred to was M. Leon Foucault, and

the test had been made by him in 1849.

Professor Stokes' anticipations received, independently

jof him, their complete fulfilment in some experiments of

jKirchhoff in 1859. Sir W. Thomson's letter, quoted above,
was written in consequence of these experiments. Kirch-

hoffs paper was translated by Professor Stokes, and we will

|*ive
his own words in describing the observations. 1

He says :

' Fraunhofer had remarked that in the spec-

jrrum of the flame of a candle there appear two bright lines

which coincide with the two dark lines D of the solar spec-
:mm. The same bright lines are obtained of greater

ntensity from a flame into which some common salt is put.

[ formed a solar spectrum by projection, and allowed the

iolar rays concerned, before they fell on the slit, to pass

hrough a powerful salt flame. If the sunlight were suffi-

ciently reduced there appeared in place of the two dark

lines D two bright lines
; if, on the other hand, its intensity

surpassed a certain limit, the two dark lines D showed them-

selves in much greater distinctness than without the salt

flame. The spectrum of the Drummond light (oxyhydrogen
lime light) contains, as a general rule, the two bright lines

pf sodium if the luminous spot of the cylinder of lime has

hot long been exposed to the white heat. If the cylinder

remains unmoved these lines become weaker, and finally

vanish altogether. If they have vanished or only faintly

appear, an alcohol flame into which salt has been put, and

which is placed between the cylinder of lime and the slit,

Causes two dark lines of remarkable sharpness and fineness,

jwhich
in that respect agree with the lines D of the solar

spectrum, to show themselves. Thus the lines D of the

solar spectrum are artificially evoked in a spectrum in which

naturally they are not present. If chloride of lithium be

brought into the flame of Bunsen's gas lamp, the spectrum
of the flame shows a very bright sharply defirfed line which

1 Phil. Mag. Ser. iv. voJ, xx. 1860.

S 2
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lies midway between Fraunhofer's lines B and c. If now

solaf rays of moderate intensity are allowed to fall through

the flame on the slit, the line at the place pointed out is

seen bright on a darker ground, but with greater strength of

sunlight there appears in its place a dark line, which has

quite the same character as Fraunhofer's lines. If the flame

be taken away the line disappears, as far as I have been able

to see, completely. I conclude from these observations that

coloured flames, in the spectra of which bright lines present

themselves, so weaken rays of the colour of these lines

when such rays pass through them, that in place of the

bright lines dark ones appear as soon as there is brought

behind the flame a source of light of sufficient intensity, in

which these lines are otherwise wanting. I conclude further

that the dark lines of the solar spectrum, which are not

evoked by the atmosphere of the earth, exist in consequence
of the presence in the atmosphere of the sun of those sub-

stances which, in the spectrum of a flame, produce bright

lines at the same place. We may assume that the bright

lines agreeing with D in the spectrum of a flame always

arise from the presence of sodium contained in it
; the

dark line D in the solar spectrum allows us therefore to

conclude that there exists sodium in the sun's atmo-

sphere. Brewster has found bright lines in the spectrum
of the flame of saltpetre at the place of Fraunhofer's lines,

A, a, B
;
these lines point to the existence of potassium

in the sun's atmosphere. From my observation, accord-

ing to which no dark line in the solar spectrum answers

to the red line of lithium, it would follow with pro-

bability that in the atmosphere of the sun lithium is either

absent or is present in comparatively small quantity.' In a

note appended to the translation Professor Stokes gives the

following dynamical illustration of the phenomena :

' We
know that a stretched string, which on being struck gives
out a certain note (its fundamental note suppose), is capable
of being thrown into the same state of vibration by aerial
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ibrations corresponding to the same note. Suppose now
. portion of space to contain a great number of such strings,

orming thus the analogue of a medium. It is evident that

uch a medium, on being agitated, would give out the

icte above mentioned, while, on the other hand, if the note

vere sounded in air at a distance the incident vibrations

vould throw the strings into vibration, and consequently
ld themselves be gradually extinguished, since otherwise

here would be a creation of vis m'va, that is, of kinetic

nergy.'

We may perhaps carry the illustration a little further.

f instead of sounding the note corresponding to the strings

fe sound some other, it will not set the strings in vibration,

nd will pass on unchanged. If then we produce a com-

lex sound near such a medium, the strings will select from

sound and absorb the note which they would them-

elves emit if put into a state of vibration.

If then white light falls on a gas, the gas absorbs from

ic light just those rays which it would itself emit if in-

andescent, and dark lines are seen in the spectrum of the

ght. If the gas be itself incandescent the absorption still

akes place, but the light of the gas itself is substituted for

le light absorbed. Thus if the light from the incandescent

as be more brilliant than the corresponding rays which

ave been absorbed, we see in the spectrum the bright lines

f the gas itself. If now the brilliancy of the gas be

iminished, or that of the source of white light be increased,

ic rays emitted by the gas become less intense than those

/hich have been absorbed, less intense also than the light

n their immediate neighbourhood, and so the part of the

pectrum which is illuminated by them appears dark by

ontrast; we have a series of black lines crossing our band

f light. This explains how it is that when a faint beam of

olar light passes through a flame containing lithium or

odium vapour we see the bright lines of sodium or lithium

n the spectrum, while as the intensity of the solar light is
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increased the sodium or lithium lines grow fainter, and

finally appear as dark lines instead of bright.

It is easy to show directly that sodium vapour absorbs

rays of sodium light which fall upon it. If we place a!

lighted spirit lamp with a salted wick before a Bunsen '

flame, in which a sodium bead is incandescent, the flame

of the spirit lamp is quite black. The temperature of the

spirit lamp is much lower than that of the Bunsen. It

absorbs the rays from the Bunsen burner, and replaces

them by its own
;
these latter are so much less intense

that the flame actually looks black when viewed against the

more brilliant Bunsen light

These experiments then lead us to the conclusion that

a body which emits certain definite radiations absorbs

readily those radiations when they fall on it, that good
radiators are good absorbers, the radiation and absorption
of course having reference to light of the same wave-length.

To go more fully into the question of spectrum analysis,

or even to attempt to describe the work that is being done

by the spectroscope on the sun and stars, would occupy
more space than we can afford, and for this the reader must

be referred to works dealing specially with the question.

CHAPTER X.

ABSORPTION AND ANOMALOUS DISPERSION.

THE dark lines of the solar spectrum are, we have seen, due
to the absorption of rays of certain definite wave-lengths

by the solar atmosphere. We turn now to other pheno-
mena of absorption. Why does a green leaf look green, a

white lily white, or a red rose red? What is it which

gives their distinctive colours to natural bodies ? We may
say, and that with truth, that the green leaf reflects only



green rays, while the lily reflects all those which fall upon it ;

but when and where does this selection take place ? It is

not true in these cases, at least, that it happens in the act of

reflexion. We shall best arrive at an answer to our question

by considering the phenomena of absorption produced by
coloured liquid solutions or gases. The vapour o/ iodine,

when viewed in the sunlight, has a beautiful violet colour.

Let us suppose that we allow the sun's rays or the light of

a powerful lamp to pass through a vessel containing iodine

vapour, and then to fall on the slit of a spectroscope, and

examine the spectrum produced. It will be found that this

is crossed by a number of dark lines, chiefly in the orange,

yellow, and green parts of the spectrum ;
these are grouped

together so closely in some parts as to appear like a dark

band across the field. Just as the sodium vapour at the

low temperature is opaque to the yellow D lines, and causes

them to appear as two dark lines across the spectrum, so

the vapour of iodine is opaque to the many rays whose

places are indicated by these dark lines. Sodium vapour,
if not sufficiently hot to appear self-luminous, would seem

to the naked eye colourless when placed between it and

the lamp ;
the absorption of the one or two rays would

not be noticed. In the case of the iodine vapour, when
viewed by transmitted light, so much light is absorbed from

the yellow and green part of the spectrum, that only the

blue, violet, and some of the red rays get through, and the

vapour looks violet to the eye. Other vapours placed be-

tween the lamp and the slit give us different spectra, and in

all cases the colour of the vapour seen thus by transmitted

light depends on the rays which have passed through it

without suffering absorption.

Just as we get absorption spectra by examining light

passed through vapours, so too we can observe them when
the light has been transmitted through coloured liquid

solutions or transparent solids, such as coloured glasses.

Liquid solutions are perhaps the best to work with, be-
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cause we can more easily trace the effects of greater con-

centration of the colouring matter, or of greater thickness

of the absorbing medium. In a lecture on the absorption

of light, delivered at South Kensington in 1876, Professor

Stokes describes several simple experiments illustrating the

importance of the subject.

We will quote a few lines describing the phenomena
observed when a solution of permanganate of potash is

placed in the path of the light. He says :

' If the solution

is considerably diluted, and you analyse the light trans-

mitted through, you will see a broad dark band in the spec-

trum. If you have it more diluted you obtain a spectrum

highly characteristic, in which are seen five dark bands in

the green part. Those are highly characteristic of the per-

manganates. There is just a trace of a sixth band, which

comes in when the solution is stronger. There are alter-

nations of transparency and opacity, not that the fluid is

perfectly transparent, but these intervening spaces are really

alternations of greater and less absorption. When the

quantity present is sufficient, the whole of this region is

absorbed, and then the characteristics are lost, because there

are a great variety of purple substances which would give a

spectrum not very different. In examining a substance you
must dilute the solution to make sure of breaking up any
such broad dark region, and then you see the dark bands,

if any, which are characteristic of the substance.'

A mixture of sulphate of copper and carbonate of am-

monia gives us a solution which transmits only the more

refrangible end of the spectrum, and in which the absorp-
tion increases nearly regularly from the violet to the red,

while a solution of bichromate of potash allows only the

red and yellow rays to pass ; so that if we place two cells

containing these two solutions one behind the other, we
obtain a combination opaque to all the visible rays.

A dilute solution of blood gives a highly characteristic

spectrum, marked by two dark bands, in the neighbourhood of
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:he lines D and E, while the violet portion is wanting altogether.

[f the blood be deoxidised by the introduction of a suitable

educing agent, the colour of the solution becomes more

mrple, and the spectrum is altered greatly. The two dark

jands disappear, and a new band comes into view, in

position somewhere between the two. By shaking the

solution with air, so as to reoxidise it, the original spectrum
s recovered. The absorption spectrum produced by chloro-

phyll, the green colouring matter of the leaves of plants,

fias
been carefully observed by Professor Stokes, and con-

pists,
if different thicknesses of the solution be used, of

pve
distinct bands. The first two of these are in the

red, the next between the yellow and yellow green, the

fourth in the green, and the last in the blue. The first is,

f the thickness of the liquid be small, by far the most

Intense. The extreme violet end of the spectrum is want-

ng. A red glass coloured with oxide of copper stops the

passage of all rays after the sodium line D, while the blue

:obalt glasses, which are common, allow only the blue and

:he extreme red beyond B to pass through. If, then, we
:ombine together two of these, we permit only the extreme

ed light to reach the eye and thus obtain a deep red of

jreat purity. The blue cobalt glass allows the invisible rays

)f high refrangibility to pass freely, and is useful in experi-

nents in which they only are required, while many pale
Drown and yellow glasses may be found that stop these rays

mtirely, and permit the passage only of the yellow ;
these are

employed in photographic operations.

The following list of solutions will be found useful if we
vish to quench the light from the parts of the spectrum
mentioned and allow the rest to pass through :

To absorb the red rays only ;
neutral solution of sul-

phate of copper. To absorb the yellow; alkaline litmus,

;hromium chloride or aniline blue. For the green ; per-

nanganate of potash. For the blue green, the aniline dye
:alled aurine. For the blue chromate of potash.
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To allow only definite colours to pass, we use com-
j

binations of these absorbing media. Thus, for example, !

if we take two cells, one containing aniline blue, and the
;

other chromate of potash, and allow light to pass through j

the two, we effectually absorb all the yellow and blue rays, j

the emergent light is a mixture of red and green. If in

addition to these we pass the light through sulphate of

copper, the red rays are absorbed and the green light alone
j

is transmitted.

A simple graphical method of determining the intensity I

of the various components in a ray of light transmitted

through a known thickness of a given medium when we
know the absorption of that medium for some standard

FIG. 124.

V P' T rr j"r

thickness, is given by Sir John Herschel in his treatise on

light. It depends on the following principle. If we know

that a given thickness, one centimetre say, of the medium
absorbs a given proportion of the light which falls on it,

then the next centimetre will absorb the same proportion of

the light that is left, and so on continually ;
that is to say, if

after passing through the first centimetre we find that one-'

half the light is left, then after traversing the second one-

half of this, or one-fourth of the whole incident light is left,

after passing through a third centimetre one-eighth, and

so on.

'Now let us suppose we represent by points on a horizon-

tal straight line (fig. 124) the various points on a spectrum,
and draw ordinates to represent the intensity of the light of
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each colour falling on a certain absorbing medium. The ex-

tremities of these ordinates will lie on a curve which will

give us the intensity of the incident light at every point of

the spectrum. Let us suppose that in the case considered

rays of all colours are equally intense, so that our curve is a

horizontal straight line, and that we know the proportion of

light transmitted by a certain thickness, say one centimetre

of our medium for rays of all colours, this proportion is of

course different for different colours. Let P N now be any

ordinate, and in it take a point Q t
such that the ratio Q, N :

p N = ratio of transmitted light to incident light for the colour

represented by the point N. Do this for all colours, we thus

arrive at another curve Q t Q,' Q,", &c., which represents the

intensity of the light after passing through one centimetre

of the medium.

Suppose now we wish to find the intensity after passing

through two centimetres. In every ordinate such as PN,

take a point Q 2 such that Q., N : Q, N = Q! N : p N. Then

clearly Q 2 N represents the amount of light which emerges
after passing through the second centimetre, and a third

curve drawn in this manner gives us the intensities at all

points of the spectrum. To find the effect of a third

centimetre we proceed in .the same manner.

A curve of this kind enables us to explain simply the

phenomenon known as dichromatism, or the variations in

the apparent colour of an absorbing medium when different

thicknesses are used. Thus glass coloured with cobalt

appears blue by transmitted light if the thickness is small
;

as it increases the blue becomes purple, and finally, if a

sufficiently great thickness be employed, the colour is a

deep red. Or again, if we fill a thin wedge-shaped vessel

with a solution of muriate of chromium and look at the

light frcm a white cloud through it, near the edge the

liquid appears green, but if we slide the wedge forward

so as to bring greater and greater thicknesses between

the eye and the cloud, the green passes through a
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brownish tint to a deep red. Alkaline solution of archil

is another medium which is purple when thin, but be-

comes red as the thickness through which the light is

transmitted is increased. To explain this, let us suppose

that on falling on the medium the intensity of the red rays

which can pass through may be represented by 10, while

that of the violet and blue is 100. For clearness we may, if

we like, take these numbers as the number of rays of a certain

description, all equally intense, which fall on the medium.

Let us further suppose that some small thickness of the

medium, say 'i centimetre, absorbs one-tenth of the red rays

and one-half of the blue and violet, thus allowing -9 of

the red and -5 of the blue to pass through. After passing

through various thicknesses of the medium, the intensities

will be as given in the Table below.

Thus taking these numbers it is clear that the relative

proportion of the blue to red decreases very rapidly and has

changed after passing through half a centimetre of the

medium from 10 to i, to 3*1 to 5-9. Thus the red light has

the predominance, and the apparent colour has been altered

from a blue purple to a reddish purple, and finally, if we
increase the thickness still more, to red.

We may represent this by a curve in the following man-
ner. Let us suppose the medium absorbs nearly all the rays
between the fixed lines c and F, and that if we represent the

amount of light between the extreme red and c by 10, we
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may represent that between F and the extreme violet by 100.

Let the ordinates of the curve PP'
(fig. 125) represent the

intensities of the incident light.

Then of this incident light between A and c about '9

gets through ;
from c to F there is almost nothing transmitted,

and from F on to the extreme violet about -5.

Then the curves ChQ/, Q 2 Qz, &c., represent the in-

tensities after traversing -i, -2, &c., centimetres. The
ordinates of QJ Q,' between A and c are about '9 of those of

P P', from c to F there is hardly any light transmitted, the

ordinates of Q Q' are therefore practically zero, while from F

outwards the ordinates of Q t Q/ are about half those of P P'
;

Q 2 Q 2
'
is got from QJ Q/ in the same manner.

The amount of light between certain definite wave-lengths
which is transmitted, is represented by the area bounded by
the curve, the horizontal line and ordinates drawn from

points on the horizontal line corresponding to the wave-

lengths considered. The curves show the changes which

take place in the relative intensities of the red and blue light,'

and consequently in the apparent colour of the mixture.

Let us now proceed to see how the phenomena of ab-

sorption enable us to explain the natural colours of bodies,

to say why a leaf looks green and a lily white. Let us

suppose that we enclose a perfectly clear coloured solution,

sulphate of copper, for example, in a black vessel open at
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the top, so that no light can be transmitted through it or

reflected from the sides of the vessel, and look at it by light

from above. The solution looks black, and if we examine

the image of a white object seen by reflection at the surface

the image is colourless. All the rays are reflected according
to the same law, and so nearly in the same proportion that

we cannot distinguish any alteration in colour.

The clear transparent blue liquid reflects all rays prac-

tically alike, and itself looks colourless
;
but now suppose we

make our solution slightly turbid by introducing some fine

powdered chalk. The solution appears to be a brilliant blue
;

let us follow the course of an incident white ray ;
some of it

is reflected from the surface, but the rest is refracted into the

liquid. Now our blue solution absorbs all red light which

falls on it, and therefore after passing through a very small

thickness of the liquid this refracted ray is practically a blue

ray. This blue ray falls on a small particle of the powdered
chalk and is reflected by it upwards, and on emerging again
from the suiface reaches our eye. The blue light which we

see and which gives to the solution its colour, has been re-

flected to us, not by the surface of the liquid, but by the

small particles in its interior. It has passed through some

thickness greater or less, as the case may be, of the solution,

and thus the red and yellow constituents in the incident

white light have been removed ; the blue alone remains to

emerge and reach our eye. And just this has happened
in our leaf or flower. The green colouring matter, chloro-

phyll, absorbs readily the violet and some of the red rays ;
a

very slight thickness is sufficient to prevent all trace of the

violet and of the most brilliant part of the red between D
and c from passing through. The white sunlight falls upon
a leaf, and some of the rays penetrate a little way within ;

the interior structure is highly irregular, like the fluid with

the chalk
;
there are constant reflexions back and forwards of

this light that has entered, but some of it escapes again and
reaches our eye robbed of its blue and red components ; the
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|eaf, therefore, looks green. If the interior of the leaf were

|}uite regular
and homogeneous like the clear copper solution,

j>o
that no light could be reflected from it in such a way as

o reach the eye, the leaf viewed by reflected light would,

ke the copper sulphate, look black
;
but if we held it up to

ic sky so as to view it by transmitted light, it would appear

reen, just as the copper appears blue. %

The structure of the white lily, too, is irregular, and we
e it by means of light reflected from the interior, but there

nothing in the lily which absorbs one colour more readily
lan another

;
all rays are reflected equally or nearly so, and

ic emergent light is white. A poppy, again, looks red

ecause its cells are filled with a liquid which absorbs the

reen and blue light, and transmits the red.

We can easily show the difference between the absorp-

on of the lily, diminishing all rays in about the same pro-

ortion, and that of the poppy, which selects the green and

ue, refusing them passage almost entirely, and transmits

le red, by viewing them in coloured light, coloured either

transmission through suitable glasses or solutions, or

y means of the dispersion produced by a prism. If

e allow the spectrum formed by a prism to fall on a

hite screen, all the colours are seen, and a white object

aced in the path of the light assumes the colour of that

irt of the spectrum which falls on it. In the red end our

y is red, in the green it is green, and in the blue, blue.

But this is not the case with the poppy ; placed in the

d light it shines with a brilliant red, placed in the green or

ue it is black and colourless. In the first case only red

,ys fall on the flower and are reflected from its interior

irfaces, and of these it absorbs but few ; it therefore looks

.d. When in the green there are only green rays to illumi-

ite it, and these are all absorbed, there is no red in the

.cident light ;
no red, therefore, can be reflected, and the

appy looks black.

The lily, on the other hand, absorbs but little of any
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colour. When red light falls on it, red light can be, and is,

reflected ,
when it is placed in the green, green can be, and

is reflected. The lily returns the light unchanged in colour,

and appears of the same tint as the light which illum-

inates it.

Another method of illustrating this is to receive our

spectrum on a coloured screen. If the screen be red the I

green and greenish blue portions will seem to be absent!

from the spectrum, if again the screen be green there will

be no red visible.

The natural colours, then, of most bodies are partj

of the phenomena of absorption. Of the light falling on
\

a coloured body some part penetrates a little way into the-'

interior, is there reflected and emerges, and by this light \

we see the object ;
but in its passage through the small,

thickness of the body it has traversed certain of its com-i

ponents have been absorbed much more than others, andji

the emergent light is therefore coloured and gives its colour*

to the object.

But there are some bodies in which a preferential
selec-j

tion is made in the act of reflection. A polished plate ofj

gold is opaque but reflects light regularly from its surface
:|

the reflected light, however, is yellow, while that reflected!

from copper is red.

If, again, we make solutions of many of the aniline dyes!

in alcohol, and spreading them on a plate of glass allow the!

alcohol to evaporate so as to leave a thin film of colour, wq
shall find that the plate appears of one colour when we looil

through it, and of another when we receive in our eyes lighij

reflected from its front surface. The colour of the reflectecl

light depends somewhat on the angle of incidence ;
as will b

explained when we come to the polarisation of light, there il

for most isotropic transparent substances a particular anglttt

of incidence such that light reflected at that angle undergoei
a change in its character called polarisation, and the reflectecl

beam is said to be plane polarised. If we examine plami
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polarised light by transmitting it through a crystal of Iceland

[par cut in a particular manner so as to form a Nicol's prism,

(ve can always find one position of the Nicol for which no

'ight will pass through, so that if we look at the surface of a

transparent medium on which light falls at this particular

Ingle, depending on the medium, through a Nicol's prism

Ind turn the Nicol round, the light coming from the surface

ets fainter and fainter, and finally disappears entirety. But

f we examine light reflected from a metal surface or from

}>ne of these films of anilin and some other substances, we

ind that it cannot be made to disappear for any angle of

ncidence or for any position of the Nicol. The reflected

ay is never plane polarised. The colour of the surface

Kewed in this way through a Nicol adjusted to extinguish

ight reflected from the glass is different from its colour when

ooked at without the Nicol, and changes as we rotate the

^icol.

In the following Table the colours of the transmitted light

^nd of the reflected light seen with or without the Nicol

ire given.

A large number of substances have been shown by
laidinger, of Vienna, to possess this difference between

mrface colour and body colour in a greater or less degree,
.nd thus to resemble metals at least for certain rays of the

ipectrum.

It is this last fact that they resemble metals for certain
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rays only which produces the difference in the colour of the

reflected light as viewed by the naked eye and through a

Nicol's prism.

In the first case the reflected beam is composed of
|

two parts. One of these is reflected in the ordinary manner '

from the particles of the medium just below the surface, and

would be of the same colour as the transmitted light just as

in the case of a flower or leaf : this part of the reflected beam

is plane polarised at a proper angle of incidence, and can be

quenched by a Nicol's prism. The other part of the beam

consists of light reflected as from a metal surface, and is in

colour complementary to the light which has been trans-

mitted. It is never plane polarised, and therefore never

quenched when viewed through the Nicol.

In the second case, therefore, it is this second part of

the reflected pencil alone which we see. The plane polarised

part due to the ordinary reflexion, and of the same colour as

the transmitted beam, has been extinguished, the anomalous

portion alone remains. And this anomalous portion is just

that which is wanting from the transmitted beam. If we

could place side by side the spectra of the transmitted and

reflected light, we should find that where the one was crossed

by dark bands showing strong absorption the other was

most intense.

This is particularly marked in the case of crystals of

permanganate of potash which have been examined by
Professor Stokes. The absorption spectrum of a dilute

solution of these crystals they are too opaque in the solid

form to transmit light is marked by five distant black bands

lying in the yellow green of the spectrum between D and F.

The light reflected from the surface of the crystal is green
in colour, and when Professor Stokes examined it with a

spectroscope and a Nicol's prism placed so as to allow only
the anomalous portion to pass, he found that the spectrum

x
consisted of four bright bands which coincided exactly with

the first four of the dark bands seen in the absorption
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ipectrum. The light was too faint in the neighbourhood

[>f
the fifth absorption band to permit a fifth bright band to

pe seen.

The dark bands in the transmitted spectrum then were

lue, not so much to an absorption of the light by the medium
s to a selection exercised in the act of reflexion. Certain

iefinite rays are by these quasi metallic substances, as it

pere, entirely refused admission and turned back, and these

ays are never plane polarised by the reflexion. These rays

jive their peculiar colour to metallic surfaces. Gold, for

xample, is yellow, because the yellow rays are entirely

effected. The transmitted light is blue or bluish green,

nd may be seen by putting a little protosulphate of iron into

solution of chloride of gold, or by looking at a bright light

hrough a very thin piece of gold leaf.

But there is another effect produced by these substances

n light which is intimately connected with this metallic

eflexion, and has received the name of anomalous disper-

ion. Professors Christiansen, Kundt, and others, have

hown that if we pass the sun's rays through a hollow glass

>rism containing a strong solution in alcohol of many of

hese same substances, the order of the colours in the

pectrum formed is different to that in the spectrum given by

;lass or other transparent media. Thus, according to Herr

undt, with fuchsin, cyanin, mauve anilin, and anilin blue,

he order of the colours is green, blue, red, green being the

east deviated. The spectrum of cyanin is specially re-

narkable, for between the blue and the red there is a dark

.pace without light, and beyond the red orange is visible.

The dark lines of the solar spectrum can be seen and re-

:ognised in their changed positions, and the refractive

ndices of fuchsin, cyanin, and permanganate of potash,

lave been carefully measured for several of them.

In fuchsin and cyanin the order of the lines is FGHA
3 c D, F being the least refracted.

At first anomalous dispersion was not detected in per-
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manganate of potash, but more careful observation showed

that
'

it occurred to a slight extent between D and F, that is,

in the neighbourhood of the bands seen when light is trans-

mitted through a dilute solution.

We have learnt already that as we go from red to violet,

the time of vibration of the ether particles whose motion

produces the light decreases
;

let us suppose that by the

term a 'high co-efficient of absorption for certain rays,' we

mean that the medium considered absorbs largely those rays

so that they are absent from the spectrum of the transmitted

light, and let us suppose further that we speak of going from

a part of the spectrum in which the period of vibration is

long to one in which it is short as going up the spectrum.

Then Professor Kundt has summed up his results as follows :

If, as we pass up the spectrum, the co-efficient of absorp-
tion increases rapidly, then the refractive index is increased

by the absorption.

If, however, as we go down the spectrum, the co-efficient

of absorption increases, then the refractive index is decreased

by the absorption.

In the case of fuchsin, for example, the absorption is

very strong between D and F. As we approach D from the

red end of the spectrum the period of vibration decreases,

and the co-efficient of absorption increases very rapidly, so

the refractive index is increased greatly by the absorption, and

the deviation of the red ray becomes abnormally large. Again,
as we approach F from the violet end the absorption increases

rapidly, but we are going from a part of the spectrum in

which the period is small to one in which it is greater, and

so, in accordance with the second half of our rule, the

refractive index is greatly decreased decreased so much, in

fact, that the violet end of the spectrum is less deviated than

the red, and the order of the colours is green, blue, violet,

then a dark space followed by red and orange, so that, as

Kundt continues, when the absorption is sufficiently great,
of two portions of the spectrum separated by strongly
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absorbed rays, the one in which the period is large may be

more deviated than the second in which the period is small.'

If, as above, we speak of going from red to violet in a

lormal spectrum as going up the spectrum, then we may say
hat owing to abnormal dispersion the ray immediately below

he absorption band has its deviation abnormally increased,

while that immediately above the absorption band * has its

leviation abnormally diminished.

In ordinary dispersing media the refractive index increases

is the wave-length and the period of vibration decrease;
ind we have seen that we can find a relation of the form

= a + +
-^
+ . . .

,
which expresses, with considerable

accuracy, the connection between the two. In media in

which anomalous dispersion takes place this is not the case,

for it is no longer true that waves of short period have a

greater refractive index than waves of long period.

We must, of course, distinguish between the spectrum
brmed by a hollow prism containing one of these media and
he absorption spectrum produced by allowing the rays dis-

persed by a glass prism to pass through a dilute solution of

cyanin or fuchsin. In this latter the order of the colours

will be that given by the glass prism with dark bands

icross corresponding to the rays, which are powerfully
ibsorbed. In the former the dispersion is due to the varia-

tion in velocity of different colours in the anilin medium,
ind the order of the colours depends on the law connecting
the velocity with the period of vibration.

Another curious phenomenon which is presented by
certain coloured media, and to which Professor Stokes has

given the name of fluorescence, remains to be described.

This was first observed by Sir David Brewster in a solution

chlorophyll, and named by him internal dispersion. He
found that on passing the sun's light through a solution in

ilcohol of the green colouring matter of leaves, the path of

the beam was marked by a brilliant red light some time
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afterwards. Sir John Herschel noticed that when the sun's

light is allowed to fall on a vessel containing a dilute solu-

tion of sulphate of quinine, the surface of the liquid on

which the light first falls is of a bright blue colour, which

extends some little way, though not far, into the liquid.

The best way of observing this is to reflect the sun's rays

vertically downwards on to the surface of the solution, and,

placing the eye about level with the surface, look at a black

cloth behind it. If we allow the light, after passing through
this solution, to fall on a second, the bright blue colouf

hardly appears at all. Sir John Herschel called this phe-

nomenon the epipolic dispersion of light, and a beam which

had experienced this change was said to be epipolised, so

that we conclude that an epipolised beam is incapable of

again producing epipolic dispersion. Sir David Brewster

showed, by concentrating the sun's rays by means of a

convex lens to a focus within the solution, that the whole of

the path of the beam was marked by this blue light, though
it was most intense near the first surface, and concluded

hence that epipolic dispersion was part of the general phe-
nomena of internal dispersion which he had observed in

chlorophyll, fluorspar, and some other substances. It was

left for Professor Stokes to show that these phenomena, to

which he gave the name of fluorescence, may be observed

in many other media, and to explain the action which gives
rise to them. He proved, in a paper in the '

Philosophical
Transactions

'

for 1852, that they were due to a change pro-
duced by the medium in the refrangibility of the light pass-

ing through it. If we examine with a prism light that has

passed through a dilute solution of sulphate of quinine so as

to observe its absorption spectrum, we find that the violet

part of the spectrum is wanting all beyond the line H is

missing. Now, we shall show that it is just these rays which
are wanting from the absorption spectrum, which are, that

is, strongly absorbed by the solution, that produce the fluor-

escence. They are absorbed by the medium, but given out
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again as rays of lower refrangibility that is, as blue light,

or, it may be, as in the case of chlorophyll, as red light.

To prove this we must observe the effects of allowing light

of different colours to fall on the solution. Let us form on

a screen a spectrum of the sun's rays by means of prisms
and a slit, and hold a test-tube containing a solution of sul-

phate of quinine in the different colours. So long- as it is

in the red and green part of the spectrum we observe

nothing strange. In the red our solution looks red
;
in the

green it is green, but, as we pass on to the blue and violet,

the appearances change in a very marked manner. The

pale blue light seen when the sun's rays fell on the solution

begins to appear, and gets strongest and best marked in

the violet, but if we carry on the test-tube far beyond the

limits of the visible spectrum, this blue shimmer is still

visible
;
the mixture still shows fluorescence.

The red and green rays which pass most easily through
the sulphate of quinine have no tendency to make it fluo-

resce
;
the violet and ultra-violet rays alone, which it most

readily absorbs, are those to which the effect is due. We
can test this in another manner, even more simply and with

less apparatus. We have seen that cobalt glass allows the

extreme violet rays to pass freely through, and also some of

the extreme red. If, in addition to this, we take a glass

coloured a deep violet by manganese, and allow the sun's

rays to pass through the combination and fall on the solu-

tion of quinine, only the violet light can get through the

glass, but the blue colour is seen just as when the full light

of the sun was used. If, on the other hand, to sift our

beam we use a yellow glass of the kind employed by photo-

graphers, we shall find that no fluorescence is visible. The

yellow glass absorbs the very rays which are capable of pro

ducing it.

If we analyse, by means of a prism and a slit, this blue

stratum of light, we find that it is not homogeneous, but is

composed of rays from different parts of the spectrum, and
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of different refrangibilities. All, however, are less refran-

gible than the violet light from which they come.

Another method of experimenting given by Professor

Stokes allows us to show in a very marked way the change in

refrangibility. If we place behind the purple manganese

glass one coloured yellow by nitrate of silver and slightly

overburnt, we have a combination through which no light

can pass. The manganese and cobalt glass absorbs all rays

but the extreme violet
;
the yellow glass absorbs these.

If, now, the light from the sky enters a darkened room

through a hole in the shutter covered by the purple glass,

and we look at this through the silver glass, it appears quite

black, and if we place behind the combination a fluorescent

substance such as sulphate of quinine no trace of fluores-

cence is seen. But suppose now we remove the second

glass, the blue glimmer shows itself at once on the sulphate

of quinine, and remains visible even if we put the yellow

glass between it and our eyes. The yellow glass in its first

position absorbed the rays which produce fluorescence.

These same rays have been so altered by the fluorescence

that in its second position before the observer's eye they
can traverse it quite freely. Instead of darkening a room

and cutting a hole in the shutter, we may, as Professor

Stokes has suggested, use a box or packing-case blackened

on the inside, with two holes cut in opposite ends. One of

these, which is turned to the sky, is covered by the purple

glass or other absorbing medium. Behind this there is a

suitable table or shelf to hold the substance to be examined.

The observer looks through the hole at the other end of

the box, which should be large enough to allow him to put
his hands conveniently inside, while at the same time

his head and the end of the box are covered with a

dark cloth. In this manner we can easily assure ourselves

that fluorescence is shown by a large number of substances.

If, in addition, we use a prism and a slit, and have on the

table in the box on which the fluorescent substance stands
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i plate of white porcelain, we can determine the part of the

pectrum to which the fluorescent light belongs. For this

mrpose we turn our prism and slit to view the plate of

)orcelain, having first made sure that it gives no fluorescent

effects. The spectrum which we see will be identical with

hat obtained by looking directly at the absorbing medium
rhich covers the first hole, only less bright. A blue cobalt

glass is rather better for this purpose than one coloured

manganese, for the red rays which it transmits do not

nterfere with the appearances presented, and serve as a

)oint of reference. Place now on the porcelain plate the

substance to be examined, and hold the slit close down to

t in such a way that the plate is seen through one part,

he fluorescing substance through the other. The spectrum
the light from the plate remains as before

;
the other

lalf of the slit shows the peculiar spectrum of the fluores

zing medium. By this method Professor Stokes has detected

he fluorescence of white paper, cotton wool, bone, ivory,

white leather, the white part of a quill, and many other sub-

Stances.

The fluorescence of sulphate of quinine has been shown

o be due to the extreme violet rays. In chlorophyll, how-

ever, the greater part of the effect is produced by the visible

ight of the spectrum, and begins in the red end of the

spectrum near the line B. It will be remembered that the

.bsorption spectrum of chlorophyll has a strongly marked
dark band between B and c. If a test-tube containing the

solution be held between these lines in the spectrum formed

)y a set of prisms it glows with a deep red light ;
and

:his light, when analysed by a prism, is found to be rather

ess refrangible than the dark absorption band. As we
nove the test-tube up the spectrum the red glow diminishes

somewhat, getting more intense again in the neighbourhood
of the other absorption bands; and as we pass on to the

3lue and violet, the red glow becomes more continuous,

turning to a brownish colour in the neighbourhood of H.
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If we analyse the fluorescent light with a prism, we find

that there is some green visible, which produces this brown-

ish tinge in the spectrum.

By the aid of these fluorescent solutions we are able to

map the solar spectrum far beyond the visible violet rays.

To do this we form with suitable prisms and lenses a pure

spectrum, and receive this pure spectrum on a fluorescent

substance. The dark lines in the visible spectrum are due

to the absence of light of certain definite refrangibilities.

From the invisible rays waves of certain periods are absent,

so that at the places on the screen which correspond to

these waves there is nothing to produce fluorescence, and

the spectrum is there crossed by dark lines just as in the

visible portion.

Glass absorbs somewhat readily these highly refrangible

rays, and therefore we are compelled to have recourse to

some other material for our lenses and prisms. Quartz or

rock crystal is the most suitable, and by the aid of this sub-

stance the solar spectrum has been mapped far beyond the

visible violet.

Phosphorescence is another property of some media

which is closely allied to fluorescence. The effects of fluor-

escence last only so long as the light continues to illumi-

nate the substance. On closing with a shutter the hole

through which the light comes on to the quinine solution in

the experiments described above, the blue shimmer ceases

at once.

But some substances, notably sulphur-compounds of

barium, strontium, and calcium, continue to shine after the

light has ceased to illuminate them. This phenomenon is

called 'phosphorescence.'
The rays which produce phosphorescence are, for the

most part, those of high refrangibility, i.e. those which are

efficient in fluorescence ; and, in general, the refrangibility

is lowered by the phosphorescence. Both fluorescence

and phosphorescence are effects of the absorbed light
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The former lasts only so long as the light continues to

fall on the active substance
; the latter continues for some

time after.

Let us consider now in conclusion, very briefly, how we
are to explain these phenomena of absorption, fluorescence,

and phosphorescence on the undulatory theory. Waves of

different periods in the ether fall on a transparent 'body :

some are absorbed, some pass through almost unaltered.

Now, we may say almost certainly that the body consists

of a number of very small particles, called molecules, which

are capable of vibrating slightly about a mean position, and

that each of these molecules, again, is a collection of

smaller particles, called atoms. Any one molecule so long

as the substance remains the same probably contains con-

tinually the same atoms, but these atoms may vibrate

among themselves and change their relative positions.

Again, the ether is very closely bound up with these mole-

cules and atoms, and it is not unreasonable to suppose that

when light falls on our body they are set into some state of

vibration. According to the simplest hypothesis we can

make as to the relation between the forces produced by
this vibration in our medium and the amount of displace-

ment of the individual particles, the period of vibration

would be necessarily the same as that of the ether particles

which set it up; and if it happened that this period was one

in which the molecules of the body could vibrate freely,

all, or nearly all, of the energy in the incident vibration

would be employed in setting up in the body vibra-

tions of this period. This possibly represents what happens
when light from a sodium flame falls on sodium vapour at a

lower temperature. The period of vibration in the vapour
is the same as that in the incident light, and the energy of

this light is used in setting the sodium vapour into vibra-

tion and in raising the temperature of the whole. The

original source of light is at a high temperature ;
the sodium

molecules in it are vibrating very energetically, and set the
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ether particles into a state of vibration of the same period

as their own. Those of these ether vibrations which fall on

the second layer of sodium vapour give up their energy to

the sodium particles in it, for they are vibrating in the

period of those particles ;
the light is absorbed.

But it by no means follows that in all cases the relation

between the elastic forces in our medium and the displace-

ments is of the simple nature this supposes. It is quite

possible that they may follow some other law, and in that

case it is not true that the period of vibration of the particles

of the body will be the same as that of the ether particles

which give rise to their motion.

The period will depend on the law of the force and

also on the amplitude of the incident vibration, and

may be anything greater than the period of that incident

vibration.

Thus light vibrations falling on a body may set that

body into a state of motion in which the periodic time will

be greater than that of the original vibration. But the

particles of the body thus set in motion themselves react!

upon the ether and cause it to vibrate. The period of this

ether vibration may be the same or greater than that of the

molecules of the body, that is, it may be the same or greater

than that of the incident light, and these ether vibrations

become known to us as light, light which may be of the

same or less refrangibility than that which falls on the

body, but cannot be of greater.

We suppose that the molecules of the body are capable
of vibrating in certain definite periods, and in so doing set up
in the ether vibrations of the same or greater periods, that is,

they give rise to light of a definite refrangibility. Owing to the

action between the ether and the molecules of the body,
these vibrations in the body can be set up by vibrations in the

ether of certain other definite periods. If in the light falling
on the body there be rays of these periods, the energy in

them is used in setting the molecules of the body into
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vibration
;

the light is absorbed, and its place in the

spectrum of the transmitted light is marked by a dark band,
more or less dark according to the avidity with which the

absorption takes place ; these moving particles of our

medium react on the ether round them and cause it to

vibrate in periods the same or greater than their own,
their motion thus becomes known to us as light" of the

same or of less refrangibility than that which set up the

motion in the body.
In the first case we have ordinary transparent media, in

the second we get fluorescence or phosphorescence. The
medium is fluorescent if the disturbance set up by the

incident light acts only so long as the light falls on it ;
it is

phosphorescent if the effect continues after the incident

beam is cut off.

We may give an illustration taken from the lecture of

Professor Stokes, already referred to :

'

Suppose you had a number of ships at rest on an ocean

perfectly calm
; supposing now a series of waves without

my wind were propagated from a storm at a distance along
the ocean, they would agitate the ships, which would move
Dackwards and forwards

;
but the time of swing of each

ship would depend on the time of its natural oscillation, and
.vould not necessarily synchronise with the periodic time of

:he waves which agitated the ship in the first instance. The

>hip being thus thrown into a state of agitation would itself

secome a centre of agitation, and would produce waves

vhich would be propagated from it in all directions.'

These waves correspond to the fluorescent or phosphores-
:ent light, phosphorescent in this case, for the ship would not

:ome at once to rest the moment the original agitation

:eased.

One other point this illustration brings out, the period of

he ship would probably be greater it could not be less

han that of the incident waves
;

the secondary series of

vaves which it would produce would then be of a greater
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period than the original series, and would correspond to

light of a lower refrangibility.

The connection between phosphorescence and fluor-

escence has been examined by Mons. E. Becquerel, who

has shown by means of an instrument called the phosphoro-

scope that fluorescent effects are visible for a short time

after the light which gives rise to them has ceased to

illuminate the body.

Two circular discs are arranged to rotate on the same

axis, and holes are cut in these discs. Each hole in one

disc comes exactly opposite to the space between two holes

in the other. These discs are fixed in a closed box, and two

holes are made in the sides of the box, exactly opposite to

each other, and in such a manner that when the discs are

turned, the holes in the discs are brought in succession

opposite to those in the box. Light is admitted into the box

through one aperture, and the observer looks through the

other. If there be nothing else, of course nothing is visible,

for when, as the discs move, light passes through the aper-
'

ture in the first disc it falls on the second disc, and when
an aperture in that is opposite the observer's eye, the inci-

dent light is stopped by the first disc.

But between the discs there is a fluorescent substance,

generally a crystal of some salt of uranium. At one instant,

light falls on it through the hole in the first disc, the next it

is viewed through the hole in the second
;
and if the discs

are turned with sufficient rapidity so that the interval between

these two instants is very small, a continuous illumination

is seen. The fluorescent effects produced one moment last

until the hole in the second disc comes opposite the

observer's eye, and thus allows the crystal to be seen shining
with light that had fallen on it some short time previously.
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CHAPTER XL

DOUBLE REFRACTION.

/E have seen that light falling on the surface of glass or

ater is there refracted according to a certain law, and we
ave shown how this law follows as a consequence of the

ndulatory theory. But there are many natural substances

i which the refraction is different. In these, instead

f having one refracted ray obeying this law, we have two.

i some of these substances one ray obeys the ordinary law

f refraction, while the other does not In other substances

either ray follows the ordinary law.

These media are called doubly-refracting. In addition

> this we shall find that the light which emerges in each of

lese waves from a doubly-refracting medium has under-

ane another important change;

is said to be plane polarised,

'he phenomena of polarisation ^N
nd double-refraction are in-

mately connected, and we

lall consider them together.

:eland spar, which is a crys-

iliized form of carbonate of

me, is the medium which

lows double refraction in the

tost marked manner. Crys-
ils of Iceland spar can easily

e split along cleavage planes into rhombohedra. (A
lombohedron is a solid figure bounded by six plane

gures, each of which is a rhombus.) The acute angles of

ich rhombus are the same, and the angles between the faces

the crystal are 74 55' 35", and 105 4' 25", according

they are acute or oblique.

Fig. 126 is a representation of a rhombohedron of Ice-

nd spar. At two opposite corners, A and A', the three
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angles of the rhombic faces, which meet and form the

corner, are all obtuse. A line drawn through A, equall)

inclined to the three edges which meet there, is equall)

inclined to the six faces of the crystal, and the whole solid

is symmetrical with reference to this line, which is called the

axis of the crystal. The angle between this and an)

one of the rhombic faces is about 26 15' 30"; any plane

passing through the axis of the spar is called a principal

plane.

Crystals in general have three axes at right angles, and

the three planes, each containing two of these axes, are

called principal planes.

A plane passing through the axis and cutting at right

angles one of the rhombic faces is the principal plane oi

that face. Iceland spar has only one axis, and any plane

through it is a principal plane.

If now we take a moderately thick rhomb of Iceland

spar and, laying it on a sheet of paper on which a black do{

has been made, look through it, we shall see two dots.
I(

we look straight down from above the dot and turn the crystal

round, keeping it on the paper, we shall see that one
doj

remains fixed while the other appears to move round it in a

circle. The line joining the two dots will always be

parallel to the bisectors of the oblique angles of the rhombic

face through which we look. The fixed dot, too, will seem

to be rather nearer to us than the movable one. We may
vary the experiment by looking through the spar at a pin-

hole pierced in a sheet of paper, and held up to the light.

Two pinholes will be seen, and as we turn the crystal round

one will seem to move round the other. The ray of light from

the pinhole is divided by the crystal into two, which are

refracted differently, and so separated into two on emer-

gence. The paths of the light are given in fig. 127. If the

light fall normally on the crystal, as in fig. 127 (i), one ray,

Q R, passes straight through, as would be the case in glass
the other, Q R', is refracted at incidence at Q, along Q R',
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FIG. 127.

igain refracted at R', and emerges parallel to its original

lirection. If the incidence be oblique, as in fig. 127 (2),

>ne ray is refracted at Q along Q R, and it is found from

:areful observation in the case of Iceland spar that the law

;onnecting the angles of incidence and refraction and <t>'

s the same as it would be in glass, so that the ratio of

iin
<f>

to sin 0' depends

>nly on the nature of the

ight used. This ray is

called the ordinary ray,

ind after refraction at the

;econd surface at R emerges
parallel to its original di-

ection.

The second ray is re-

racted at Q along Q R', ac-

:ording to a law which we
ihall explain presently, and

emerges along R' s', also parallel to its original direction.

Fhis ray is known as the extraordinary ray. Thus, in

general, when light falls on Iceland spar it is split up into

ays, the ordinary and extraordinary, refracted according to

:ertain laws. We shall denote the ordinary ray by the

etter o, the extraordinary ray by the letter E.

Now, suppose we take a second rhomb of the spar and

placing it on the top of the first, turn it round until the

plane surfaces which bound it are parallel to the correspond-

ing surfaces of the first rhomb. On looking down, we still

see two images of our dot or pinhole. The two rhombs

fjehave just as one rhomb of the joint tnickness would do.

[The ray o, emerging from the first rhomb, remains an

rdinary ray in the second
;
while the ray E is still refracted

iccording to the extraordinary law.

But now turn the upper rhomb round through a small

ingle ;
four dots are seen.

Each of the rays, o and E, which fall on the second

u
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rhomb, are doubly refracted ;
o gives rise to a second

ordinary ray O and a second extraordinary ray OE,
while

from E also we have two, EO obeying the ordinary law, and

EB the extraordinary.

In the first case, the axes of the two crystals were

parallel, and the principal planes of the surface of separation

of the two were parallel also. Our two incident rays, o and

E, only produced two rays in the second crystal. When the

upper rhomb is turned so that the principal planes of the

common surface of the two are no longer parallel, but

inclined at some angle less than 90, we have four rays o<J

OB1 E , and EP The two seen in the first position were
o<J

and EE . At first, on turning the crystals, the other pair oj
and EO are very faint and close together, but as the upper
rhomb is turned further they get brighter and the distanced

between them grows larger, and when the angle between the
j

principal planes has increased to 90, O and EE have
dis-.|

appeared and o p and EO alone are left If the rotation be I

continued, O and EB come into view again, and the otheij

two grow more faint until when the rhomb has been turned!

through r80, so that the principal planes are again parallel,;]

they have disappeared and only O and EK are visible.

They, too, are closer together than in the first position,

and, if the rhombs be of the same thickness, they will coincide

exactly and give us one image of our dot. As we continue

to rotate the rhomb into its first position, the appearances

recur, but in the reverse order. Thus we learn that in

general a ray of light, which has passed through a crystal of

Iceland spar and is incident on a second, is like common

light split into two and doubly refracted, but if the principal

planes of the faces of emergence and incidence in the two

crystals respectively be parallel or at right angles to each

other, the ray is not doubly refracted by the second rhomb.

If the principal planes are parallel, the ordinary ray

emerging from the first suffers ordinary refraction at the

surface of the second, while the extraordinary ray from the
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first is an extraordinary ray in the second. If, however, the

principal planes are at right angles, the ordinary ray o gives
rise to an extraordinary ray OE,

while the extraordinary E pro-
duces an ordinary ray E . Common light, on the contrary,

always gives rise to two refracted rays when passing in the

direction considered through such a rhomb. The, light,

then, which has been refracted through a crystal of spar- has

acquired properties which distinguish it from common

light, and which are related to

the position of the principal

planes of the rhombic faces

across which it passes ;
it is

said to be plane polarised.

Let ABC (fig. 128) be any

plane wave in a crystal of Ice-

land spar, let A N be drawn at

right -angles to the wave
;
A N is,

s we have learnt, called the

rave-normal. Draw A o parallel

the axis of the spar, and

irough A o and A N draw a plane B o N, cutting the wave

ti A B. This plane is clearly perpendicular to the wave,

nd it passes through the axis. It is, therefore, the prin-

ipal plane of the wave. If A B c be an ordinary wave, it

3 said to be plane polarised in this principal plane ;
if it

e an extraordinary wave, it is plane polarised in a plane at

ight angles to this.

An ordinary wave, then, consists of light plane polarised

n the principal plane of the wave ;
an extraordinary wave, of

ght which is plane polarised in a plane at right angles to

he principal plane.

If we wish to determine if light is plane polarised, we
an do so by allowing it to fall normally on a rhomb of

par. In general it will be split into two rays. If by turn-

ng the spar round an axis parallel to the direction in

vhich the light is coming we can find a position for it such

U 2
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that
. only one ray is transmitted through, then we infer

that the light is plane polarised, and the plane of polarisation

coincides with that of this light in the spar.

But we learn still more from our two rhombs of spar.

Consider the incident ray o. In the first case, when the

two principal planes are parallel, we got from it a ray o .

This is polarised in the principal plane of the second

crystal, that is, in a plane coincident with that of the

incident light. The ray O E ,
did it exist, would be polarised

in a plane at right angles to that of the incident light, but!

no such ray is produced. Thus we see in this case that light/

polarised in one plane will not produce light polarised in af

perpendicular plane. If we consider what happens when the|

upper rhomb is turned through 90, we arrive at the same

result : O is then quenched, and it would be polarised ini

the principal plane of the second crystal, that is, in a plane^

at right angles to the plane of polarisation of the incidenti

light. Thus in these two cases, we observe that light!

polarised in one plane cannot give rise to light polarised in|

a perpendicular plane, and this we shall find is a general!

law.

Let us now consider what quality there is in which

polarised light can differ from common light. The
colour of a wave depends, we have seen, on the periodic
time of the vibration which constitutes it

;
the intensity is

known if we know the amplitude of that vibration
;
but as

yet we have said nothing about the direction of the vibra-

tion, except that it must be in the wave front. If A B c be

a plane wave front, then at any instant all the particles in

that front are moving exactly alike : they are vibrating in

the same direction and with the same velocity.

But, for all we know, the direction of motion may be

different from instant to instant. A particle P (fig. 128) may
at one moment be vibrating in the straight line P P', and of

course at that moment all the particles in the plane are mov-

ing parallel to P P', but the next moment this direction may
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ave changed instead of P P', P P" may be the path of the

article P, and those of all the other particles will then be

arallel to P P".

It is not even necessary for our previous work that the

Daths of the particles should be straight lines, and, -in fact,

/e can show without much difficulty that in the
s most

eneral case consistent with the nature of the vibration con-

idered, each particle will describe a small ellipse about its

josition of rest as centre, and that the eccentricity of this

llipse, and the position of its axes, will continually be

:hanging.

Thus all the particles in the front ABC are any moment

.escribing equal ellipses, but these ellipses are continually

arying both in shape and position. The particles in a

leighbouring front are all describing ellipses equal to one

nother, but differing from those in the front ABC.
All then that we can say of the vibrations in a ray of

ommon light is that they are in the wave front, and that if

he light be homogeneous, each particle of ether is moving
it any moment in an ellipse, which is ever varying in shape
ind position. Let us now suppose that in a plane polarised

ay each particle of ether moves in a straight line, and that

he direction of this straight line is the same at all points of

he ray, and let us further assume that this direction of

vibration is at right angles to the plane of polarisation, and

mdeavour to see how these additional hypotheses will

Enable us to explain the facts before us.

We may illustrate the difference between a plane polar-

ised wave and a wave of common light by refeiring to the

ube filled with sand, used in the first Chapter to explain

A-ave-motion. A slightly elastic tube, A B, was supposed to

3e suspended vertically from A, and an observer, grasping it

it B, and slightly stretching it, moves his hand backwards

ind forwards periodically. Waves are thus propagated

ilong the tube. Let us suppose that B is moved backwards

ind forwards in a straight line perpendicular to the plane
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of the paper. Then all other points in the tube will move

in lines parallel to this and at right angles, therefore, to the

paper. The wave which runs up the tube will be plane

polarised, and the plane of the paper will be that of polar-

isation. If, however, we suppose that the end of the tube

is made to describe a small ellipse about B, in a plane at

right angles to its length, and that the eccentricity and posi-

tion of the axes of this ellipse are varied in any manner

subject to one condition determining the intensity of the

wave-motion, then all the other particles will describe

ellipses with varying axes in planes at right angles to A B,

and the wave will correspond to one of common light.

In addition to the above two, we shall make the third

assumption that the optical difference between a crystal such

as Iceland spar and an isotropic medium such as air or

water, lies in the fact that if

a wave be travelling through
the isotropic medium, it is

possible, consistently with

the propagation of the wave,

for the ether particles . to

vibrate in any direction in

its front, while if the medium

through which the wave be

travelling be a crystal, for

each position of the wave-

front there are two, and only

two, possible directions of

vibration, and these are the same for all parallel wave-fronts.

Thus, if A p B, A' p' B'
(fig. 129) be two parallel wave-fronts in

air, particles of ether p and p' in A p B and A' p' B' respectively

may each be vibrating in any direction whatever, but if the
medium be crystalline, p can only move in one or other
of two definite directions P A, p B, which are at right angles
to each other, while p' must move in one or other of the
two directions, p' A

,
p B parallel to P A and p B respec-
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ively ;
if p moves along p A, p' must move along p' A'.

Thus a ray of light traversing a crystal must be plane polar-
ised. These directions, PA and P B, depend on the posi-
ion of the wave-front with reference to the axis of the

crystal, and lie respectively in and at right angles to the

principal plane of the wave-front

When, then, a ray of common light falls on a crystal of

[celand spar, our hypothesis leads us to suppose that the

vibration in the incident ray is resolved by the spar into two.

One of these is at right angles to the principal plane and
)roduces the ordinary ray ;

the other is in the principal plane
ind gives rise to the extraordinary ray. Now we know that

-he refraction of light at the bounding surface of any two

ransparent media depends on the fact that the velocity of

he light is different in the two media, and since the ordinary
ind extraordinary rays are diffeiently refracted, we infer

hat they traverse the crystal with different velocities. Again,
;he ordinary ray is refracted according to the law of sines

discovered by Snell, and this law has been deduced from

the undulatory theory on the assumption that the second

medium was one like air or water in which light travelled at

:he same rate in all directions. Thus we see that the velocity

of the light in the ordinary ray is the same whatever be the

direction in which it traverses the crystal.

The extraordinary ray, however, does not obey the law

of sines, and, therefore, the velocity for that ray is not the

;ame for all directions of propagation. An incident ray A B

jives rise to two refracted rays B o and B E, a second ray
A' B' incident in a different direction produces two refracted

rays B' o', B' E'. The velocities in the two ordinary rays B o,

B' o', are the same. Those in the two extraordinary rays

B E, B' E', are different.

When the two rays o and E fall on a second rhomb
the crystal, each is in general resolved by it into two rays

with vibrations in the directions for light falling at that angle
on the rhombic face. If the incident vibration be already
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in one of these two directions there is no need for resolution

to take place; this will happen when the principal planes of the

two rhombs are parallel or perpendicular. In the first case

o will be vibrating at right angles to the principal plane of

the second crystal, and will pass through it as an ordinary

ray o
,
there will be no OE,

while E will be vibrating in the

principal plane and will traverse the second rhomb as an

extraordinary ray EE. If the principal planes are at right

angles in the two rhombs o becomes O E,
an extraordinary

ray, while E gives rise to the ordinary ray EO. According to

our third assumption refraction through a crystal will give

rise to waves in which the direction of vibration is fixed when

we know the direction in which the wave traverses our crystal.

This fixity of direction constitutes a difference between such

a wave and common light, and enables us to explain the

phenomena which occur when the wave is again refracted by
the second rhomb.

The first hypothesis then follows as a consequence of

the third, though we have not shown that this is the only

difference between plane polarised and common light.

The light which emerges from the crystal is distinguished

from common light by the fact that the direction of vibra-

tion remains fixed. Each ether particle disturbed by the

wave vibrates in a straight line, and these straight lines are

all parallel. In this case, at any rate, our plane polarised

ray has the properties assumed for it in our first hypothesis.

Let us now consider what grounds we have on which to

base our third assumption, which supposes that for each wave

front within a crystal there are two, and only two, possible

directions of vibration in that front consistent with the pro-

pagation of the wave. For this purpose we must consider

the difference between an isotropic body such as glass or

water, and a crystal such as Iceland spar or aragonite. If we
start from a point o in the centre of a mass of water which
is uniform in temperature, all the properties of the water are

the same in whatever direction we travel. Take any two lines
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) P and o P' meeting at o, then light would travel at the

same rate along o P and o P'. So, too, would sound and

:lectricity, and if we were to apply heat at o, so as to cause

mr body to expand, the expansion would take place at the

;ame rate in all directions. All the physical properties of

;he body are the same whatever be the direction. But with

crystal this is not the case. If o P, o P', be two lines drawn

rom a point o, light we find travels at a different rate along

DP and o P'
1

,
so too does sound; and if o become a source

of heat, the linear expansion produced in the body is dif-

erent in the two directions o P and o P'.

The same, too, is true of compression. If I cut a sphere

of glass and subject it to a uniform pressure over the whole

jurface, it will remain a sphere ; but a sphere of crystal

changes its shape under the same circumstances. The

elasticity of glass is the same in every direction, that ot

the crystal depends upon the direction considered. There

.s one point of importance, however, in which glass and

crystal media resemble each other. If o
t
be a second

point of the medium the properties round o, are identical

with those round o for both glass and crystal. If we
draw Q! P! parallel to o P, light, heat, and sound each

:ravel respectively at the same rate along o P and Oj PJ. If

I cut out small equal cubes of the media about o and o,

in such a way that each edge of one is parallel to an edge of

:he other, I can interchange these cubes, still keeping the

corresponding edges parallel, without altering the general

properties of the medium in the least. Both media are

homogeneous. In glass or water, it is true, I can do more.

I can turn the cubes round into any other position, there is

no need to keep corresponding edges parallel. Now it

follows from this that if a particle of glass or water, or any

isotropic substance be displaced from its position of rest

through a given distance, the force of restitution which

tends to bring it back is the same whatever be the direction

in which the displacement is made
; but if the medium be a
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crystal this is no longer true. The force produced by a

given displacement depends on the direction of that displace-

ment. I displace a particle for a given small distance along

o P. The elasticity of the medium produces a certain force

of restitution. If the displacement had been made along

o P' the force of restitution would have been different. In

neither case probably would the forces have acted along o P

or OP', but in directions related to them in a certain

definite manner. In any crystal, however, we can show that

there are three fixed directions at right angles such that the

force of restitution produced by a displacement in either of

these directions is parallel to the displacement. These three

directions are called the axes of the crystal. If a particle of

the crystal be displaced parallel to one of these axes, the

force produced by the displacement will also be parallel to

the axis and will tend to pull the particle back into its

original position. If the impressed displacement had been

in any direction which does not coincide with an axis, the

force of restitution would not have been parallel to the dis-

placement, but would have tended to pull the particle in a

direction inclined to that of the displacement.
Let us now assume that the connection between matter

and the ether is such that in a crystal the ether is crystalline

in structure, so that its elasticity is different in different

directions
;
and consider a wave of light traversing the crystal.

We will take the most general form in which neither of the

two refracted waves obeys the ordinary law, and suppose
that the ether has crystalline axes parallel to those of the

crystal.

In the first case, when the displacement of the ether is

parallel to an axis, each particle can continue to vibrate

parallel to that axis.

This second case we shall have to consider further.

Let us suppose the plane of the paper represents a wave
front traversing our crystal, and that all the ether particles in

it are displaced a distance o P (fig 130) in that plane. The
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FIG. 130.

iirection of the force of restitution will be the same for each

Darticle, but it will be along o Q some line not in the plane
>f the paper. This force can be resolved into two, one

tlong o Y in the plane of the paper, the other perpendicular

o that plane.

Suppose we consider the effect of the force along o Y

mly, assuming that that perpendicular to the plane of the

rave cannot affect the motion which constitutes light, Our

isplacement is along o P, and

tie force along o Y
;

this force,

; is clear, will not tend to pull

back to o and so set the

nedium into a state of regular

ibration, for o Y and o P do

tot coincide. It can be shown,

icwever, that if, as supposed,

re do neglect the effect of the

orce perpendicular to the paper,

here are two directions o A and

)B at right angles such that if

hie displacement take place along either of these the force

f restitution is in the same direction.

If the particle be displaced along OA it will, therefore,

ontinue to vibrate along o A, and if it be displaced along

it will continue to vibrate along o B. Moreover, we can

how that the waves set up by these vibrations will traverse

le crystal with different velocities. A displacement such

SOP incident on the crystal cannot traverse it, but is re-

olved into two along o A and o B, which travel at different

ates.

Let us suppose that the forces of restitution produced by a

Displacement of length / along each of the axes respectively

re a*p, ftp, and <r
2
/, and construct an ellipsoid with its centre

n the wave-front, and its axes equal to -

1

, ~,
-

respectively,

n the direction of the crystallographic axis.
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The wave-front we have been considering will cut this

ellipsoid in an ellipse, and the possible directions of vibra-

tion in this front can be shown to be the axes of this ellipse.

Moreover, if o A, o B be these axes, the velocity of propaga-
tion of a wave in which the displacement is along o A will

be i /o A, while for a wave in which the vibrations are parallel

to o B the velocity will be i /o B. These propositions were

proved by Fresnel and form the basis of his theory of double

refraction. We must remember that they are only true on

the assumption that we may neglect altogether the effect of

the force normal to the wave.

FIG. 131.

Thus we see that any given disturbance falling on the

crystal breaks up into two, polarised in different planes,

travelling with different velocities, and therefore refracted

according to different laws.

Let us turn now to consider the refraction of an incident

plane wave on the undulatory theory. We have already proved
a construction which will give us the position of the refracted

wave. Let the plane of the paper be the plane of incidence,
A B

(fig. 131) the trace of the incident wave, AC the trace of
the face of incidence. Draw B c perpendicular to A B and let

/ be the time which it will take the disturbance to travel irom
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B to c. With A as centre describe in the second medium the

wave surface p
t QJ of that medium for a time /. Draw a plane

through c perpendicular to the plane of incidence to touch

that surface ; this plane is the refracted wave. This con-

struction is, as we have seen, perfectly general, but there

arises the question : In the case of a crystal what is the

brm of the wave surface ? A disturbance is originated at A

.n the second medium and spreads outwards. The wave

surface for the time t is the locus of the points which the

disturbance has reached in the time. For an isotropic

medium this surface is a sphere, and if v be the velocity of

:he light in the medium the radius of the sphere is v t. But

n a crystal any incident vibration splits into two, which

ravel with different velocities. If we draw any line A p in

:he second medium and enquire what point along A p the

disturbance has reached, we find that there are two, P b P 2 ,

:orresponding to the two velocities possible for a wave

ravelling in the direction A p. If we take any other line

p' we get two other points P/, P 2',
and the wave surface is

he locus of all these points ;
it is' a surface with two separate

iheets or portions, and the intersection of this surface by the

)lane of the paper will be two separate curves P, P,', P 2 P2'-

The exact form of the surface requires mathematical analysis

or its determination ; we may, however, state some of the

esults.

Let o A, o B, o c (fig. 132) be the three axes ofthe crystal,

md in o A take two points P, P', such that o P =
,
o P' = c.

in o B two points Q, Q', such that o Q = c, o Q' = a. In o c two

joints R, R', such that o R = a, o R' = b. Suppose #, ,
c are

n descending order of magnitude. Join R' p by a circle of

radius b, P'Q by a circle of radius
<:,
and Q' R by a circle of

radius a in the planes A o c, A o B, and B o c respectively,

and in these same planes draw ellipses R P', P Q', and Q R',

with their axes along o A, OB, o c.

Then on FresneFs theory these circles and ellipses re-

present the sections of the wave surface by these planes,
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which are known as the principal planes of the crystal. The

circle and ellipse in the plane A o c will intersect, let x be

one of the points in which they cut, then the two sheets of

the wave surface meet in x. If we suppose the curve R' x p'

to move round o R' so that P' always remains on the ellipse

p' Q, while the curve alters in form as it turns according to a

certain definite law, until at last it coincides with R' Q, then

this moving curve will trace out the inner sheet of the wave

surface, and if R x P move round the same axis o R, P always

FIG. 132.

remaining on the ellipse P Q', while the curve changes until

at length it coincides with R Q', the surface thus traced will

be the outer sheet of the wave surface. Any disturbance

originated at o will at once split up into two
;
after a time t

one of these will be spread over the inner sheet, the other

over the outer sheet of the wave surface. These two sheets

meet at x and at three other points symmetrical with x in

the plane A o C. Suppose we consider a wave-front travelling

in the crystal in a given direction. At time / it will be a

tangent to this wave surface, and since we can draw two
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parallel tangent planes, one to each sheet, there are two

possible positions for the front and two possible velocities.

It may happen, however, that these two parallel wave-fronts

coincide. The circle and ellipse in the plane A o c have a

common tangent line, and a plane through this line perpen-

dicular to A o c touches the surface, and is therefore a

possible position for the wave-front. If the wave normal

in the crystal be perpendicular to this plane, there is only
one wave and one velocity of wave propagation. The
direction of the wave normal for which this is the case is

said to be an optic axis of the crystal. The optic axis is a

ine such that all waves normal to it traverse the crystal with

the same wave velocity. We may therefore call it the axis

of single wave velocity. For this direction of wave normal

there is only one wave, for any other there are two. In the

igure, if M N touch both the circle R' P and the ellipse R p'

n M and N respectively, o M is an optic axis, and if o M' be

drawn on the other side of o c, so that the angle M' o c may
be equal to c o M, o M' is an optic axis also. The crystal

has two optic axes and is said to be biaxal. We must dis-

tinguish carefully between the optic axes and the principal

axes of the crystal Of these latter there are three denned

by the property that a displacement parallel to either of

them produces a force in that same direction. The forces

produced by unit displacement in directions o A, OB, o c

are a-,
2

,
P respectively ; a, b, c are also the velocities with

hich waves of displacements in these three directions re-

spectively traverse the medium. In the figure a, b, c are

the radii of the three circles in planes perpendicular to o A-,

o B, and o c.

The foregoing is an outline of Fresnel's theory of double

refraction. As we shall see afterwards, the form of the wave

surface to which it leads represents with a remarkable degree

of exactness the direct consequences of experiment. The

basis on which the theory rests is, however, dynamically un-

sound, for if we consider the effect of the force of restitution
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FIG. 133.

fil

normal to the wave-front produced when a particle of ether

is disturbed, we are led to the conclusion that it must exer-

cise very considerable influence on the result, and ought

by no means to be neglected. There are, moreover, other

objections to the theory which can hardly be fully dis-

cussed here.

We shall, however, treat it as the result of experiment

that the form of the wave surface in a biaxal crystal is

Fresnel's surface, and that the laws arrived at by his theory

connecting the velocity with directions of displacement and

wave propagation are true. The laws are simply these. Let

a, ,
c be the wave velocities for displacements at right angles

to the crystallographic axes. Con-

struct an ellipsoid with its axes

equal to i /a, i /&, i /c, in these di-

rections. Any wave-front through

the centre of this ellipsoid will

cut it in an ellipse, draw the two

axes of this ellipse. Then the

directions of vibration in the wave

are along these two axes, and the

velocity with which a wave of

displacement parallel to either

axis travels through the medium is equal to the reciprocal

of that axis. In the figure (fig. 133) P o Q is the central

section of the ellipsoid by the plane of the wave, OP, OQ
are the axes of the section, o N is the normal to the wave.

The ether particles in the wave can vibrate along o P or o Q,

and the wave travels along o N, always remaining parallel to

itself. If the displacement be along o P the velocity of pro-

pagation is i /OP, if the displacement be along o Q, the

velocity is i /o Q.

In the first case, according to Fresnel, the plane Q o N,

which is perpendicular to o P, is the plane of polarisation,

while, when the displacement is along o Q, P o N is the plane
of polarisation. The velocity for a given displacement
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iepends on the axis of the ellipse in the direction of the

displacement A similar construction has been arrived at

3y somewhat different reasoning for the form of the wave
urface by Neumann and MacCullagh, but on their theory
:he velocity of propagation is measured by the reciprocal of

:hat axis of the ellipsoid which is perpendicular to the dis-

placement. For a displacement along OP the velocity is

t /o Q, and vice versa. The plane of polarisation on both

heories is perpendicular to the axis of the ellipse which

letermines
'

the velocity, but with them the direction of

dbration lies in the plane of polarisation, while with Fresnel

he two are at right angles.

In each principal plane the section of the wave surface

s an ellipse and a circle. The circle whose radius is b, the

nean velocity, must cut the ellipse whose axes are a and c,

he greatest and least. The two lines through the centre

.t right angles to the common tangent lines are the optic

.xes. If 2 6 be the angle between them we can show that

an2^ = (a
2 - P) I (b*

-
c^. If then we know a, b, and c, the

elocities along the crystallographic axes, we can find 2 0, the

ngle between the optic axes, a, b and c are called the

rincipal velocities.

Suppose now that, knowing the position of the wave-

ont at a given epoch, we wish to find it after a time /. We
ave to describe the wave surface for time t corresponding

all points on one wave-front, then as we have seen, the

nvelope of these wave surfaces will be the new wave-front,

nd this envelope will be a plane touching all the wave sur-

aces and parallel to the original wave-front.

Let this plane touch in M
(fig. 134) a wave surface whose

entre is o, and join o M. Then, as before, the part of the ori-

inal wave to which the disturbance at M is due is that just

bund o. If we place an obstacle at o so as to block out a

art of our original wave, there will be darkness at M. The
nadow of the obstacle will be thrown on the new wave-front

t M
;
o M is the direction in which the ray from o travels. In

x
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the cases already considered when the medium is isotropic and

the wave surfaces spheres o M is perpendicular to the wave-

front, the directions of the ray and the wave normal coincide.

For a crystalline medium this is not the case. Suppose the

wave-front to be perpendicular to the paper and to cut it in

A B. Let A K B, c L D be the traces of the section of the wave

surface whose centre is o by the plane of the paper. Two

planes can be drawn parallel to the original wave, each

touching one sheet ofthe wave surface, and ifM N be the points

FIG. 134.

of contact, o M and o N are the directions of the rays within

the crystal which correspond to the given wave front A B.

In general M and N will not be in the plane of the paper, and

the ray will be inclined to the wave normal. The wave
normal at o is at right angles to the wave-front, the ray is the

line joining o to the point in which the wave surface centre

o is touched by a plane parallel to A B. The effective portions
of the disturbance at o travel along the rays o M, o N. The
wave travels parallel to itself along the wave normal. The

velocity of wave propagation is the rate at which the wave
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ront moves, thus if/ be the perpendicular distance oo'
>etween the two wave-fronts A B and A' B', and / the time

or which the wave surface has been drawn, the ratio p\t
neasures the wave velocity. It is this wave velocity which
5 given by Fresnel's construction.

The ray velocity in a crystal is different
; it is the rate

t which the disturbance travels along the ray o M and will

e measured by the ratio o M
//.

If we draw a line o P Q

utting the surface in P and Q, and draw tangent planes at
1 and Q, o P is the ray corresponding to the plane touching
tie surface at P, while o Q is the ray for a plane touching at Q.

?here are two ray velocities in the direction o P Q, one

or each of these waves. If, however, o P Q is in the direc-

ion ox (fig. 132), so that P and Q coincide at x, the two

ay velocities become the same ; o x is the axis of single

ay-velocity ;
o x' is also an axis of single ray-velocity. We

nust distinguish between these axes and the optic axes, or

ixes of single wave-velocity. The axes of single ray-velocity

oin the centre of the surface to the points of intersection

)f the two sheets ; the optic axes are perpendicular to the

.ommon tangent lines of the elliptic and circular sections in

he plane A o c. The wave-velocity is the same along the

>ptic axes
;

the ray velocity is the same along the axes of

ingle ray velocity for all waves. In fig. 132, OM is an

>ptic axis, o x an axis of single ray-velocity.

The above account of Fresnel's theory is general ; let

is turn now to the case of crystals, in which one ray is

efracted according to the ordinary law. Of these, Iceland

par may be taken as the type. In general, we have three

>rincipal axes in a crystal and three principal wave velocities,

i, b, c. Let us consider the modification which takes place

vhen two of these wave-velocities, a and b suppose, became

jqual. The wave-surface changes its shape.

R and R'
(fig. 135) coincide, and OP becomes equal to

E>Q', so that the ellipses PQ : PR' become circles of radius

i or b
;
and the two ellipses R P' and R' Q become equal ;

x 2
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-FiG. 135.

Q.

and x the intersection of the ellipse R P' and the circle

R' P coincides with R and R'; the two optic axes have also

closed up together and coincide with o c. The crystal is

no longer biaxal, but uniaxal, and o c is its optic axis. One

sheet of the wave surface has its three principal axes, o x,

o P and o Q' (fig. 135), each equal to #, and can be proved to

be a sphere. The other sheet

has for its principal sections a

circle P' Q, and two equal ellipses

x Q and x p'.

We may show that it is a

spheroid, and that o x is its axis.

In a uniaxal crystal, then, the

form of the wave surface is a

sphere and a spheroid. The

optic axis is the axis of revolu-

tion of the spheroid, and the

two sheets touch at the point

where they are cut by the optic axis. The sections of the

wave surface by a central plane at right angles to the optic

axis are two circles of radii a and c. Any two lines in

this section at right angles to each other may be treated as

axes of the crystal, and any section through the optic axis

will be a principal section. In the figure, a is supposed tc

be greater than c, and the spheroid is prolate, that is tc

say, it is generated by the revolution of an ellipse about its

major axis.

In Iceland spar the radius a of the spherical sheet is

less than c, and the spheroid is oblate, being generated bji

the revolution of an ellipse axes, a and c, about its minoi

axis a. The spheroidal sheet lies outside the spherical,

while the optic axis coincides in position with the line

already defined as the axis of the crystal.

Any central section of the wave surface will be a circle

of radius a, and an ellipse lying outside the circle. If the

section be a principal one, that is, if it contain the optic
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jcis, the circle and the ellipse touch. If it be at right

ngles to the optic axis, the ellipse becomes a circle of

adius c.

Let us consider a wave refracted obliquely at the surface

f a piece of uniaxal crystal Let the plane of the paper be

tie plane of incidence
;
AC (fig. 136) the trace of the face

f incidence
;
A B that of the incident wave, which is at right

ngles to the plane of the paper.

Let D E F be the trace on the plane of the paper of the

pherical sheet of the wave surface, centre A, G H K that of

FIG. 136.

ie spheroidal, t being the time for which this surface is

rawn. Let B c be perpendicular to the incident wave, and

uppose / is also the time taken by the displacement at B to

each c.

The refracted waves touch the two sheets, DBF, G H K,

Te perpendicular to the paper, and pass through c. The
oint of contact of one refracted wave with the spherical

leet, whose section is D E F, will be the point in which a

angent from c to the circle DBF meets the circle, let it be

c E is the trace of one refracted wave. The point of
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contact of the second refracted wave and the spheroida

sheet, section G H K, will in general not be in the plane of

the paper, and if c M be the trace on that plane of the

second refracted wave, c M does not touch the ellipse GH K,

but a plane through c M, perpendicular to the paper does

touch the spheroid, of which G H K is a section.

The line A E is the direction of one of the refracted

rays ;
the other is the line joining A to the point of contac

of the plane through c M and the spheroidal sheet. Dra\

A M perpendicular to c M. Then A E and A M are perpen

dicular to the refracted waves. They are the refracte<

wave normals.

For the one wave c E, the directions of the ray and c

the wave normal coincide. For the other they are different

We shall show that c E is refracted according to th

ordinary law of sines, it is the ordinary wave
;

c M
the extraordinary wave. For let

<f>
be the .angle betwee

the incident wave A B and the face of incidence
^>', 0" th

angles between the ordinary and extraordinary refractec

waves and the same face.

Then BC A =
</>,

E c A = 0', MCA = fy".

Let v be the velocity of light in air, v', v" the wave

velocities in the ordinary and extraordinary waves.

Then we have B c = v /, AE = vY, A M = v"t
;

Also sin
</>

: sin
<p'
= c B : A E = v : v'

;

and sin ^ : sin $" = c B : A M = v : v",

but A E is a radius of the spherical sheet of the wav

surface for time /, and is, therefore, the same for all posi-

tions of the ordinary refracted wave
;
and this radius is

equal to a t. Thus v' = #, and is therefore constant. Thus
for the ordinary wave, sin<p/sin 0'

=
v/tf, a constant

;
or the

ordinary wave obeys the law of sines.

For the extraordinary wave, we have sin />/sin $" = v/v",
and v" depends on the direction of the extraordinary wave

normal. The extraordinary wave touches the spheroidal
sheet of the surface, and if p be the length of the perpen-
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dicular from A on this tangent plane to the spheroid, then

v'' = p\t. Analytical geometry enables us to determine the

value of / in terms of the position of the wave-front with

reference to the optic axes and the principal velocities. Thus
for this wave the ratio sin </sin <j>"

is not constant.

One or two special cases of refraction at the surface of

a uniaxal crystal require separate notice. Suppose the axis

of the crystal lies in the plane of incidence so that this

plane is a principal plane of the crystal. Let A x
(fig. 137)

be the direction of the axis
;
then the spheroidal and sphe-

rical sheets of the wave surface touch at x, and the section

of the spheroidal sheet, being a principal section, is an

ellipse with axes, a and c, along and perpendicular to A x.

The point of contact of the extraordinary wave c M with the

spheroidal sheet lies in the plane of the paper ; let it be P,

then A P is the extraordinary refracted ray.

For one position of the incident wave, P and E coincide

with x ; the tangent planes to the two sheets are the same,

and touch them at x ;
there is one refracted wave and one

refracted ray coinciding with the axis AX. If light be in-

cident on a piece of the crystal so that the refracted ray

coincides with the optic axis, the crystal is for that angle of

incidence singly refracting. We have said already that in

Iceland spar the optic axis is equally inclined to those three

|
edges which meet in three obtuse angles. If, then, we

i polish a face on a crystal of the spar so that light can traverse
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the crystal in that direction, we get only one refracted ray.

If, for example, we cut off the obtuse angles by planes at

right angles to the optic axis, and, polishing these two arti-

ficial parallel faces, look through them normally at a dot or

pinhole, we only see one image.

We may consider one other special case of refraction.

Let the optic axis of the crystal be perpendicular to the

plane of incidence. The section of the wave surface by the

principal plane will then be two circles of radii, a t and c f.

The point of contact of the extraordinary wave with the

spheroidal sheet will lie on the circle G H K
(fig. 138) ;

let it be

p. Then since G H K is a circle of radius c and centre A, and

c P touches it, c P A is a right angle. A P, the extraordinary

ray, coincides with the extraordinary wave normal. Also

A P = ct. Thus sin ^/sin <j>"
= BC/A P = v/r, which is con-

stant for all angles of incidence in this plane. Thus if the

FlG- 138 plane of incidence be at right

K F A. D G c angles to the optic axis, the

extraordinary wave also obeys
the law of sines, c is the velo-

city of the extraordinary wave

when it is travelling at right

angles to the optic axis
; v/r is known as the extraordinary

refractive index for light of the wave-length considered
; vja

is the ordinary refracdve index. The fact that the extra-

ordinary wave surface in Iceland spar is a spheroid was

stated and experimentally proved by Huyghens in his

'Traitede Lumiere,' published in 1690, 130 years before

the time of Fresnel. And we make this the basis of our

explanations of the phenomena of double refraction in Ice-

land spar quite independently of Fresnel's theory.

Let us see, however, what the theory has to tell us as to

the directions of the vibrations in the ordinary and extra-

ordinary waves.

These were found by constructing an ellipsoid with

axes i/a, i/, and ijc, and considering the central section
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FIG. 139.

of this ellipsoid by the wave-front. For a uniaxal crystal
a = b, so that our ellipsoid becomes a spheroid with axes

Ja and i \c.

Moreover, the axis i \c coincides with the optic axis of

the crystal, which is, therefore, the axis of revolution of the

ipheroid. The ellipsoid of elasticity, as it is called, is, in

this case then, a spheroid of revolution about the optic
axis of the crystal.

Let P o Q (fig. 139) be the central section of this spheroid

by the wave-front, and let a plane through the optic axis per-

pendicular to the wave cut it

n o P. Draw o Q also in the

wave-front perpendicular to o P.

o P and o Q are clearly the axes

of the elliptic section of the

spheroid made by the wave-

ront. They are, therefore, the

directions of vibration
;
and the

velocities of wave propagation
or these directions respectively
are I/OP and I/OQ. But the

planes COP and P o Q are at right angles, and o Q is at

right angles to o P
; therefore o Q is at right angles to o c.

Now the section of our spheroid by a central plane at right

angles to o c is a circle of radius i /a. Hence o Q is equal
to i /a, and the velocity of wave propagation for vibrations

parallel to o Q is a. Again, c o P is the principal plane of

the wave-front Hence a disturbance in which the vibra-

tions are at right angles to the principal plane passes

through with the velocity a, which is the same for all posi-

tions of the wave-front. Light polarised in the principal

plane, therefore, travels at the same rate in any direction in

the crystal.

The ordinary wave, therefore, consists of light polarised

in the principal plane, the vibrations in which are at right

angles to the optic axis, and travels at the same rate in all
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directions. This is what we should naturally expect if we

assume with Fresnel that the velocity depends on the

elasticity of the ether in the direction of vibration, for from

symmetry it follows that the ether is equally elastic m all

directions perpendicular to the optic axis, and therefore

that the velocity of propagation for all waves in which the

vibrations are at right angles to the axis will be the same.

Turning now to the extraordinary ray, in which the

vibration is along OP, that is, in the principal plane, the

wave normal o N will lie in the plane P o c, and this plane

will cut the spheroid of elasticity in an ellipse with axes i \c

and 1
1
a along, and perpendicular to, the optic axis

;
o N

will be one radius vector of this ellipse, and o P another at

right angles to it. To find, then, the velocity of the extra-

ordinary wave, draw in the principal plane an ellipse axes

i \c and i \a along, and perpendicular to, the optic axis re-

spectively, and take the radius vector of this ellipse which

is at right angles to the wave normal. The reciprocal of

this radius vector is the velocity required.

The optical effects then produced by a crystal on light

can be calculated if we know the position of the wave-front

with reference to the principal axes and the values of the

principal velocities. The principal axes, we assume, co-

incide with the crystallographic axes of our medium, and

are known from its torm. If we have an artificial face cut

on a crystal, we can determine by means of the goniometer
the position of this face with reference to two of the faces

of the crystal, and hence can deduce, by the aid of some

spherical triangles, its position with reference to the axesj

To find the values of one of the principal velocities, a

suppose, in the case of a biaxal crystal we cut a prism
from the crystal, with its edge parallel to the axis o A, and

pass a ray of homogeneous light through the prism in a

plane at right angles to the edge.
The section of the wave surface by this plane is a prin-

cipal section, and consists of an ellipse axes b and c along
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the principal axes, and a circle of radius a. One ray, then,

is ordinarily refracted obeying the law of sines, and the

refractive index for this ray may be found as for an isotropic

medium by turning the prism round an axis parallel to its

edge until the deviation is a minimum, and observing it
;

then if D be this minimum deviation, i the angle of the

prism, and v the velocity of light in air, we have seen, that

the refractive index is sin ^-i-- /sin .. But the refractive
2 / 2

index is via. Therefore a = v. sin - /sin^-^*.
2/ 2

To make sure which ray is ordinarily refracted, observe

the minimum deviation D, and D 2 for each wave separately,

and at the same time measure the angles of incidence ^, and

</> 2 . Then for a wave obeying the ordinary law we have 2
<^>

= D + /, being the angle of incidence, D the correspond-

ing minimum deviation. If, then, 2
(f> l
= DJ + /, we know

that the wave to which D, and
t belong is the ordinary

wave. If this equation does not hold, we shall have 2^> 2

= D 2 + z, and ^>2
and i>2 belong to the ordinary wave. One

of these equations must hold ;
it is just possible that they

may both be found true ; this would be the case if the axes

of the crystal in the principal plane of the prism were

parallel to the bisectors of the angle of the prism, and then

the expression v sin - /sin D2 *

will give the value of

either b or c. To determine these directly it is simplest to

obtain when possible two more prisms of the crystal with

their edges parallel to the other two crystallographic axes,

and proceed in the same manner.

For a uniaxal crystal, one prism with its edge parallel

to the optic axis is sufficient to give us both a and c
;

for

in that case, since the axis of the prism is at right angles to

the plane of incidence both waves will be refracted accord-

ing to the ordinary law, and if D
I?
D 2 are the minimum

deviations observed, we shall have
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The values of a, b, and c depend, of course, on the

nature of the light used, being different for different colours.

They are found also to differ slightly in different specimens
of the same substance.

The ratios v/a, v/, and v/c, are the principal refractive

indices of the medium.

The following tables give their values for aragonite and

topaz as determined by Rudberg for the principal Frauon-

hofer lines.

Aragonite.

Rudberg and Mascart have observed the values ofvja
and v/t for Iceland spar and quartz, two uniaxal crystals ;

v/a is the ordinary refractive index, v]c is the extraordinary.
The table gives Rudberg's values.
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317

On looking at this table we observe that the difference

between the values of the two indices for any given ray is

greater in the spar than in quartz. The separation, therefore,

of the emergent rays is greater in the spar.

Moreover, the refractive index of spar for the ordinary

ray is greater than that for the extraordinary. Thus in spar

the velocity of the ordinary wave is less than that of the

extraordinary. The spherical sheet of the wave surface lies

inside the spheroidal. Iceland spar is in consequence called

a negative crystal. In quartz, on the contrary, the spherical

sheet is the exterior, the ordinary wave travels more quickly

than the extraordinary; and quartz is called a positive crystal.

Among other positive uniaxal crystals may be named zircon,

titanite, boracite, apophyllite, and ice, while the list of nega-

tive uniaxal crystals contains besides Iceland spar, tourma-

line, rubellite, corundum, sapphire, ruby, emerald, beryl,

apatite, and others.

In most biaxal crystals it is found that two of the princi-

pal indices are nearly equal, and differ, it may be consider-

ably, from the third. One sheet of the wave surface, there-

fore, is much more nearly spherical than the other. If this

sheet is the outer, the crystal is positive ;
if it be the inner,

the crystal is negative.

Thus in aragonite v/6 and vfc are nearly equal to one
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another and considerably greater than v/a, so that b and c

are less than a, and it is the inner sheet of the wave surface

which is most nearly spherical; aragonite, therefore, is a

negative crystal. In topaz, the difference between a and b

is less than that between b and c, and a and b are greater

than c. The outer sheet, then, is most nearly spherical and

topaz is a positive crystal.

Other positive biaxal crystals are borax, the sulphates

of baryta, nickel, zinc, ammonia, strontium, potassium, and

calcium, also cyanite and citric acid, while carbonates of

lead, lime (in the form of aragonite), baryta, strontium,

sodium, and ammonia are negative, together with mica,

talc, sugar, felspar, and nitre. Crystallised carbonate of lime

takes the form of Iceland spar (calcite) or aragonite, accord-

ing to its temperature at the time of crystallisation and other

circumstances.

It remains now to consider the experimental facts on
which the forms of the wave surface in crystals really rest.

Huyghens, who first stated the law of extraordinary refrac-

tion, verified his construction only in some special cases.

In 1802, Wollaston made a series of observations on the

angle at which the extraordinary ray was totally reflected at

the inner surface of a piece of Iceland spar, and arrived at

conclusions in accordance with theory. Further measure-
ments were made by Malus and Biot. In Malus' experiments
two scales, A B, A c (fig. 140), were engraved on a plate of
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polished steel, inclined to each other at a small angle and

divided into small equal parts. A plate of the crystal, with

jarallel faces, was laid on the scales, and they were viewed

hrough a telescope mounted on a graduated vertical circle.

Let us suppose that the plate is horizontal.

Two images of each of the scales will be seen let them

t>e a
l>, a c, a 1

b', a' c
; generally a b will cut a' c" as at g', sup-

pose that the axis of the telescope H L (fig. 141) is directed to

iew this point, and let it cut the surface of the crystal in G.

We can determine the position of G with reference to the

scales. Let E, F
(fig. 141) be the points on the scales

which appear to coincide at G.

The divisions of the scales give us at once the lengths
a'g (fig. 141), that is, they give us the positions of

the two points, E and F, on our scales.

Now a ray from E is refracted into the crystal along E G,

and refracted out along G H, while one from F being re-

fracted in along F G emerges also along G H.

If we know the thickness of the crystal our observations-

of the positions of G, E, and F are sufficient to give us the two

angles of refraction, while the angle of incidence is the

angle which the axis of the telescope makes with the ver-

tical, and is given by the graduated circle
;
we have, there-
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fore, 8ufficient data to compare theory and experiment.

Biot's method was a modification of this, using a prism

instead of the plate.

Perhaps the simplest method of proving that one ray in

Iceland spar obeys the ordinary law is that adopted by
Brewster. He took two prisms of spar having the same

refracting angle with their faces differently inclined to the

axis, and placed one vertically above the other, so that

their edges were in the same straight line, and their faces

continuous. They were cemented together in this position,

and their faces repolished so as to ensure exact equality in

the refracting angle.

If we place such a combination on the table of a spec-

troscope, and look at a source of homogeneous light, the

ordinary images of the slit after refraction through the two

portions of the prism are seen, one vertically below the

other, in the same straight line. The extraordinary images,

however, are separated by a considerable interval
;
the image

formed by the upper prism not being vertically above that

formed by the lower. The ordinary rays are refracted in

exactly the same manner by the two portions, and therefore

the refractive index does not depend on the direction in

which the light traverses the crystal.

Until quite recently Fresnel alone had attempted to

verify his theory for biaxal crystals. His experiments con-

sisted in a modification of the fundamental interference

experiment described in Chapter V.

If A and B (fig. 142) be two exactly similar and equal
small sources of light close together, we have seen that inter-

ference fringes are formed on a screen placed so as to receive

the light from these. If p be a point on the screen, p will be

dark if the time taken by the light in travelling from A to P

differs from that occupied in travelling from B to p by an
odd multiple of half a period.

Suppose we place in the path of the pencil A p a thin

plate of glass or other transparent substance, then since
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ght travels at a different rate in glass and air, this produces

shifting of the bands of interference, which depends on

le difference in the times taken by the light to traverse the

ass and an equal thickness of air. By measuring the

istance through which the bands have been shifted and

thickness of the glass, we can calculate the velocity of

le light in the glass.

If, now, we take two pieces of glass of exactly the same

lickness, and place one in the path of each pencil, since

le times taken by light to traverse the pieces are the same

>r both, no shifting of the bands is observed. But, if

nstead of glass, we take two

ieces of crystal, cut in differ-

nt directions from the same

jecimen, and worked so as

> be of exactly the same

lickness, and place one in

le path of each pencil as before, the interference bands

re immediately displaced. Light travels at different rates

irough the two plates, and therefore the difference in

tiase between the two interfering rays at P is no longer the

ame as it was before the insertion of the plates. The

mount through which the bands have been moved depends
n the difference of velocity in the two plates, and that

inference can be calculated from the displacement of the

ands and the thickness of the plates.

But if we know the principal velocities for the crystal

mployed, and also the position of the faces of the plates

ith reference to the axes, we can calculate the velocity in

ach plate, and find the amount of displacement which

ould be produced if Fresnel's theory be true. If this

grees with the amount actually observed, we infer the truth

f our theory within the limits of the errors of our obser-

ations. In Fresnel's experiments the agreement was fairly

.ose, but his measurements were not exact enough to

Y
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decide between his theory and several others, which have

been proposed.
In 1862, Professor Stokes suggested a method for deter-

mining the velocity of wave propagation in different direc-

tions in a crystal. We will give his account of it taken from

the Report of the British Association.

Let the crystal to be examined be cut, unless natural

faces or cleavage planes answer the purpose, so as to have

two planes inclined at an angle suitable for the measure of

refractions, there being at least two natural faces or cleav-

age planes left undestroyed, so as to permit of the exact

measure of the directions of any artificial faces. The prism
thus formed having been mounted as usual (on the table

of a spectrometer), and placed in any azimuth, let the angle

of incidence be measured by observing the light reflected

from the surface, and likewise the deviation for several

standard fixed lines in the spectrum. Each observation

furnishes us with an angle of incidence, and the corre-

sponding angle of emergence, the angle of the prism being

known. For if
<p
be the angle of incidence, D the deviation,

^ the angle of emergence, and i the angle of the prism,

Now if 0', ^' be the angles which the refracted wave normal

makes with the normals to the faces of incidence and emer-

gence, v the velocity of light in air, v the wave velocity in

the crystal, we have seen that it follows from Huyghen's

principle of the superposition of small motions, that

v/# = sin (p/sin ^'

= sin \///
sin ^' in a similar manner.

Hence v sin = v sin 9' .... (i),

v sin
//
= v sin // . .

'

. . (2),

also f + V = i ..... (3).
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\dding and subtracting (i) and (2) we get, remember-

(3),

v cos - sin
2

From this equation we can find
*

,
for

/, <p
and

i/>

re known, but (3) gives us
<j>' + //, and hence we get 0'

nd^'.
Then we can find the ratio v/v from the equation

vjv = sin 0/sin 9';

is the velocity of wave propagation, and v(v we may call

ic refractive index of the medium in the direction of the

ave normal considered.

Hence we can find the velocity of propagation of a

ave, the normal to which lies in a plane perpendicular

the faces of the prism, and makes a known angle with

ese faces, and therefore with the axes of the crystal,

ut Fresnel's construction enables us, if we know the

incipal velocities, to calculate the wave velocity in

ly other direction, and hence to compare theory and

periment.
Professor Stokes has himselt measured by this method

e refractive indices in different directions in Iceland spar,

id compared the results with Huyghen's construction.

Y 2
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The greatest differences between two corresponding values,

one given by theory, the other by experiment, only amount

to "oooi.

The indices observed lie between 1-65850 and 1-48635,

the values of the ordinary and extraordinary refractive in-

dices for the line D, so that Professor Stokes' results indicate

that the differences between Huyghen's theory and experi-

ment in the case of Iceland spar do not amount to more

than i in 15,000.

Within the last few years, I have made two series of ex-

periments by this method, the one on aragonite, the other ;

on Iceland spar. The results are contained in two papers

printed in the '

Philosophical Transactions
'

of the Royal

Society for 1879 and 1880.

The first paper relates to aragonite. Two specimens
were used : one was cut so as to allow me to determine the

wave velocities in the neighbourhood of the optic axes, and|
also in a plane at right angles to that containing the optic i

axes, while with the other the observations extended over
i

almost a quadrant of a section of the wave surface, made by a
j

plane inclined at 60 on to that containing the optic axes,

and passing very nearly through one of the principal axes of

the crystal

In the paper the values of the refractive indices ii

different directions, as given by theory and experiment, ar

tabulated. The agreement between the two is striking, bu

there are differences which appear to follow some regula

law, and which are greater than can easily be accounted fo

by errors of experiment Thus with the first prism, th

greatest difference between theory and experiment is "0005, o

5 in about 15,000, while experiments made at an interval o

several months agreed to about -00005, or 5 in 150,000
With the second piece of the crystal the differences were

greater, amounting to -0009, or 9 in 15,000. These differ

ences, of course, are exceedingly small, and we may say

with certainty that Fresnel's wave surface is an exceedingly
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lose approximation to the truth, while yet it seems pro-
bable that it is only an approximation.

The experiments on Iceland spar were made with the

iew of seeing, if these same small differences could be

bserved, how far they depended on the refrangibility of the

ght used.

The observations, therefore, were made for the three

right lines of hydrogen, c, F, and g, as well as for the

odium flame, which alone was used in the case of the

ragonite. Four prisms were cut from the same block of

par, and the experiments extended over a complete quad-
ant of a section of the wave surface, made by a plane

assing through the optic axis.

The differences observed were exceedingly small
;
in only

:ight out of about sixty measurements recorded for the line

:,
were they as great as -oooi, or about i in 15,000, while

mean difference, irrespective of sign, was -000055, or

ibout 5 in 150,000. For the lines F and g the differences

rere perhaps a little greater, but it is shown that a small

ilteration In the focusing of the observing telescope would

tccount for this.

Huyghen's construction, therefore, for the extraordinary

rave surface, represents its true form to within about i in

0,000.

The experimental discovery of the phenomena of ex-

ernal and internal conical refraction by Lloyd, after they

lad been predicted by Hamilton as a consequence of Fres-

icl's theory, has always been looked upon as a striking

Aerification of that theory. Professor Stokes, however, has

hown that almost any form of wave surface that could arise

rom a theory of undulations traversing a medium, would have

;haracteristics resembling closely those of FresnePs surface

icar the optic axes and would give rise to conical refraction.

We will explain what these phenomena are, and how

hey are to be accounted for.

Let us suppose a ray of light is incident on a plate of a
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biaxal crystal. In general there will be two wave-fronts

in the crystal, which will each touch one sheet of the wave

surface; for one particular angle of incidence, however, these

two fronts coincide, and we have a single wave which

touches both sheets of the wave surface, and in this case the

wave normal coincides with an optic axis. In this position

it is found that, instead of two refracted rays, we have an

infinite number within the crystal, forming a cone with the

point of incidence for its vertex, and on an elliptic base in the

plane of emergence ;
and on emergence these rays form a

hollow cylinder of light. If we look through the crystal in

FIG. 143.

the proper direction at a bright point, instead of seeing two

images, we have a bright ring elliptical in shape. This is

interior conical refraction.

Again, it is found that a ray travelling along the axis of

single ray velocity in the crystal may be refracted on emer-

gence in any of an infinite number of directions, which

form a cone with its vertex at the point of emergence ;
so

that if the incident pencil be a cone of the proper angle,

with its vertex at the point of incidence, and with its axis in

the proper direction, one set of refracted rays in the crystal

will travel along this line, and, on emergence, will form a
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divergent conical pencil. This is called exterior conical

refraction.

The axes of single ray velocity in aragonite are in-

clined to each other at about 18 10'.

Dr. Lloyd took a plate, A B c D (fig. 143), ofthe crystal, with

its faces at right angles to the line bisecting this angle, and
made the rays of the sun converge to a point o on the sur-

face A B by means of a lens placed at the distance of its

own focal length from o. A metallic plate perforated with

a small hole o' was placed on the second surface. For one

position of this hole, he found that the emergent pencil con-

sisted of a hollow cone of rays with o' as vertex, with a

vertical angle of about 3. When this conical pencil was

formed, he found that o o' was parallel to the axis of single

ray velocity in the crystal.

Let M' o' N' in the figure represent this emergent conical

pencil. Corresponding to our emeigent cone M' o' N', we
shall have a cone M o N in the incident pencil, with its ver-

tex at o, of the same angle, and with its axis in the same

direction as that of M' o' N'. Any ray M o of this cone

falling on the crystal at o is doubly refracted ;
one of the

refracted rays travels along o o', the other in some different

direction. The first of these emerges at o' and is refracted

along o' M' parallel to M o, the second is stopped by the

plate ; while o o' is the common direction of refraction for

one of the two rays into which each ray in the incident

cone, M o N, is divided by the crystal. All these rays, and

these only, can emerge at o', and are refracted parallel to

their original directions, forming the conical pencil M' o' N'.

In investigating interior conical refraction the same

plate of crystal was used. The upper surface was covered with

a thin metallic plate pierced with a small hole o (fig. 144).

At a small distance in front of the crystal was another thin

metallic screen, E F, with a second small hole L in it, and

the light of a lamp or of the sun passing through the two

holes, L and o, fell on the crystal in a definite direction at o.
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By moving either plate parallel to itself the angle of in-

cidence could be varied and, in general, two spots of light

were seen on a screen G H, placed to receive the emergent

rays. For one particular angle of incidence a brilliant

annulus of light appeared on the screen. In this position

there was only one refracted
FlG - I44> wave in the crystal, and the

wave normal was parallel to the

optic axis. When the aperture

o in the second plate was ever

so slightly shifted, the pheno-
menon rapidly -changed, re-

C
solving itself into two separate

pencils.

The angle of incidence at

which this ring of light was

formed was 15 40', and the vertical angle of the cone of

rays formed in the crystal was found to be i 50'. Accord-

ing to Fresnel's theory, these angles should have been

15 19' and i 55'.

Let us consider how Fresnel's theory accounts for these

phenomena. The sections of Fresnel's wave surface by the

three principal planes are ellipses and circles. Let us sup-

pose, as before, that the three principal velocities, #, , c, are

in order of magnitude, and consider the section perpen-

dicular to the axis of b the mean axis of elasticity, as it is

called. In this plane the radius of the circle is intermediate

between the axes of the elliptic section, and the two cut in four

points, x, x', Xj, x/ (fig. 145), at the extremities of the axes of

single ray velocity. Any tangent plane to the wave surface

is a possible position for a wave-front in the crystal, and the

radius vector joining the centre of the surface to the point

of contact of the tangent plane is the direction of the ray

corresponding to the wave-front At x two tangent lines

to the surface can be drawn in the plane of the paper, and

through these lines two planes can be drawn touching the
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surface. The same is the case for any section we take

passing through the axis of single ray velocity, so that at the

extremity of such an axis there are an infinite number of

wave-fronts touching the wave surface, and o x is the direc-

tion of the ray within the crystal for each of these fronts.

The shape of the wave surface near the extremity of one of

these axes seen from outside is like the vertex of a hollow

cone looked at from within. There is there a kind of small

pit or crater a conical point, as it is called. Each of the

waves which touch the surface at x is differently refracted

on emergence from the crystal, and the emergent rays form

.a cone.

If, then, we reverse the direction of each of the rays in

this conical pencil, the refracted wave-fronts will all touch

the wave surface at x, and the refracted ray will in each

case coincide with the axis of single ray velocity. On

emergence from the other face of the crystal they will again

form a cone of the same vertical angle, and with its axis in

the same direction as that of the incident cone; W;e have

external conical refraction. An incident hollow cone of

rays gives rise to a single ray in the crystal and to a second

hollow cone on emergence. In Dr. Lloyd's experiment a

solid cone of rays fell on the crystal Among all these, the
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rays which lay on a certain conical surface, M o N (fig. 143),

were incident at such an angle that one of the two refracted

waves produced in the crystal touched the wave surface at

the extremity of an axis of single ray velocity. This axis

was the direction of one of the two refracted rays for each

ray in the hollow cone, M o N. The rays which traversed

the crystal in this direction emerged through the aperture

o' in the second plate ;
all others were stopped, and thus

the emergent pencil was the hollow cone M' o' N' with o' as

its vertex. Each emergent ray is polarised, but the planes

of polarisation of different rays are distinct.

For the phenomena of internal conical refraction we

turn again to the section of the wave surface by a plane

perpendicular to the mean axis of elasticity. The circle

and ellipse in this plane of section have in each quadrant a

common tangent line (fig. 145). LetMN be this tangent

line, M and N being the points of contact with the circle

and ellipse respectively, and the plane of the paper the

plane of section. A plane through M N at right angles to

the paper touches both sheets of the wave surface at M and

N. Analysis shows us that M and N are not the only points

of contact, but that the plane and surface touch along a

curve and that this curve is a circle. Not only is there, as

it were, a pit or crater in the surface, but the edge of the

pit is such that we can lay a plane flat on it, and cover it

completely in. If we look on the wave surface as a sort of

spherical elastic ball filled with air, and suppose that one

point on the ball is pressed inwards, forming a kind of

dimple, and held down from the underside, we can clearly

lay a plane down on the surface touching the edges of this

dimple all round. The lowest point of the dimple corre-

sponds to the extremity of the axis of single ray velocity ;

the plane which touches it is like the plane through M N in

the figure. This plane is a position of the wave-front in the

crystal, and o M is the wave normal
;
forM N touches in M a circle

whose centre is o, and therefore o M is at right angles to M N.
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o M is an optic axis of the crystal. But this wave-front

touches the surface along a circle, that is to say, there are

an infinite number of points of contact, and the line joining
o to each of these points is a ray. Thus there are an in-

finite number of ray directions corresponding to this wave-

front, and if an incident wave be such that the refracted

wave in the crystal is parallel to M N, the one incident- ray-

will give rise to a cone of rays in the crystal.

Each of these rays will produce a refracted ray parallel

to the incident one, and the refracted pencil will be a hollow

cylinder. Thus, internal conical refraction occurs when the

incident wave is such that there is but one refracted wave in

the crystal. To this refracted wave there corresponds a

cone of rays, which becomes a cylinder on emergence.
The line o M, which is at right angles to this single wave-

front, is the optic axis of the crystal. Internal conical re-

fraction, then, is related to the optic axes, or axes of single

wave velocity, which are sometimes called the axes of in-

ternal conical refraction. External conical refraction depends
on the axes of single ray velocity, and these are often known
as the axes of external conical refraction.

It follows, also, as we have said from Fresnel's theory, that

the direction of vibration in any given wave-front is the pro-

jection on the wave-front of the ray corresponding to it.

Thus each ray, both in internal and external conical

refraction, is plane polarised, though the planes of polarisa-

tion are different for the different rays.

Taking the case of internal conical refraction, let M P N P'

(fig. 146) be the circle as seen in projection, in which the wave

in the crystal touches the wave surface, o M the optic axis ;

o M is normal to the wave. Ifwe consider the ray o P coming
to a point P on the surface, M P will be the direction of

vibration for that ray, and the plane of polarisation will be

perpendicular to M p. The directions of vibration all pass

through M, the foot of the common wave normal.

For external conical refraction the direction of all the rays
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within the crystal is the same, coinciding with o x, the axis

of single ray velocity. If o Y be perpendicular on any wave-

front, then XY is the projection of ox, and is therefore

the direction of vibration in that wave.

If we do not know the direction of the ray correspond-

ing to a given wave-front in a crystal we may use the

FIG 147-

following construction, which may be proved by the aid of

co-ordinate geometry, to find the directions of vibration.

Let o N (fig. 147) be the wave normal, o M, o M' the optic

axes. Through o M and o N draw a plane cutting the wave in

o R, and through o M' and o N draw a second plane, cutting

the wave-front in o R'. Let o Q bisect the angle R o R', and

o P be perpendicular to o Q. OP and o Q are the possible

directions of vibration in this front.

We are now in a position to describe the experiment by
which Fresnel showed that the vibrations which constitute

light are in the wave-front.

Let us turn again to the fundamental interference experi-

ments in which we have two identical sources of light two

parallel slits giving bands of interference on a screen, and

suppose we polarise the light from each slit and observe the

effect. We can accomplish this polarisation most easily by
the use of two pieces of tourmaline of the same thickness.
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This crystal has the property of absorbing completely, even

when quite small thicknesses are used, one of the two

rays into which a pencil of ordinary light is divided by it.

If we take a plate of tourmaline cut parallel to the axis, and

allow ordinary light to fall on it, the emergent light is plane

polarised at right angles to the principal plane ; only the

extraordinary pencil can pass through ;
the vibrations in the

light after passing the tourmaline are all parallel to its axis.

Let us take, then, two plates cut from the same tourmaline

which have been carefully worked to the same thickness,

and place them before our two sources of light, A and B, in

such a way that the light passes normally through each

plate. If the axes of the two tourmalines be parallel, the

interference bands are unaffected
; but, suppose we turn

one of the tourmalines round the direction of the incident

light, then the bands get fainter, until at last, when the axes

of the two tourmalines are at right angles, no trace of inter-

ference is left The light from A and B is polarised in

planes at right angles, and we see that rays polarised in two

planes at right angles cannot interfere.

It follows from this that the directions of vibration in

these two rays are at right angles to each other, for if o P

and o Q are two directions of vibration not at right angles,

we can resolve the displacement along OQ into one com-

ponent along o P and a second at right angles to o P. The

component along OP will interfere with the displacement

along o P, and variations in intensity will occur, depending
on the difference of phase between these two. If we cannot

trace any variations in intensity, we infer that o Q has no com-

ponent along o P that is, that o P and o Q are at right angles.

Suppose, now, that the two wave-fronts from A (fig. 148)

and B which interfere at the point M on the screen are at

right angles to the paper. Let the axis of the tourmaline at

A be in the paper, then the vibration in the wave from A is

also in the paper. If possible, let it not be in the wave-front

at right angles to A M, but in some direction, M P, inclined to



334 Physical Optics. [CHAP. XI.

it. The axis of the tourmaline at B is at right angles to the

paper, and if we consider a plane through M B at right

angles to the paper, the direction of vibration in the wave

from B will be in this plane. Let it be in direction M Q

which we will suppose is not in the wave front at B. Then

M P and M Q are not at right angles to each other, and a

displacement along M Q will have a component parallel to

M P which will produce interference effects at M
;
but no

such effects can be observed, hence we infer that M P and

M

M Q are at right angles. Thus, B Q is at right angles to the

paper that is, it is in the wave-front. So, too, M P must be

in the wave-front.

Thus, the vibrations which constitute polarised light are

in the wave-front.

We may put the point in a somewhat different manner,
as follows. Suppose we consider a wave travelling along
A M, and let the displacement be in the direction M P not

at right angles to A M. We can resolve this displacement
into M L along A M, and M N at right angles to it. The

theory of elastic solids shows that these two vibrations will

traverse the medium with very different velocities. The
disturbance along M P will split up into two waves, one con-

sisting of longitudinal vibrations in the direction A M such

as constitute sound
;

the other of transverse vibrations at

right angles to A M. It is these last vibrations which we
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consider in the theory of light The others, if they exist at

all, do not affect our eyes.

A Nicol's prism has been mentioned in Chapter X. as an

instrument for determining whether light be plane polar-
ised or not. It is also a convenient apparatus for giving us

a plane polarised ray.

If we pass light from an aperture through a rhomb of

Iceland spar, we get two images of the aperture and two

beams of light ; but, unless the rhomb is very thick and the

aperture small, these two beams will overlap, and the light

in the part common to the two will not be plane polarised.

Nicol succeeded in getting rid entirely of the ordinary ray
from the emergent beam by means of total reflection at the

surface of a film of Canada balsam.

Canada balsam is a transparent substance whose refrac-

tive index lies between the ordinary and extraordinary
indices of Iceland spar. Let us consider what happens
when two waves, ordinary and extraordinary, pass from Ice-

land spar into Canada balsam.

Let us suppose, for simplicity's sake, that the plane of

the paper, which we shall take as the plane of incidence, is

a principal plane of the spar. Let o B (fig. 149) be the trace

of the common surface of the two media, o A the optic axis,

A B and A c the traces of the wave surface for the spar

drawn in the Canada balsam, D E the trace of the wave sur-

face in the Canada balsam. A B is a circle of radius a, D E

another circle of radius greater than a, for the refractive

index for Canada balsam is less than the ordinary index for

spar. Consider now only an ordinary wave in the spar.

Let o P be the direction of the ordinary ray cutting the

wave surface in P, and draw P x a tangent to the circle A B,

cutting the face of incidence in x. The ordinary wave-front

in the spar is perpendicular to the paper and parallel to P T.

From x draw a tangent to the circle D E, and through
it pass a plane also perpendicular to the paper. This

plane will give us the position of the refracted wave
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in the balsam. This tangent is not drawn in the figure.

But since the refractive index of the spar is greater than

that of the balsam, the incident light may be totally reflected

at the surface. This will be the case if T lies between B

and D, and therefore within the wave surface for balsam, as

in fig. 149. Thus no tangent could be drawn
;
there would

be no refracted wave
;
the light is totally reflected at the

surface of the balsam.

Consider now an extraordinary wave falling on the

balsam. The section of the wave surface will be an ellipse,

FIG. 149.

T3TC

A c suppose, cutting the face of incidence at c, and lying in

part outside the circle D E. And if o Q be the direction of

the extraordinary ray, Q s a tangent at Q meeting the face of

incidence at s, and s Q' a tangent to D E from s, the refracted

wave will pass through s Q', and o Q' will be the direction of

the refracted ray in the balsam.

Clearly, as before, s may lie between c and D, and the

extraordinary ray also be totally reflected. Let us suppose
that c lies between o and D, and from D draw D M, touching
the ordinary wave-front, and D N touching the extraordinary.
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Then itr is clear that if p lie between B and M the ordinary

ray will be totally reflected, and if Q lie between c and N
the same will be true for the extraordinary ray ; also the

limits for total reflection for the extraordinary ray are less

than those for the ordinary. If, then, we have two rays, an

ordinary and extraordinary, traversing the crystal in such a

FIG. 151.

way that the direction of both lies within the angle M o N,

the ordinary ray is totally reflected at the surface o the

Dalsam, the extraordinary ray is refracted into it in the

usual manner.

To construct a Nicol's prism, a rhomb of spar is taken

with its length about double of its thickness. Let A D E G

z
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B c F H
(fig. 150) be the rhomb, E and B being the solid angles,

which are each contained by three obtuse angles. The

faces A D EG and BCFHare inclined to the blunt edges HB

and EF respectively at angles of about 71. These two

faces are cut off, and two new faces, A D' E' G', B' c' F H'

formed, inclined at 68 to the above edges. The whole block

is then divided into two by a plane at right angles to the

principal section A E' F B', inclined at an angle of about 22

to the same edges that is, at right angles to the two new

faces A D' E' and B' c' F. In the figure, p Q R s represents

this plane of section. The two surfaces thus formed are then

polished and cemented together again with Canada balsam.

Figure 151 gives a section by a plane through A E' F B'
;

p R is the trace of the plane of section. The optic axis lies

in the plane of the paper and in the direction E' x, making
an angle of about 48 30' with the line A E'.

A ray of light L M falling on the face, A E', in a direc-

tion nearly parallel to A B' is there refracted into two, M N

and M K, which meet the surface of the balsam at N and K.

The angle of incidence of these two rays is such that, as

already explained, the ordinary ray M K is totally reflected

by the balsam along K K', while the other, the extraordinary

ray, M N, is refracted into the thin film of balsam, again

refracted at the second surface into the spar, passes along

the spar in the direction K M', and emerges at M' along

M' L' parallel to L M. This ray is plane polarised at right

angles to the principal plane. The vibrations which com-

pose it are all in the plane of the paper and at right angles

to L' M'.

Foucault's prism is constructed in a similar manner, only

the Canada balsam is done away with, and a thin layer of

air is left between the two parts of the prism. The angles

at which the various faces are inclined to each other are

somewhat different, and the prism is rather shorter.

Polarising prisms have been constructed in which the

faces on which the light falls are at right angles to the
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ength of the prism, instead of being inclined to it at 68,
LS in Nicol's prism. For many purposes these are more
iseful.

CHAPTER XII

REFLEXION AND REFRACTION OF POLARISED LIGHT.

REFRACTION through a crystal is not the only means
ve possess of producing plane polarised light. This was

liscovered by Malus, who found, while examining with a

)rism of Iceland spar the light of the sun reflected from one

>f the windows of the Luxembourg palace in Paris, that for

)ne position of the prism one of the two images of the sun

brmed by the prism disappeared. On turning the prism
ound the line of sight this came into view again, and when
:he prism had been turned through 90 the other image
vanished in its place. Let us go back to the rhomb of spar
lescribed in our first account of polarisation, and suppose
:hat instead of looking at the sun directly through it and a

Dinhole in a sheet of paper, we look at the light reflected

"rom a plate of unsilvered glass.

Then we shall find that for one particular angle of inci-

jience,
if the principal plane of our prism be parallel to the

lane of reflexion from the glass, only the ordinary ray

merges from the spar, while if we turn the rhomb round

tirough 90, so that the principal plane is at right angles to

he plane of reflexion, only the extraordinary image of our

nnhole is seen. The light reflected at this angle from the

;lass is related to the plane of reflexion in the same manner

s the ordinary ray emerging from our first rhomb of spar is

elated to the principal plane of that rhomb.

The reflected light is polarised in the plane of reflexion
;

ts vibrations are at right angles to that plane. The par-

icular angle of incidence at which this occurs when crown

s is the reflecting medium is 54 35'.

Brewster was led by experiment to infer that light could
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be polarised completely by reflexion from any transparent

surface.

The particular angle of incidence at which this took

place he called the polarising angle, and he found from his

experiments that the polarising angle was defined by the

equation tan = p, where p. is the refractive index and
<f>

the polarising angle.

This law may be expressed also by the equation

$ + $'
= 90, if

<f>'
be the angle of refraction corresponding

to the polarising angle ^ ;
for

p,
= sin 0/sin $', so that the

equation tan
</>
=

p.
becomes

tan
<j>
= sin 0/sin </>'

.*. cos $ = sin 0'

<f>
= 90 <j>'

+ V/
= 90.

Let A o, o B, oc (fig. 152), be the incident, reflected, and

refracted rays, the angle of incidence being the polarising

angle, and let N o M be the normal to the reflecting surface.

Then

M O C =
<J>'

.'. N O B + M O C = 90
.*. B O C = 90,

or the reflected and refracted rays are at right angles.



CHAP. XII.] Reflexion of Polarised Light- 341

Thus, according to Brewster, if light fall at the polarising

angle on any transparent surface the reflected and refracted

rays are at right angles ; or, again, if the angle of incidence

be such that the reflected and refracted rays are at right

angles, the reflected light is plane polarised in the plane of

reflexion.

More delicate experiments, especially those of Jamin,
have shown that this law is not quite exact. Except in the

case of media whose refractive indices are about i -46, the

light reflected at this particular angle of incidence is not

quite plane polarised. In addition to the disturbance at

right angles to the plane of reflexion, there is some dis-

turbance in this plane, though this latter is very small in

amount compared with the former. Moreover, these two

vibrations differ in phase. The reflected light is said to be

elliptically polarised. We shall return to this later. At

present, we shall consider some of the consequences of

Brewster 's law which is true, at any rate, as a first approxi-

Smation.

Let us suppose plane polarised light falls on a trans-

parent reflecting surface. We can resolve the vibration in

jthe
incident wave into two the one parallel to, the other

perpendicular to, the plane of incidence, and consider these

separately.

From the vibration at right angles to the plane of inci-

dence, we have both a reflected and refracted wave, in

which the vibrations are in the same direction. The ampli-

tudes of the disturbance in these two waves are of course

different from the amplitude in the incident wave. Like-

wise, too, the disturbance in the plane of incidence pro-

duces a reflected and refracted wave, in which the vibra-

tions are in the plane of incidence, and the amplitudes in

[these
two waves differ from that in the incident one.

Thus considering the two components in the incident

wave, the light in both the reflected and refracted waves is

the resultant of two component vibrations perpendicular and
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parallel to the plane of incidence. For the reflected wave,

however, for one angle of incidence the component parallel

to the plane of incidence vanishes. The vibration in the

reflected wave is then perpendicular to the plane of in-

cidence and depends only on the component of the in-

cident wave, which is at right angles to that plane. The

reflected wave is plane polarised in the plane of incidence,

or if we prefer to call it so, in the plane of reflexion.

If the incident light be common light, not plane polar-

ised, we may at each moment resolve it into two vibrations,

in and perpendicular to the plane of incidence the ampli-

tudes of these two vibrations will differ from time to time

when the angle of incidence is the polarising angle, the

component in the plane of incidence in the reflected wave

will always vanish
; the reflected wave will consist entirely

of vibrations at right angles to the plane of incidence ;
it

will be plane polarised in that plane. Let us now suppose
that the incident light is polarised at right angles to the

plane of incidence, so that there is no component in the

incident wave at right angles to the plane of incidence ;

there will, therefore, be no component in the reflected wave

at right angles to this plane ;
but if the angle of incidence be

the polarising angle, there is no component in the reflected

wave in the plane of incidence. Thus there is no reflected

wave at all. Hence if light polarised at right angles to the

plane of incidence fall on a reflecting surface at the polar-

ising angle, it is entirely refracted
;
there is no reflected

wave.' Let a b, /(fig. 153) be two parallel plates of glass

so placed that a line o o' joining their centres is inclined

at the polarising angle 58 35' to the normal to either, and

consider a ray of light L o falling on the first at o at such an

angle as to be reflected along o o'. Since the angle of in-

cidence is the polarising angle, the reflected ray is polarised

in the plane of reflexion that is, in the plane of the paper,

if we suppose our two plates to be perpendicular to the

paper. This polarised ray falls at the polarising angle on
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the second plate, and since the planes of reflexion of the

two coincide, the reflected ray is polarised still in this

plane.

But now let the second plate be turned round the line

o o', keeping the angle between it and this line the same.

We must resolve the incident vibra-

tion into two, one in and the other

perpendicular to the plane of re-

flexion at this second plate. The
first of these is transmitted entirely

by this plate ;
the second alone

gives rise to the reflected ray, and

as the angle between the two planes

of reflexion is increased, this second

component decreases, and the re-

flected ray gets fainter until, when

the second plate has been turned

through 90, it disappears entirety.

We have a third method for conveniently producing

plane polarised light, and at the same time a third method

for determining if any ray is plane polarised ;
for in order to

do this we need only allow the ray to fall on a plate of glass

at the polarising angle, and turn the glass round the incident

light, keeping the angle of incidence the same. Theji if the

reflected ray vanishes for any position, we infer that the

incident light is plane polarised in a plane at right angles to

the plane of incidence on the glass.

We have seen that the reflected ray is plane polarised

when the reflected and refracted rays are at right angles.

Now consider the refracted ray in the case when the two

surfaces of the glass reflector are parallel. It falls on the

second face at o' (fig. 152), and some is there reflected

along o' B' parallel to o B, while the rest is refracted out

along o' A' parallel to A o.

o' A' and o' B' are clearly at right angles, and therefore

the light reflected by the second surface is also plane polar-
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ised in the plane of reflexion
;
this emerges, still plane polar-

ised, from the first surface. On placing a second plate be-

hind the first, parallel to it, some of the light transmitted by
the first is reflected from it at the polarising angle, and after

refraction again through the first plate emerges from it

plane polarised.

Thus if we allow light to fall at the polarising angle on a

number of parallel plates of glass, all the reflected light is

polarised in the plane of incidence.

Such a contrivance is called a pile of plates, and is a

common method of producing polarised light. Again, con-

sider the light transmitted by such a pile ;
at each surface

the whole of the vibration in the plane of incidence is trans-

mitted, and only a small portion of that perpendicular to

the plane of incidence. After passing through several

plates, therefore, the latter vibration will have been so much

weakened compared with the former, that the emergent
beam will be practically plane polarised at right angles to

the principal plane.

It is clear, as we have said, that when light falls on a

refracting surface, and a reflected and refracted ray are

produced, there must be some relation between the ampli-

tudes in the incident, reflected and refracted rays.

Let A c (fig. 154) be a trace of the reflecting surface, A B

that of an incident wave, the plane of the paper being that of

incidence. Draw c B at right angles to A B to meet the

surface in c. During any moment a certain amount of

energy arrives in the incident wave at the surface A c, and

is there transferred to the reflected and refracted waves.

The wave A B will of course give rise to a reflected and

refracted wave in the two media
;
let us suppose that E F and

G H are the positions of these two waves after a unit of time
;

and let A' B' be the wave-front which at that moment has

arrived at the position A B. Draw A' K, E L, and G M parallel

to A c. Then during that unit of time the energy in the

space A' A c K has been transferred to the spaces A c L E and
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A c M G. Let us suppose that p, p' are the densities of the

ether in the two media, v, v' the velocities of light, X, X' the

wave-lengths, <f>, <p'
the angles of incidence and refraction

;

let a, 0,, a' be the amplitudes of the incident reflected and

refracted vibration. Then if x be the distance of the inci-

dent wave from some fixed point measured along A' A, the

FIG. 154.

displacement in it is a sin (v t x\ and the velocity with
A

which any particle of ether in the wave is moving may be

shown to be

2 IT V 2 7T /.a cos -(vf-x).

If ;// be the mass of the particle, the kinetic energy of its

motion is i m ^-~ a* cos2^ (vt x).
2 A. A

The total energy of the particle is partly kinetic and

partly potential, and the sum of the two is constant. Thus

if T represent the kinetic, v the potential, and E the whole

energy, T + v = E where E is constant.

Thus T = E v and T is greatest when v = o (v can-

not be negative), and that greatest value of T is the value of

E. Now the greatest value of the kinetic energy is
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Thus the total energy of any particle in the incident wave is

>l

'\%

a
>
and tne whole energy in the space A' K c A is

a
^
where s indicates the result of a(jding to-

gether the separate amounts of energy of each particle.

Now p being the density of the ether we have

S m p x vol A' A c K.

Thus the energy required =
2 v a- x vol A' A c K.

Now A' A = space traversed by wave in unit of time

=
v, and A B = A c cos

<f>.
Thus the energy

Similarly for the energy in E A c L we get

2 O 7T
2 V* &?'

J,

]
v. A c. cos ;

and for that in A G M c
2p7r

%
a

v'. A c. cos 0', Thus, since

the energy in A' c = energy in E c + energy in A M, we have

^rcos,=^W+^2

* -s *

but ? =
X A

Hence pcPv cos ^ = p^i
2
z;cos^ + p' a'* v' cos

<j>'
. . (i)

We require now to make some assumption as to the

ratio between the densities of the ether in the two media.

Now in elastic media we can show that if e be the elas-

ticity and p the density, the velocity of propagation is

A / -, so that if we had two media, and if e', p' were theV p

corresponding quantities for the second, and v, v' the veloci-

ties of propagation, we should have v = ^ j -; v' = A/
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Fresnel, who was the first to consider the theory of the

reflexion and refraction of light, assumed that these ex-

pressions held in the case of the ether, and that in addition

the ether- in all bodies was equally elastic, so that e = <?'.

Thus v\v'
=

N/^;, or pip' = z>'
2
/z<

2 = sin2 f / sin2 f
Hence, substituting in the above equation (i) for this

ratio, and also for the value of vjv', we get

2 pin
(j>'

cos
(j>

= 0!
2 sin $' cos

<(>
+ an sin

<j>
cos

<{>'
. (2)

We have thus arrived at one equation between a, a {
and

It is important to remember that (i) has been obtained

quite strictly from the principle of the conservation of

energy, and holds, whatever be the relation between p and p
f
.

Equation (2), which we shall proceed to use, is only true, of

course, on certain assumptions.

In order to determine the values of a
l
and a' in terms of

a, we require an additional equation. To obtain this,

Fresnel supposes that the displacement resolved along the

surface of separation must be the same in the two media,

and at the same time that no alteration of phase is produced

by the reflexion or refraction.

In the first place, let the light be polarised in the plane

of incidence ;
the vibration is then perpendicular to that

plane in both media, and parallel to the surface of separa-

;ion of the two. The amplitude of the displacement in the

first medium is a + a
{ ;

in the second it is a ;
and Fresnel's

second principle gives us a + a
l
= a'.

Also from (2) (a*
- a

t *)
sin $' cos 9 = a'2 sin

<}>
cos f.

a' sin cos $
Thus *-*'=

sin /cos*
a' sin (<j> +
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We have thus obtained expressions for the amplitudes of

the reflected and refracted waves when the incident light is

polarised in the plane of incidence.

Now let the light be polarised perpendicular to this

plane, and let a
{
and ' be amplitudes. The vibrations in

all the waves are in the plane of incidence along A B, E F, and

G H respectively, and these have to be resolved along A c.

In the first medium, then, we have for the amplitudes of

the displacements in the required direction a cos $
and

,
cos

ft. (To determine the sign to be attached

to a, and a', suppose that the positive direction in the

incident ray is to the right as we look along it, then the

positive direction in the other two is to the right also as we

look along them in the direction in which the light is going.)

In the second medium the amplitude is a' cos
ft'. ^Equating

these we obtain (-1 a,) cos
ft
= a' cos

ft'.
Also from (2)

(a
2

a,
2
)
cos

ft
sin

ft'
= a' cos

ft'
sin

ft.

Thus

sin
ft'

2a=a//cos_f +
sh1 N

Vcos ft
sin

<j>'

'

)

_ a' sin (ft + <j)')
cos

(<t> ft')

cos
ft

sin
ft'

,
, _ 2 a cos

<j>
sin

ft'~~
sin (ft + ft')

cos (ft
-

ft')

tan (0 0')
1

a -
/
-

n.
tan (ft + ft')

We have thus obtained expressions for the amplitudes of

the refracted and reflected vibrations in this case also.

Let us now suppose that the incident light is plane

polarised, in a plane inclined at an angle Q to the plane of
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ncidence, a being the amplitude. Then we can resolve

he displacement into a cos perpendicular to that plane,
ind a sin in the plane. Each of these gives rise to a re-

lected and refracted wave with vibrations in these two

Iirections; the two vibrations in the reflected wave combine

:o form one, and the reflected light is plane polarised in a

)lane making an angle ls suppose, with the plane of inci-

lence, while the refracted wave is plane polarised in a plane
it an angle 0'.

We have then the following equations between a,a l} a',

(,0,,and0
/
.

From the displacements perpendicular to the plane of

ncidence we get

sin
(ft + ft')

a, cos 0, = a cos
s
|

n (v
~ V )

sm
(ft + ft')'

ind from those in the plane of incidence

a' sin 0' = 2 a sin

sin = a sin

.
,

sin (f + ft')
cos

(ft ft')

tan -*
tan

(ft + ft')'

ind from these equations we can find a', a lt 0' and 0j.

From the above equations we see that if

ft + ft'
= 90 so that tan (ft + ft')

= oo

a
l
cos 0j = a cos sin (ft ft')

a
l
sin 0j = o.

Thus
L

is zero for all values of 0, or the reflected

seam is polarised in the plane of reflexion. If we have

irdinary light falling on the surface instead of plane polar-

sed, we may resolve the ordinary beam into two, polarised

n planes at right angles to each other, and consider the

eflected beam as the resultant of the components arising

rom each of these ;
and since, if

ft + ft'
= 90, 0! is zero
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for all values of 6, each of these two incident waves gives

rise to one reflected wave polarised in the plane of reflexion.

Thus when ordinary light falls on the surface at an

angle of incidence, such that +
<j>'
= 90, the reflected

beam is plane polarised in the plane of reflexion.

This, then, agrees with the law discovered experiment-

ally by Brewster, and as we have seen that that law is only

an approximate expression of the truth, we may infer that

the above formulas are only approximately true.

It will be useful to consider the values of 0' and 0, more

fully.

By division we have from the above equations

tan 6' = tan 6 sec (p
- f )

tan 0, = tan 6 cos (p + <//)
sec (p 0')

= - tan 0' cos (p + f)

0, 6' and 6
l
are the angles between the plane of incidence

and the planes of polarisation of the incident, refracted

and reflected waves. Now these waves all cut the re-

fracting surface in the same straight

line at right angles to the plane
of incidence, and the direction of

vibration in each is at right angles
to the plane of polarisation. Thus
the above angles are the angles
between the common intersection

of the three waves with the re-

fracting surface and the directions

of vibration in these waves respec-

tively. Consider a sphere, centre

o, and let the surface of separation
be parallel to the plane o A B, cutting the sphere in A B

(fig. 155) ;
let o B be the intersection of the surface and the

three waves, and let planes parallel to these waves meet the

surface in B p, B p/ and p,' B p,, and let o P, o p', and o P,

be parallel to the directions of vibration.
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Then arc B p = 0, arc B p' = 6', arc B PJ = 0^ Also
A B P =

<p,
A B P/ = 0, and A B P' =

<j>'.

.'. P B P' = 0'

P/BP'=0 + f;
for B P/ and B p' are on opposite sides of B A.

Make BP/SSBPJ, and join PP' and p/ p' by arcs of

great circles.

Then the formula tan 6' = tan 6 sec (0 <') gives us

tan B p' = tan B p sec p B p'. From this it follows that the

angle P' P B is a right angle, or o P is the projection of o P'

on the plane of the incident wave. Again, B p, = O
l
and

BP/ is equal to B p,, but is drawn in the opposite direction

from B thus, B p/ = b and the formula

tan 0J
= tan 0' cos

(<p + <f>')

gives us

tan B p/ = tan B p' cos p/ B p'.

Thus P' P/ B is a right angle. Thus, to find the direc-

tion of vibration in the reflected wave we project on it the

direction of vibration on the refracted wave, and then draw

a line on the opposite side of o B, making the same angle
with o B as this projection.

These expressions for 0' and 0, have been tested ex-

perimentally by Brewster, who found that they expressed
the results of his observations fairly accurately. M. Jamin's

experiments have shown that near the angle of total po-
larisation the formula for reflexion does not hold

; some

experiments of my own show that at low angles of inci-

dence the formula for refraction is very nearly true, but

when the angle of incidence is large, say from 40 to 80,
there are very considerable differences between the theory

and observation. The observations were made by allowing

light, polarised in a known azimuth ft,
to pass obliquely

through a plate of glass. If be the azimuth of the plane

of polarisation of the emergent light, and 0' that of the

light in the glass, we have

tan 6' = tan sec (^> <//),
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and, .from considering the refraction out again, we obtain

tan = tan 6' sec (^' p) ;

so that

tan = tan sec2
(<j> 0').

If the value of 6 be known, and that of
<p

be observed,

<!>'
is known from the formula sin =

/j.
sin 0', p. being the

refractive index. Thus the formula gives the value of 0,

but this can be determined by experiment ;
for it is the

azimuth of the plane of polarisation of the emergent light

For angles of incidence up to about 40 the agreement
is fairly close; when the angle of incidence is increased up to

75 the theoretical value of exceeds the experimental by
about i 30'.

Returning now for a little to the assumptions on which

these results have been obtained, let us consider the second,

which supposes that the displacements along the surface of

separation are the same in the two media. This is de-

manded by the continuity of the ether, for if it were not true,

there would be a gap between the two adjacent particles of

ether in the two media.

But then this principle demands equally that the dis-

placement at right angles to the surface should be the same
;

now this would lead to the condition when the light is

polarised at right angles to the plane of incidence, remem-

bering the rule already stated as to signs of a
l
and a'

(a + a,) sin <t>
= a' sin

(/>' ;

while we already have seen that (a a!) cos <t>= a' cos
<p'.

Thus

(a
2

a,
2
)
sin ^ COS

</>
= a/2 sin

(f)'
COS 0'.

But the principle of the conservation of energy gives us

p (
2

aj
2
)
sin

^>
cos =

p' a' 2 sin
/>'

cos 0',

and these two equations are inconsistent unless p = p'.

Thus Fresnel's assumption as to the relation between the

densities is inconsistent with the continuity of the ether at
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right angles to the surface of separation. If we take as our

conditions at the surface the equations of continuity, then
the conservation of energy demands that we should treat

the density as the same in the two media, and if the light be

polarised at right angles to the plane of incidence that is,

if the vibration be in the plane of incidence, we get as the

equations of condition

(a + aj) sin = a' sin 0'

(a dj) COS = a' COS ^/

2a = ;
sin ( + *')

sin
(j>
cos

, 2 a sin cos
>"

sin (0 + f)
'

and ai =-a s
!

n
^-^)

sin
(<]) + <p')

While for light in which the vibrations are at right angles to

this plane we have a + a
l
= a'

(a? a^) sin cos = a' 2 sin 0' cos 0'

.'. (a a
l ) sin cos = a' sin 0' cos 0'

a' (sin cos + sin 0' cos 0')

sin cos

, 2 # sin cos

sin (0 + 0') cos (0 0')

Also

tan (^ + </)

If we compare these equations with those deduced from
7resnel's hypothesis, we see that the two for the reflected

iray have been reproduced with this difference, that Fresnel's

expression for light vibrating in the plane of incidence is

ihere the expression for light vibrating at right angles to that

plane, and vice versa.

The expressions for the refracted rays have been inter-
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changed in the same manner, and at the same time altered

in the ratio of sin o> : sin
fy'.

The theory just given is that of Neumann and Mac-

Cullagh, and rests on the assumptions that the disturbance

in each medium and all its effects are confined to the wave-

front, and that the density of the ether is the same in the

two media. On these assumptions the expressions satisfy the

principles of the conservation of energy, and of the con-

tinuity of the motion in the two media.

They lead to the same two equations to determine 0,

and 0' in terms of 6 as Fresnel's viz.,

tan 0' = tan 6 sec (0 ^')

tan 0j = tan 6 sec
(q> <p')

cos
(< + 0').

The same two mathematicians have considered the pro-

pagation of light in crystalline media, and according to their

theory it follows that the direction of vibration coincides

with the plane of polarisation instead of being perpendicular
to it. Thus, combining this fact with the equations above,

we conclude that the expressions given for the amplitudes of

the reflected rays polarised in and at right angles to the

plane of incidence are the same in the two theories; for the

refracted rays they differ in the ratio of sin : sin $'. The

expression for the amplitude of light refracted through a

plate, if polarised in the plane of incidence, will be, on

Fresnel's theory,

4 a sin 0' cos sin <p ccs <fr'

sin2
(<p + </)

or

a sin 2 sin 2 <*/

sin2
(</> + f )

and on MacCullagh's we get the same expression. Thus

observations on the intensity of light refracted through or

reflected from a plate will not enable us to decide between

the two theories. MacCullagh's formulae express the ampli-

tudes of the reflected and refracted rays on the electro-
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magnetic theory of light proposed by Clerk Maxwell. This
we shall consider later.

AVe have had occasion to use the term elliptically polar-
ised light. We proceed to explain more fully the meaning
of the phrase. In ordinary light we have seen that the

vibrations are in the wave front, and that we may in the

most general case, consistent with the propagation of light

of a definite wave length, treat each particle of the ether as

if it were moving in an ellipse the axes of which are con-

tinually changing both in magnitude and position.

Let us suppose that the nature of the vibration is such

that each particle moves always in a. fixed ellipse, describing
the ellipse in the same time, and that these ellipses are the

same, both in magnitude and position, for all the positions

of the wave-front ; so that if A B c is any wave-front, p any

point in it is describing an ellipse, and if A' B' c' is any other

position of the front, then p' any point in it is describing an

equal and similarly situated ellipse. The light in this case

is said to be elliptically polarised.

If the axes of these ellipses become equal, so that the

particles of ether all move in circles, the light is said to be

circularly polarised. If, again, one of the axes of the

ellipse is zero, so that the curve becomes a straight line

coincident with the other axis, and all the particles move in

parallel straight lines, the light is plane polarised.

Light is polarised when all the particles of the ether in

the ray describe equal and similarly situated curves, the

curves remaining the same throughout the period con-

sidered. If the curves be ellipses the polarisation is elliptic,

if they be circles the light is circularly polarised, and if

they be straight lines the light is plane polarised.

Let us analyse this a little more closely.

Suppose P (fig. 156) is a point moving uniformly in a

circle and describing the circle in time r. Let c be the

centre, c A, c B two radii at right angles, and let / be the time

which has elapsed since the particle P left A. Since, in time r,
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the radius vector CP tracts out an angle 2 TT, and the motion is

uniform, the angular velocity is
; and the angle A c p has

been described in time t there-

fore the angle A c P = 2^L f
m

Let P M and P N be perpen-
dicular on c B and CA respec-

tively, and let a be the radius

of the circle. Then

CM = PN = PCsinPCA

= a sin ?----

T

C N = P M = P C COS P C A

The motion of P is compounded of that of N and M.

Both these vibrate along c A and c B respectively, ac-

cording to the harmonic law; but when N is at c, the

centre of its swing, M is at B the extremity of its swing, and

vice versa. The two vibrations differ in phase by -, or one
4

quarter of a complete period. The amplitude of the two

vibrations is the same.

Thus, two vibrations of equal amplitudes in directions at

right angles which differ in phase by a quarter period com-

bine to produce a uniform motion in a circle ; that is to say,

two plane polarised rays of equal intensity, differing in

phase by a quarter period, produce circularly polarised

light ;
or a wave of circularly polarised light may be resolved

into two plane polarised rays, polarised in planes at right

angles, of equal amplitude, and differing in phase by a

quarter period.

Now let Q be a point in p N, and, as p moves round the
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circle, let Q move in such a way that the ratio Q N : p N
remains constant.

Suppose that Q N : p N = b : a. Then geometry tells us
that Q describes an ellipse, whose axes are a and b along
c A and c B respectively ; and, as P moves round the circle,

Q describes this ellipse in the constant periodic time r.

Also P N = a sin ?-^ and Q N = p N x b\a.

Thus Q N = b sin
2
-^~,
T

and if Q M' be perpendicular on c B,

c M' = Q N = b sin^
;

rhile c N = a sin ft +
T

r \ 4

FIG. 157.

Y

The motion of Q is compounded of those of N and M'.

That of N corresponds to a plane polarised ray of ampli-

tude a, in direction c A
;
that of M' to a plane polarised ray

of amplitude b in direction c B, and these differ by a quarter

period.

Elliptically polarised light is the resultant of two plane

polarised vibrations along the axes of the ellipse. The

amplitudes are equal to

the axes of the ellipse, and

the vibrations differ in phase

by a quarter period. An

elliptically polarised ray,

then, may be resolved into

these two components.

Analysis, however, tells

us more than this. We can

show that the resultant of

any two plane polarised vibrations differing in phase by any

given quantity is an elliptic vibration. This ellipse may, in
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the extreme cases, be a circle or a straight line. We can

prove this most easily by some analytical geometry. Let

ox and OY (fig. 157) be the two directions, and let the

displacement in direction o x be

and in direction o Y.

is the difference in phase, a and b the amplitudes.

Let o N = x at any moment and o M = y, and draw M p

and N P parallel to o x and o Y respectively. Then p is the

position of the particle when displaced by the two vibra-

tions simultaneously.

x 2 TT t
- = sin-
a T

V 2 IT t * 21T t *< = sm -- cos d + cos - sm o.

b T T

Thus, cos
2JLt =^ U - *~?J

} .

r sin c> I b a J

x2
i f y x cos (5 "I

2_
^ sin2T 1 1

~
a ]

This equation, we know, represents an ellipse. Thus, P

moves always on a certain fixed ellipse in a definite periodic

time, r. Any two vibrations differing in phase produce an

elliptic vibration.

If g = o, so that the difference of phase is zero, the

ellipse becomes a straight line. Two plane polarised rays

of the same phase compound to form a plane polarised ray.
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We can prove easily, without any analytical geometry,

that an elliptically polarised ray can be resolved into two

plane polarised rays in directions at right angles with a

certain difference in phase.

We have seen already that the elliptic vibration is

equivalent to two vibrations a cos ^ and b sin

along the axes. Let c K,

CL (fig. 158) be the re-

quired directions at right

angles, and let the angle

K c A = a. Then L c B = a

also; resolve the two vibra-

tions in the directions c L and

c K. We have along c K,

a cos a cos I- b sin a sin ,

T T

and along c L,

2 7T t . 2 TT f
a sin a cos + b cos a sm .

T T

Let us suppose that c and y are two quantities such

that a cos a = c sin y, b sin a = c cos y, and c y' two quan-

tities such that a sin o = c
1

sin y', b cos a = d cos y .

Then the vibrations along c L and c K are respectively

Each of these vibrations is a plane polarised ray. The

amplitudes are c and d respectively, and the difference in

phase y + y' ;
and these quantities are known in terms of

a, b, and a.

Thus an elliptic vibration can be resolved into two plane

polarised vibrations at right angles differing in phase ; and,

conversely, two plane polarised vibrations at right angles, of

different phase, combine to constitute an elliptic vibration.



360 Physical Optics. [CHAP. XII.

A similar method of proof is applicable when the plane

polarised vibrations are not at right angles, but the expres-

sions become very complicated.

We have measured the difference of phase in fractions of

a complete period. It is sometimes more convenient to

have it in fractions of the wave-length. Thus, since r = ~
?

v being the velocity of the light, we may write for the two

components along the axes,

an [/ + -\ and b sin
2 -vt respectively ;

\ \ 4/ A

and similarly for the other expressions.

We shall use this notation for the future ; so that when
we say that the difference of phase is

,
we mean that the

two vibrations may be represented by

a sin~ (v /), and b sin (vt+ c) respectively ;

A A

or, it may be, by

a sin
2^ (v t x), and b sin

(p t x + c).

In each of these cases the difference of phase, measured

as an angle in circular measure, is ?J1.
A

We will now describe some of the methods by which we
can produce elliptically polarised light.

Let us consider a plane wave of plane polarised light

incident normally on a plate of crystal. Suppose that the

plate is perpendicular to the paper, and let B c D E (fig. 159)

be a section of it. A ray A B incident at B, is divided by
the plate into two B D, the ordinary ray, and B E, the extra-

ordinary ;
and these emerge parallel to A B from D and B

respectively. Draw D B' parallel to E B, meeting the first
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surface of the plate in B', and draw B' D' parallel to B D. A

ray incident at B' is also divided into two, and of these B' D'

is the ordinary ray, B' D the extra-

ordinary. Thus D is the point of

emergence of the ordinary ray from

B and the extraordinary ray from

B', both of which, after traversing the

crystal, travel along D K. These two

rays are polarised in planes at right

angles to each other. On entering the

crystal at B and B' the phase was the

same in the two rays ; but since they

have travelled by slightly different paths

and with different velocities through

the crystal a difference of phase has been set up. Thus, at

D, we have two rays polarised in perpendicular planes with

a difference of phase between them. The light emerging

from D, therefore, is elhptically polarised.
Let us suppose

that the faces of the plate are parallel to a principal plane

of the crystal. Let a and c be the velocities of propagation

for waves parallel to that plane travelling through the

crystal ;
and let be the thickness of the crystal.

The directions of vibration are parallel to the axes of

the crystal.
Let us suppose that the displacements in the

incident wave parallel to these axes may be represented by

a sin v t, and ft sin~ v t,

The first of these will traverse the crystal in time e/,

and therefore the displacement in it on emergence will be

a sin -

and in the other it will be

The difference of phase between these, therefore, is
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- -Y and if
//!, /u 2 be the refractive indices of the

medium for waves travelling with velocities a and c respec-

tively, //!
= v/a, /u 2

= v/t, so that the difference of phase is

(^, /i 2 ). By altering the thickness of the crystal we can

make this difference of what we please. If we choose e, so

that (p l /u 2 )
= -, the axes of the elliptic vibration in the

4

emergent light will be parallel to the axes of the crystal,

and their lengths will be and /3.

Such a plate is known as a quarter undulation plate. If

the amplitude of the vibration in the incident polarised

beam be ^, while the direction of vibration is inclined at an

angle d to the axis a of the crystal, we have a = b cos 0,

ft
= b sin 0. Hence, if be 45, or the plane of polarisa-

tion of the incident light bisect the angle between the axes

of the quarter undulation plate, a is equal to /3. The axes

of the ellipse in the emergent vibration are equal, and the

emergent light is circularly polarised.

Thus plane polarised light passed through any plate of

a crystal or doubly refracting medium becomes elliptically

polarised. If the plate be a quarter undulation plate, the

axes of the emergent vibration are parallel to those of the

crystal ;
while if the plane of polarisation of the incident

light bisect the angle between these axes, the emergent
beam is circularly polarised.

We should notice that the thickness of a quarter undula-

tion plate depends on the wave-length of light, so that the

same plate will not produce circular polarisation for all rays

of the spectrum.
Let us now suppose that the difference of phase,

e (pi yu 2 ), is equal to -. Put f
/u 1
= x, then u 2

= x
2 2,

and we have for the emergent vibrations

b cos sin (v t + x), and b sin Bsia^fvf+x - -
A. A. \ 2
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This last vibration reduces to

- b sin sin ? V f+ #.

363

These two vibrations combine to produce a plane polar-
ised ray, and if the plane of polarisation make an angle 0,
with the axis a, we have tan 0j = tan 8 and 6

l
= 6.

Thus the emergent beam is plane polarised, the plane
of polarisation being on the opposite side of a to that of the

incident beam and equally inclined to it.

It is often useful to have an expression for the difference in

phase of two waves after traversing a crystal plate obliquely.
Let the plane of the paper
be the plane of incidence,

and let AB CD
(fig. 160) be

a section of the plate. Let

A E be the trace of the inci-

dent wave, A c and A D of the

two refracted waves. Draw
D F and c G parallel to A E.

Then D F and c G are the

traces of the emergent waves.

Let 0, ^>', 0" be the angles of

incidence and refraction, and

v, v' and v'
1 the velocities of

propagation in the three waves, and let i be the thickness of

the crystal. Produce E A to E'. Then, if the crystal had

not been in the way, A E' would have been the position of

the wave-front at the instant at which the two refracted

waves occupy respectively the positions D F and c G.

Each of these waves has been retarded by a different

amount by its passage through the crystal. The difference

of retardation is what we desire to find, and if D L be per-

pendicular on c G, the difference of phase between the two

emergent beams is D L. Let D L meet A E' in M, and draw

c N perpendicular to A E' to meet it in N.
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D M is the retardation produced in the one wave, c N
that in the other.

Now D A M =<]> <(>',

and DM = DAsinDAM
= D A sin

(</>

- f).

Also D A = e cosec
<}>'

.'. D M = E (sin (f>
cot

<}>'
cos 0).

Similarly c N = e (sin cot $" cos <).

Hence D L = i sin o> (cot </ cot 0").

Thus the difference in phase in the two emergent waves

is e sin
<f> (cot <f>'

cot 0") ;

and since v' v" are the velocities of wave propagation,

sin d>' = sin

cot =
v' sin 9

and

cot fan _ N/(Z;
2

Z'" 2 sin 2
0)

T

z1
"

sin
(j)

Thus, if we denote by v the difference of phase, we have

The apparatus known as Fresnel's rhomb affords us

another means of obtaining elliptically polarised light.

Let us suppose that light travelling in a dense medium
is incident on the surface of one less dense. Then we know
that if the angle of incidence exceed a certain value the

critical angle there is no refracted wave
;

all the light is

totally reflected. If we consider the expressions for the

amplitudes of the reflected waves polarised either in or at

right angles to the plane of incidence, we find that they
involve the symbol V( i) they become imaginary, and

our formulas cease to hold. Now we nave assumed above

or rather it follows as a consequence from the assumptions
there made that the phase of the disturbance is the same
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in the incident, reflected and refracted waves ; or, to be

somewhat more accurate, that the difference between them

is a multiple of . If we represent the vibration in the

incident wave by a sin 2^.(vt #), that in the reflected
A.

will be a, sin (vt x), and in the refracted
A

a' sin (vt x),

and we see that in the case in which we have no refracted

wave this assumption leads to impossible results.

Let us suppose, therefore, that the reflected disturbance

is represented by a, sin (v t x + c),
so that there is a

A.

change in phase produced by the act of reflexion, and 3 is

this change in phase.

We can determine from the conditions at the reflecting

surface the value of this quantity ?, and we find that it

depends on the angle of incidence, and is different for light

polarised in and perpendicular to the plane of incidence.

If, then, we consider the two components in and perpen-

dicular to the plane of incidence, the phase of each differs

from that of the incident wave, but the difference is not the

same for the two j
so that these two components differ in

phase. The reflected beam, then, is the resultant of two

plane polarised waves polarised in planes at right angles,

and differing in phase. It is, therefore, elliptically polar-

ised. Thus plane polarised light becomes elliptically

polarised by total reflexion. The difference of phase be-

tween the two components in and perpendicular to the

plane of incidence depends on the nature of the reflecting

medium and on the angle of incidence. If we call the

change of phase for a vibration in the plane of incidence
3j,

and that for a vibration at right angles to the plane of inci-

dence c a ,
the difference of phase between the two compo-
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FIG 161

nents of the elliptic vibration in and perpendicular to the

plane of incidence is c
l 2 - Now, the values obtained by

Fresnel for these two quantities S
l
and cS 2 lead to the conclu-

sion that if light be reflected from the inner surface of St.

Gobain glass for which the refractive index is i
-5 1, at an angle

of 54 37', the difference c
l 2 is equal to

,
so that the dif-

ference of phase produced by two such reflexions is
, and

the axes of the resultant elliptic vibration are in and per-

pendicular to the plane of incidence.

Suppose, then, we construct a rhomb of this glass, two of

whose faces are parallel to the paper, while the others are at

right angles to it. Let A B c D
(fig. 161)

be a section of the rhomb, the angles at

A and c each being 54 37'. Let L M N p

be a ray of plane polarised light falling

normally on the face A B at L. This is

totally reflected at M by the face AD,

again totally reflected at N by B c, and

emerges normally at P from the face c D.

The angles of incidence at M and N are

54 37'. No change of phase is pro-
duced by the direct refractions at L

and P; but by each of the total re-

flexions at M and N a difference of
o

is produced between the components
in and perpendicular to the paper, so

that the difference in phase of these components in the

emergent light is
,
and the axes of resultant elliptic

vibration are in and perpendicular to the paper. If,

again, the original plane of polarisation be inclined at

45" to the paper, the amplitudes of the incident, and there-

fore, also, of the emergent, vibrations in and perpendicular
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to the paper, are equal, so that the emergent light is cir-

cularly polarised. A rhomb of glass cut in this manner is

called a Fresnel's rhomb.

Metallic reflexion is another method of producing ellip-

tically polarised light. If light polarised in the plane of

incidence fall on a polished metallic surface, the reflected

beam is plane polarised also in the plane of incidence, but

the reflexion produces a change in the phase of the light.

The same, too, is the case if the light be polarised at right

angles to the plane of incidence, but the change of phase

produced in this latter case is less than in the former. If,

therefore, plane polarised light polarised in a given azimuth

fall on a metallic reflecting surface, there will be a difference

of phase produced between the components of the reflected

beam polarised in and perpendicular to the plane of inci-

dence, the former of these being accelerated relatively to

the latter, so that the reflected beam is elliptically polarised.

This difference of phase is zero for normal incidence, and

as the angle of incidence is increased increases gradually up

to the value - when the incident ray just grazes the sur-

face.

For one particular value of the angle of incidence, the

difference of phase between the two components is -' and

in this case the axes of the resulting elliptic vibration are in

and perpendicular to the plane of incidence.

This particular angle of incidence is known as the angle

of maximum polarisation, for it is found that if ordinary

light be allowed to fall on the surface, the reflected beam is

always partially polarised, and if the angle of incidence be

that of maximum polarisation, the amount of plane polarised

light in the reflected beam is greater than under any other

circumstance. A number of very careful observations on

the light reflected from metals have been made by M.

Jamin. He finds that for polished steel the angle of maxi-
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mum polarisation is 76, while the difference of phase
between the two components decreases from the value

4 x X when the angle of incidence is 84 to '035 x A, when

it is 39 For the angle of incidence 76, the difference of

phase, of course, is '25 x X.

We have said already that the statement that plane

polarised light remains plane polarised after reflexion from

transparent media is only true approximately.

M. Jamin has also investigated this question. He finds

that some few substances only, for which the refractive

index is about i '46, polarise light completely by reflexion at

the angle (tan
~ '

//).
In all other cases, the component vi-

bration which lies in the plane of incidence is never com-

pletely destroyed, though it becomes very small compared
with the vibration at right angles to that plane. There is

an angle of maximum polarisation given by the formula

tan =/*, instead of an angle of total polarisation.

Moreover, a difference of phase between these two com-

ponents is introduced by the reflexion. This difference of

phase is exceedingly small, except for angles of incidence

nearly equal to that of maximum polarisation.

If the refractive index is greater than i '46, the phase of

the vibration in the plane of incidence is accelerated, com-

pared with that at right angles to that plane ;
if the index

be less than i -46, the reverse is the case.

According to Fresnel's formulae for light polarised at

right angles to the plane of incidence, we have :

Thus if + />'
is less than 90 a and a

j
have the same sign,

when
(f>
+ q>'

= 90 a
t
is zero, and when -|- 0' is greater than

90, a, is of the opposite sign to . Thus on passing

through the angle of maximum polarisation, the value of a,

changes sign, and this is equivalent to an alteration of - in
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suddenly to -, and remains till we reach grazing inci-

dence. M. Jamin's .esults show that this change is not

sudden. The difference of phase is very small practically

zero from normal incidence to an angle somewhat less than

that ofmaximum polarisation ;
it then changes gradually but

rapidly from o to -, passing through the value - at the angle
2 4

of maximum polarisation, and becoming very nearly equal

to - for an angle not much greater than this. Thus for

diamond, for which the angle of maximum polarisation is

67 40', we have, according to M. Jamin's tables, the follow-

ing results :

H = 2 -434. Azimuth of plane of primitive polarisation,

84.

Angle of incidence.

60

65
6 7

67 3o'

6755'
70
75

For flint, ^ = 1714.

polarisation, 77 30'.

Angle of incidence.

53
58
593'
60

65 1 5'

Difference of phase as a fraction of -

034
097
286

441
538
897
970

Azimuth of plane of primitive

Difference ofphase as a fraction of
-

O26
IOO

382
623
965

B B
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For flint, the angle of maximum polarisation is 59 44'.

In the case of fluorine, for which p. is 1:441, that is, less

than i '46, the differences of phase are of opposite sign,

the vibration in the plane of incidence being retarded

relatively to the other. Between the limits within which this

difference of phase is changing, the reflected light is ellip-

tically polarised, and these limits are wider apart the greater

the difference between the refractive index of the substance

and the value 1-46. Beyond these limits, plane polarised

light remains plane polarised after reflexion from the

surface.

These various measurements were made by M. Jamin,

by the aid of a piece of apparatus which we will describe

later.

CHAPTER XIII.

INTERFERENCE OF POLARISED LIGHT.

WE come next to consider the effects produced when plane

polarised light is allowed to pass through a plate of crystal

and examined by an analyser, such as a Nicol's prism, a

Fif_ ifc( tourmaline, or a pile of plates placed
so as to receive the light at the

polarising angle.

Let us suppose at first that the

incident beam is a parallel pencil]

which falls normally on the plate,]

and that the analyser is a Nicol's i

prism. The polarisation of the in-

cident beam may have been produced
j

either by reflexion from a pile of

plates or in any other manner. The light coming from any,

point of the second surface of the crystal, as p (fig. 162),!

will consist, we have seen, of two rays polarised in planes T
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it right angles and differing in phase ;
let P o and p E be

:he directions of vibration in these two rays, and let v be

:he difference in phase. If the vibrations were in the same
direction they would interfere, being at right angles they
>roduce in general elliptically polarised light. Let us con-

sider one of them at a time, and take first the vibration

ilong PO. This falls on the analysing Nicol, and is re-

solved into two, one of which is totally reflected. The

emergent beam consists of vibrations in the principal plane
Df the Nicol

;
let this be parallel to P A. Then the effect of

;he Nicol on the vibration p o is to resolve it into two, one

ilong P A and the other perpendicular to it, and to quench
the latter. Similarly its effect on the vibration p E is to

resolve it into two, in these same two directions along and

Derpendicular to p A, and quench the latter.

The disturbance, then, that emerges from the Nicol con-

sists of the two vibrations parallel to P A, one being the

resolved part of P o, the other of p E in the direction p A.

But the vibrations along p o and P E differ in phase by the

quantity v
;
so too, therefore, do their resolved parts. We

lave then to consider the resultant of two vibrations in the

same direction, differing in phase ;
that is of two vibrations

in a condition to interfere. Interference effects, therefore,

are produced, depending on the value of v, the amplitudes

of the two vibrations in directions o and E, and the position

of the principal plane cf the analyser. If we call k and k '

the amplitudes of the two resolved disturbances in the

direction p A, the intensity in the emergent light is, we know
27l'V

from our previous investigation, kz + ' 2 + 2 k k' cos
-^-.

If the light used be homogeneous, k and K may be so

related that no light will emerge from the analyser ;
in this

case, of course, the difference of phase v will be an odd

multiple of-, and the amplitudes of the two resolved vibra-

tions in the direction p A will be equal If the analysing
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Nicol be rotated, the light will pass through again. If white

light be used, then, in any position of the Nicol, light of defi-

nite wave-lengths, that is of definite colours only, can be ex-

tinguished ;
the others will be transmitted, and the field of

view will appear coloured. On turning the Nicol round, the

tint of the field will change, and for two positions of the

Nicol at right angles to each other the colours will be com-

plementary.
Let us investigate a little more fully the effects when a

plate of crystal, cut parallel to a principal plane, is placed

between two Nicols.

Let P o and p E be the directions of the axes of the

crystal plate, P L the direction of the vibration in the inci-

dent light, and P A the principal plane of the analysing

Nicol, that is, the direction of vibration in the emergent

light.

Then we have seen that if /^ /^ 2 be the refractive indices

of the plate for vibrations in directions P o and P E and

its thickness, the difference in phase v between these tw

vibrations is e (p l p 2 ).

Let c>PL=n, opA = /3, and let p be the amplitude
the vibration in the incident light in direction p L

;
this vibra

tion is resolved, on entering the crystal, into p cos a alon

p o, and p sin a along p E
;
and if we denote the emergen

vibration along p o by p cos a sin ?-""
(v t x\ that alon

A

p E will be p sin a sin
2

-^- (v I x + v).A

Each of these is resolved by the action of the analyser alon

p A, and we get in this direction

p cos a cos /J sin (v t x) ;

and
p sin o sin /3 sin (v t - x + v).A

The intensity of the light in the emergent beam

therefore, p
2
(cos

2 a cos2
/J -f sin2 sin2

ft +
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sin a sin /3 cos a cos /3 cos
)

. Calling this I, we may

ihow by adding and subtracting 2 sin a sin ft cos a cos /3,

hat

I = p
2

<j

cos 2
(a /3) sin 2 a sin 2/3 sin 2

I

/3 is the angle between the directions of vibrations in

he polariser and analyser respectively, or, which comes

;o the same thing, the angle between the planes of polarisa-

ion and analysation, a and /3, are the angles between these

>lanes and one of the axes of the crystal

Let us suppose, first that a is equal to /3, or that the

>rincipal planes of the polarising and analysing Nicols are

)arallel, then I = p
2

^
i sin 2 2 a sin 2 .

If o = o or 90, so that the principal plane of the Nicol

s also a principal plane in the crystal plate, I = p
2

. All the

ncident light gets through and the plate produces no effect.

For a plate of given thickness and homogeneous light, I is

east when sin 2 2 a = i, or when a =- or ^ that is to

4 4
'

say, when the principal plane of the Nicol bisects either of

the angles between the principal planes of the plate. For any

given position of the plate, I is greatest when sin2 ^-= o,

or when v = n \
;
and is least when

. 9 7T V 2 n + I .

sin2 =
i, or v = -^- X.

The greatest value of I is p
2

,
and the least is p

2
(i sin2

2a).

If, then, the thickness of the plate be such that

v = 2 * + *

x, and = -or 1^ &c,
2 44

no light of that wave-length is transmitted. This is the
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case whenever (p l // 2)
= -1

X. If, however,

e (/i, -jig) = * A,

the plate is without effect.

If, again, a /3
= -, so that the Nicols are crossed,

that is, have their principal planes at right angles,

1=-. P
2 sin2 2asin2

.

A

If we call this I 2,
and if I

I
be the intensity in the first posi-

tion, we see that Ij + I 2
= p

2
,
so that the appearances now

presented are complementary to those described above.

The intensity is zero when a = o or -, that is when the

principal planes of the plate are parallel to those of the

Nicol. It is zero, too, for all values of a if v =. n A, and in

these two cases, as before, the plate is without effect
; if,

however, v = X, I 2 has a maximum value for light

of that wave-length.

In the general case denote a ft by y, then y is the

angle between the principal planes of the two Nicols, and

I = p
2 < cos2

y 2 sin 2 a sin 2 (a y) sin2 > . li

we turn the analyser through 90, we increase y by 90, and

we get as the value of I

I = p
2 I sin2

y + 2 sin 2 a sin 2 (a y) sin2 I
;

i

I + I' = p
2

-

Thus the effects in the two positions are complementary.
For a given value of y, and a given thickness of plate, the

intensity is greatest when 2 a = o, or 2 (a y) = o, that is

when the principal planes of the plate are parallel or per-

pendicular to the principal planes of the polariser or analyser.

If, then, the plate be turned round its own normal there
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will be four positions of maximum illumination, and of

course four positions of minimum at right angles to these.

For plates of varicus thickness, the intensity is a maximum

and a minimum whenwhere sin2 . = 0,
A.

2 n + i .

or v = n \

Similar results exactly hold when a plane wave traverses

obliquely a plate of the crystal, only the value of v is no

longer given by (^ ;u 2 ),
but by the more complicated

formula of page 364, and depends on the direction of the

wave normals within the crystal with reference to the

crystallographic axes.

If, instead of a parallel beam of rays, we use a conical

pencil, the angle ofincidence and the direction of the light at

different points on our plate are different, and v varies, there-

fore, from point to point, so also do u and ft. If, however,

at each point of the crystal, v, o and ft have the meanings

attached to them above, the expression in the formula gives

the intensity of the emergent beam at that point.

This intensity, of course, varies from point to point. A

FIG. 163.
curve drawn on the surface

of the crystal such that the

intensity is the same at all

points lying on the curve, is

called an isochromatic line.

Let us suppose our plate is a

section of a uniaxal crystal

by planes perpendicular to

the axis
;
let the plane of the

paper be the surface of emer-

gence, and let the axis of the

conical pencil cut the plate

in c (fig. 163). We suppose that this axis passes normally

through the plate and coincides, therefore, with the optic

axis let P be any point in the plate, let c L be parallel to
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the principal plane of the polariser. c A to that of the ana-

lyser. A plane, perpendicular to the paper, passing through
c P, is the principal plane of the plate at p. A vibration,

parallel to c L, falling on any point of the under side of the

plate, is in general resolved by it into two, an ordinary and

extraordinary. Consider those which emerge from P
; the

vibration in the ordinary ray is perpendicular to c P, that in

the extraordinary ray is along c p. These two differ in

phase by a quantity v, and falling on the analyser, are re-

solved by it in the direction c A and interfere. For given

positions of the planes of polarisation and analysation, the

intensity of the resultant disturbances depends on the value

of v, and this again on the angle of incidence and direction

of the refracted wave normals in the spar with reference to

the optic axis.

Again, let c L' be perpendicular to c L, and c A' per-

pendicular to c A. If P be on c L, the vibration at P, inci-

dent on the crystal plate, is in the direction c L
;
that is, in

the principal plane at P. This passes unaltered through
the plate as an extraordinary wave

;
and is resolved by the

analyser into two components along and perpendicular to CA.

The first of these alone can pass through the analyser ;
thus

all points in c L appear equally bright, and the brightness

depends on the angle L c A. If this angle be zero, so that

the principal planes of the polariser and analyser coincide,

all the incident disturbance at any point of c L traverses the

analyser. If the angle be a right angle, the disturbance at

all points m c L is at right angles to the principal plane of

the analyser and c L appears as a dark line across the

field.

Similar effects hold for all points in c L'. The incident

disturbance passes unaltered through it as an ordinary wave,

and is resolved by the analyser into two components along
and perpendicular to c A, the first of which alone passes the

analyser. Thus c L and c L appear as two bands crossing

the field bright, if the polariser and analyser are parallel ;
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black, if they are crossed, and of intermediate intensity for

other positions. The same kind of reasoning applies to
'

points on c A and c A'. If P lies on c A, the incident vibra-

tion is resolved into two along and perpendicular to CA,
and of these the former only gets through the analyser ;

while

if P be on c A', the resolved part of the incident vibration

perpendicular to CA'is alone transmitted. Thus CA.and
CA' also appear as bands crossing the field. Hence when a

thin plate of a uniaxal crystal, cut perpendicular to the axis,

is viewed between a polariser and analyser in convergent

light, a series of light and dark rings is seen. If the pola-

riser and analyser be neither crossed or parallel, these

rings are intersected by two brushes of uniform intensity,

with their arms parallel and perpendicular to the principal

planes of the polariser and analyser. If the polariser and

analyser be parallel, there is one bright brush
;

if they be

crossed, there is a dark brush.

We can find a mathematical expression for the intensity

of the disturbance at any point P. Let P c L = 0, and

A c L= 7, and let p be the amplitude of the incident displace-

ment parallel to c L, which emerges at P as an ordinary

vibration perpendicular to c P and an extraordinary parallel

to c P. The amplitudes of these will be p sin 0, and p cos 0,

respectively ;
and if v be the retardation produced by the

piate at P, the disturbances will be p sin 6 sin ^ (v t x\A

and p cos 9 sin (vf x + v).A

Each of these is resolved by the analyser along and per-

pendicular to c A, and the first component alone gets through.

Thus the displacement in the emergent light is

p sin sin
(ft y) sin^ (vf x).

A

+ p cos cos (0
-

y) sin~ (vt
- x + v),

A
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and the intensity is

I = p
2

1
cos 2

y _ sm 2 Q s in 2 (0
-

y) sin2

j
.

Thus if 6 = o, or 90; or 7 = o, or 90, the intensity is

constant and equal to p
2 cos2

y. Now = o, for all points

on CL, and 6 = 90 for all points on CL'; (6 y) = o

along c A, and (0 y)
= 90 along c A'. Thus the intensity

is the same along c L, c L', c A, and c A', and we have two rect-

angular brushes along which the intensity is p
2 cos2

y inter-

secting the field If y = o or the polariser and analyser are

parallel, the intensity is that of the incident light ;
if y = 90,

or they are crossed, the brushes are black.

For points between these brushes, if sin 2 sin 2(8 y)

is positive, the intensity is greatest when sin2 = o, or
A.

when v = n X, and least when sin2 =
i, or v ?JL _! \.

A. 2

If sin z 6 sin 2 (0 y) is negative, the intensity is least

when v = n X, and greatest when v = ^-^ -i X.

It remains then to determine v. Let a and c be the

principal velocities in the crystal, let
<f>

be the nngle of

incidence, <(>', $" be those of refraction, z>, v', v", the correspond-

ing velocities, and t the thickness of the plate. Then the

crystal being uniaxal v' = a, and since
<f>"

is the angle be-

tween the optic axis and the wave normal for which the

velocity is v",

z/'
2 = a* cos 2

<t>" + c* sin2 ",

sin 2
<?>
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z -
<r
2 sin

sin

similarly,

cotf ^

But we have seen that v = e sin {cot 0' cot 0"} ,

Therefore

- a* sin 2
0)

Now let us suppose that p is so small that we may
neglect sin 4 and higher powers, then expanding the square

roots, we get

v = (c
1 a2

) sin 2
0.

2 a v

This, then, expresses the retardation in the case before

us. Again, let r be the distance c p, and let d be the distance

of c from the vertex of the conical pencil, then

-,
= tan = sin =

0,
a

if is so small that we may neglect
3 and higher powers.

Thus v = .

zav a i

Now let us suppose that the polariser and analyser are

parallel then y == o, and

f 7T V
I = p

2
\

i sin 2 2 6 sin 2 - ? .

The rings are brightest when v = X, or when

and the intensity then is that of the incident light.
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Thus the radii of the rings of maximum brightness vary

as \/T (if we treat -3-3; 2 as independent of X, which is

not strictly the case).

For a given value of the intensity is least when

v = X, so that points of maximum darkness on any

line drawn through c are given by

the intensity at these points is p
2
(i sin 2 2

0), and as this

is not constant for all values of 0, the rings of equal dark-

ness are not circles, but are the curves given by

d )-T, > = a constant.

Thus when the polariser and analyser are parallel, the curves

of maximum brightness are a series of circles whose radii

are proportional to the square roots of the even numbers.

The curves of uniform intensity lie between consecutive

circles, but are not circles themselves. Between each two

consecutive circles there are four points of maximum black-

ness, and the field is intersected by a white brush parallel

and perpendicular to the plane of polarisation. The radii

of the bright circles depend on X, so that if white light be

used, the field of view will appear to consist of a series of

coloured rings, and after a time, owing to the superposition
of the rings, all trace of colour will be lost. The radii of

the rings vary inversely as the square root of the thickness

of the plate. The rings, therefore, will be further apart in a

thin plate than in a thick one.

If the Nicols had been crossed, we should have had

7 = 90, and I = p
2 sin 2 2 sin 2 ^-^. The intensity is zero

A.

when = o or 90, and we get a dark brush, it is also zero
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when sin 2 -

the equation

when sin 2 = o, or v = n X, that is, for points given byA

d f ( znavK 1

V Ufc -')/'

Thus there are a series of black circles, the squares of

whose radii vary directly as the even numbers and inversely

as the thickness of the plate.

For a given value of 0, that is for points lying on any

straight line through c, the intensity is greatest when

-'-v/PS^FF
The isochromatic rings are not circles but the curves given

by

sin 2 2 6 sin 2

j ^
e

(r
2 - a2

) ^ j
= a constant

If y be neither zero nor 90, we have

I= p
2 J cos 2

y sin 2 sin 2 (0 y) sin 2 L
L ^ J

Describe a circle (fig. 163), with c as centre, and let c A,

c., cut it in L, A, L', A'. If P be between L and A, 6 is

positive, and less than 90 ; y is negative,

/. sin 2 d sin 2 (0 y) is negative,

and the intensity is least when sin ^ = o, or when
A

2 na v \

If P be between A and L', d is positive and less than 90,

so also is d y.
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Thus sin 20 sin 2(6 y) is positive, and the intensity

is greatest when sin = o, or

If P is between L' and A', sin 2 6 is negative, sin 2(6 y)

is positive. Thus sin 20 sin 2(6 y) is negative, and

gives us circles of minimum intensity. In both these cases

the intensity is p
2 cos 2

y, or the same as that of the two

brushes. Thus we have two brushes and a series of circles

of uniform intensity ; between these circles we have in the

four portions of the field such as ACL, brighter spaces and

in the four corresponding to A c i/ darker spaces.

We can investigate in a similar manner the rings and

brushes seen when the crystal plate is cut in any direction

instead of being perpendicular to the axis.

We can show that if the plate be cut parallel to the axis,

the isochromatic lines are hyperbolas. If, again, we take

two plates of the same thickness cut in the same manner

from, a uniaxal crystal, and superpose them so that the

principal planes are at right angles, the isochromatic lines

are straight lines bisecting the angle between the principal

planes.

For biaxal crystals the problem is considerably more

complicated.

The formula

I = p
2 /cos 2

y sin 2 a sin 2(0 y) sin 2

J

still holds, y being the angle between the planes of polari-

sation and analysation, and a the angle between the direction

of vibration of the incident wave and of one of the possible

directions of vibration at P, but the expression for v becomes

very complicated.
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FIG. 164.

Let us suppose that the plate of crystal is cut at right

angles to that axis which bisects the acute angle between

the optic axes, and that the optic axes are close together; this

is the case with a plate of aragonite cut at right angles to the

least axis of elasticity; and let 0, 8' be the angles between the

optic axes and the wave normal in the crystal. Then we

may show that the difference

of phase v is proportional to

sin sin
1

',
and the isochro-

matic lines are given by sin 9

sin 0' = a constant ; also if

r and r1 be the distances be-

tween the point p and the

extremities of the optic axes

o, o', sin is proportional
to r approximately, sin d' to r', so that the lines are given

by rr1 = a constant These curves are called lemnis-

cates, and are represented in fig. 164. The curves are

crossed by two dark brushes. We have seen that the plane

FIG. 165.

of polarisation at p bisects the angle o P o'. Now clearly the

light is of the same intensity for all points at which the plane

of polarisation in the crystal is parallel or perpendicular to the

planes of polarisation or analysation. Let CL (fig. 165) be
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the direction of vibration of the incident light. Then if the

bisector of the angle o P o' is parallel or perpendicular to c L,

p is a point on one of these brushes ;
the brush itself is the

locus of points such that the bisector of the angle o p o' is

parallel to a fixed line. Consider now a rectangular hyper-
bola passing through o, P and o' with c for centre and c L

for an asymptote; o c o' is a diameter and p is on the curve,

therefore P o, P o' are parallel to conjugate diameters, and
'

conjugate diameters are equally inclined to the asymptotes.
Thus the bisector of the angle o P o' is parallel to c L, and

the plane of polarisation at P is parallel or perpendicular to

the original plane of polarisation, so that the hyperbola thus

described is a dark or light brush. Similarly we have an-

other brush of uniform intensity in the form of an hyperbola

through o and o', with its asymptotes parallel and perpen-
dicular to the plane of analysation. If the polariser and

analyser are parallel, the brushes are of the same intensity as

the incident light; if they be crossed, the brushes are black.

Moreover, if o o' be parallel or perpendicular to the

plane of polarisation or analysation, the corresponding

hyperbolas become two straight lines along and perpen-
dicular to o o'.

If white light be used and the position of the optic axes

of the crystal for differently coloured rays be not very

different, the brushes retain nearly the same position for all

colours
; the lemniscates, however, of maximum brightness

are different in size for different colours, and so we get these

brushes of uniform intensity crossing a series of coloured

curves, more or less resembling elongated figures of eight.

For many biaxal crystals the optic axes for different

colours are widely separated, and the appearances are in

consequence considerably modified.

If, again, the optic axes form with the normal to the

plate angles which are nearly 90, the isochromatic curves

may be shown to be nearly hyperbolas.

Again, let us return to the plate of uniaxal crystal cut at
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right angles to the axis, and suppose that the incident light
is circularly polarised. We may resolve it at each point
into two vibrations of equal intensity in any two directions

at right angles, and these vibrations will differ in phase by a

quarter period. Thus at any point p (fig. 165) we have in-

cident on the crystal a vibration p sin (vt x) perpen-A

dicular to c p, and p cos (vt x) along c p.
A

On emergence, these may be represented by

P sin 2JL
(vt x\ and p cos (vt x + v),A \

Let ft be the angle between c p and c A, the principal

plane of the analyser ; these two vibrations are resolved by
the analyser each into two along and perpendicular to c A,

and the first components only emerge.
Thus the disturbance in the emergent wave is

p sin ft sin^ (vt
-

x) + p cos ft cos (vt x + v),A A

and compounding these as before, we have for the intensity

9 / o 2 7T V\
p
2

/ i sin 2/3 sin
J.

The intensity of the incident light is 2 p
2

. v has the value

already found, so that

If ft
= o, or 90, the intensity is ^ half that in the incident

light thus there are two brushes along and perpendicular to

the principal plane of the analyser. If sin 2 ft is positive,

that is, if ft is between o and 90, or 180 and 270, the

. 2 TT V i o -r n^
intensity is a maximum when sin = o, tor is 11 v= ;

and it is then equal to p
2

.

cc
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If sin 2 /3 is negative, that is, in the other two quadrants,

this value of v gives us curves of minimum intensity also

equal to
/a

2
. Thus we have a rectangular cross and a series

of circles whose radii are given by

all of the same intensity p
2

. In one pair of opposite quad-
rants the spaces between these circles are brighter than the

circles, in the other pair they are darker. As we rotate the

analyser the appearances rotate with it. The same effects

may be obtained by analysing the light circularly instead of

polarising it so. To obtain the circularly polarised light we

should use either a quarter undulation plate, with its axes

inclined at 45 to the plane of the polariser, or a Fresnel's

rhomb.

It remains now to explain why the rings and brushes are

not formed when ordinary light is viewed through a Nicol

after it has traversed a plate of crystal. We may divide the

ordinary light into two plane polarised rays of equal inten-

sity polarised in planes at right angles. Each of these rays

separately will give rise to rings and brushes, but the system

arising from the one is complementary to that produced by
the other, so that when the two are superposed the colour

effects are destroyed.

The forms of the rings and brushes seen when thin

plates of crystal are examined under the microscope between

two Nicols are of great assistance to the mineralogist in

determining the characters of the crystal.

The isochromatic curves formed when polarised light is

passed through a plate of crystal and analysed, form a most

delicate test of the presence of polarisation in a beam of

light.

Savart's polariscope is an apparatus adapted for this. A
thin plate from a uniaxal crystal is cut somewhat obliquely
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to the axis. This is cut into two halves, and these are super-

posed so as to form a plate of double the thickness. One of

the two is then turned through 90, so that the principal

planes are at right angles, and the whole is mounted in a

small tube before a Nicol's prism ;
if a convergent beam of

plane polarised light fall on the plate, the isochromatic lines

are, we have said, a series of straight lines. If, then, a beam
of light coming from any object be polarised, or partially

polarised, the object when viewed through the Nicol and

plate appears crossed with coloured straight lines. The

polarisation of light reflected from the sky is easily detected

by means of the instrument. When the bands are seen

most -distinctly, they are inclined at 45 to the plane of

polarisation.

The fringes formed by passing plane polarised light

through two plates of quartz cut in a certain manner were

used by Jamin in his investigations on elliptically polarised

light. The apparatus is known as Jamin's or Babinet's

compensator.
Two wedges or prisms of the same small angle are cut

from a plate of quartz, one face in each prism being parallel

to the optic axis. In one prism the optic axis is parallel to

the edge, in the other it is at right angles to the edge. The

two are put together so as to form a plate, the angles of

the wedges being turned in opposite directions, while the

optic axis in both crystals is parallel to the faces of the

plate.

Let the figure ABCD (fig. 166) represent a section of

the plate by a plane at right angles to the edge of each

prism, A B D being one prism, B D c the other. In the first,

the optic axis is parallel to A B. In the second it is at right

angles to the plane of the paper.

Let us suppose further for simplicity that the plane of

the paper is horizontal.

Consider now a ray p Q R s T falling normally on the
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FIG. 166.

plate at Q, and suppose that the ray is polarised in a plane

at 45 to the paper, so that the vibrations in it are also at

45 to the paper at Q ;
this disturbance is resolved into two

of equal amplitude by the crystal. One of these, the ordinary

ray, vibrates at right angles to the plane of the paper, while

the other vibrates in that plane. The two traverse the

distance Q R with different velocities, and a difference of

phase which is proportional to Q R is established. In quartz

the velocity of the ordinary ray is the greater, so that the

vibration in the plane of the paper is retarded behind the

other by a quantity proportional to Q R. Let us call this

quantity e. On entering the second prism in which the

axis is at right angles to the paper, this vibration becomes

an ordinary one and travels through the remaining distance

R s with greater velocity

than the other, it is

therefore accelerated in

phase compared with

that other by a quantity

proportional to R s, let

this be e'.

Then the total re-

tardation of the disturb.

~=^j c ance in the plane of the

paper behind the dis-

turbance at right angles

to the paper is e e',

and this is proportional

to QR ST. Thus if

we have a plane wave of light incident normally on the

compensator polarised in a plane at 45 to the axes of the

quartz, the emergent beam consists of two plane polarised

beams, polarised in planes parallel to the axes of the

quartz, of equal intensity, but differing in phase by a quan-

tity e e' which is different for different parts of the com-

pensator.

M 8 . Q.
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Thus, if L M N o is a line at right angles to the plate

bisecting A B, e is equal to e', for the point M and the differ-

ence in phase is zero, the emergent light is polarised in the
same plane as the incident. As we move to the left from M
the difference e e' increases and the emergent light is

elliptically polarised ; after travelling a certain distance, a

suppose, depending on the angle of the quartz wedges, the

difference of phase has become equal to -, and the emergent

beam is plane polarised at right angles to the emergent
beam.

Let M; be this point. If M 2 be another point such that

M; M., = MM,, the difference of phase at M 2, since it is

proportional to the difference in the thickness of the two

quartz plates, is clearly twice that at M
t
. Thus at M 2 the

difference of phase is A, and the light is plane polarised

parallel to the incident beam.

Thus, in general, the light at any point Q is elliptically polar-

ised after passing the plate, and the difference of phase of the

two components is proportional to the difference of thickness

at Q, and this again is proportional to the distance M Q, while

for a series of points at distances o, a, 2a, 301, &c., on either

side of M the polarisation is plane, the plane of polarisation

being alternately parallel and perpendicular to that of the

incident light. Thus, if we view the emergent beam through
a Nicol with its principal plane parallel to the plane of

polarisation of the incident light, the vibrations at M, M2 ,
M4 ,

&c., will be perpendicular to the principal plane of the Nicol

and will be extinguished by it
;
at all other points of the field

more or less light will get through ;
so that if the light be

homogeneous the field will appear to be crossed by a series

of dark vertical bars corresponding to the points M, M 2,
M

4 ,

&c. If we wish to determine the difference of phase be-

tween the vertical and horizontal components in the emergent

light at any other point, we can place a fine fibre to co-

incide with the central black band, the fibre being attached
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to a micrometer screw by means of which it can be moved

parallel to itself across the field. Move the fibre until it

coincides with the next dark band and measure the distance

through which it has been displaced ;
this will be 20, and

corresponds, as we have seen, to a difference of phase of X.

If now we have to move the fibre a distance x from its

original position to bring it over the point at which the

difference of phase is required, the difference of phase will

be to A in the ratio of x to 20. Thus the difference re-

. , . X*
quired is .

2 a

In M. Jamin's apparatus the fibre is fixed, but one of

the wedges can move parallel to its face, and the distance

through which it is displaced can be measured by a micro-

meter screw. Adjust the screw until the central band

appears under the fibre. The difference of phase there is

zero, the thicknesses of the two plates being equal. On

moving the screw the second plate slides parallel to itself

over the first, and the central band moves from under the

fibre, while the next band moves towards it. The difference

of phase in this next band is X. Let us suppose that in

order to bring it under the fibre we have to displace the

plate a distance c. Then a difference of phase of X corre-

sponds to a displacement c, so that if we have to displace

the plate a distance x to bring any given point under the

central fibre the difference of phase at that point is .

Clearly c is four times as great as a, for in the figure, as the

fibre moves, the thickness of the one plate increases and

that of the other decreases at the same rate. If, however,
one plate be displaced over the other, the thickness of the

first under the fibre remains the same, so that to produce
the same difference of thickness that exists at M 2 under the

fibre, we must move the plate through 2M M 2,
or through

40 ; thus c = 4#. If the plane of polarisation of the incident

light be inclined at an angle a to the horizon, the planes



of polarisation at the points M, M,, &c., will not be at right

angles. The direction of vibration at M! will be equally
inclined to the vertical with that at M, but on opposite
sides of it

; the planes of polarisation at M and MJ will

be inclined at an angle 2 a. To obtain blackness, then,

in the bands, the principal planes of the polarising and

analysing Nicols must not be crossed, but inclined at -an

angle 2 a.

If we suppose that the incident light is elliptically

polarised, we can resolve it at each point of the compensator
into two components polarised parallel to the axes of the

quartz and differing in phase by the same quantity v suppose.

Let us suppose that v is the retardation of the component
in the horizontal plane behind the other. Then in addition

to the difference of phase e e' produced by the compen-
sator we have this difference v. The total difference of

phase at each point is v + e e', and under the central

dark band v + e e' must be zero.

Suppose the apparatus is adjusted so that when plane

polarised light is incident, the difference of phase under the

fibre is zero, that is, so that the central band coincides with

the fibre. When the light becomes elliptically polarised

the central band will be displaced and the difference of

phase beneath the fibre will be v. Move the screw until

the central band is again brought under the fibre and let x

be the displacement. The difference of phase under the

fibre has been reduced from v to zero by a displacement x,

and a displacement c changes this difference from zero to X.

Thus v= . The signs of x and c are, of course, the

same, if the displacements take place in the same direction,

and in this case v is negative, for the displacement x alters

the difference of phase from v to zero, while c changes it

from zero to X. Instead of a single fibre we may use two

close together and adjust the micrometer screw until the

central band is exactly between them.
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Since the distance between the dark bands depends on

the wave-length, if white light be used, as was the case

generally in M. Jamin's experiments, the field is crossed by
a series of rainbow coloured bands, the central band alone is

perfectly black.

It is difficult to get a homogeneous light of sufficient in-

tensity to work with. I have, however, found that excellent

results may be obtained by blowing a fine jet of oxygen
into the flame of a Bunsen burner in which a bead of some

sodium salt is placed.

The compensator will also enable us to determine the

position of the axes of the elliptic vibrations. For we know

that the components of the vibrations along the axes differ

in phase by -. Set the compensator, so that the central

4

band is under the fibre when plane polarised light falls on it,

and then displace the plate through a distance -. If ellip-

tically polarised light falls on the compensator and brings

the band back under the fibre, we know that the difference

in phase between the components of the elliptically polarised

light parallel to the axes of the quartz plates must be -
}

so that the axes of the quartz plates will then be parallel to

the axes of the ellipse. Allow, therefore, the elliptically

polarised light to fall on the compensator. The black

central band will generally not be under the fibre, but on

turning the compensator round an axis parallel to the direc-

tion of the incident light, the band moves across the field,

and for certain positions of the compensator can be brought
under the fibre. When this is so, the axes of the elliptic

vibration are parallel to those of the quartz plate, for the

difference of phase between the components in these direc-

tions is -.

4

Perhaps, however, the simplest mode ofanalysing elliptically
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polarised light is to reduce it by meansof a quarter undulation

plate to plane polarised. Let the elliptically polarised light

fall normally on a quarter undulation plate, and turn the plate

round an axis perpendicular to its plane until the axes of the

plate are parallel to those of the ellipse. The difference of

phase between the components in the incident beam parallel

to these axes is -, to this is added the difference + - pro-
4 4

duced by the plate. The light emerging from the plate

consists, therefore, of two components differing in phase either

by zero, or -. It is plane polarised, and can be quenched

by a Nicol's prism. If we do not know the position of the

axes of the incident vibration, we must adjust first the plate

and then the Nicol by trial until there is no emergent beam.

CHAPTER XIV.

CIRCULAR POLARISATION.

FOR many purposes we require to know the position of

the plane of polarisation of a beam of light. We can do

this most directly, though not with any great accuracy, by

means of a Nicol, the position of whose principal plane we

know, or a plate of tourmaline for which the axisJias been

determined.

We have only to mount the Nicol or tourmaline in a

graduated circle which can turn round an axis perpendicular

to its plane, and note the position of the principal plane of

the Nicol or of the axis of the tourmaline with reference to

the zero of the graduations. Then turning the circle until no

light passes the Nicol or the tourmaline, as the case may be,

we know that the plane of polarisation of the incident light
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is parallel to the principal plane of the Nicol, or the axis of

the tourmaline.

But it is by no means easy to determine the exact position

at which the light is quenched. For a considerable angle on

either side of the required position so very little light passes

the analyser that large errors may be made in the determi-

nations. Various instruments have been devised to over-

come this difficulty. One class of these depends on the

fact that it is very much more easy to say if two similar

objects placed side by side are equally illuminated, espe-^|

cially if the illumination is not very strong, than it is to decide

when one of them is absolutely black.

Suppose now that the field of view is divided into two

parts by a line AOB (fig. 167), and that in these two parts

the planes of polarisation are in-,

clined at a small angle, so that the

direction of vibration in one is

along o P, and the other along o Q.

If we look at this through a Nicol's

prism when the principal plane of

the Nicol is perpendicular to o P,

one half is black, and when it is

perpendicular to o Q the other half

is black. For a position inter-

mediate between these, the two halves will appear equally

illuminated, and then the principal plane of the Nicol will

bisect the exterior angle P o Q.

Now let us suppose that we reverse the direction of the

light and look at plane polarised light through some ap-

paratus which produces a small difference P o Q in the planes

of polarisation of the two halves of the beam which is trans-

mitted through it.

Then if the principal plane of the Nicol be parallel to the

exterior bisector of the angle P o Q, the two halves of the field-

are equally illuminated but not otherwise. If then we turn

the apparatus round the direction of the light until the two
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ialves of the field are equally illuminated, we know that the

lane of polarisation of the incident light bisects the angle

OQ.
This is the principle of Jellett's and Laurent's analysers.

n the former a long rhomb of Iceland spar is taken, and

he ends are sawn off at right angles to its length. Let

LBCD (fig.
1 68) be the rhomb, and let AC be the longer

liagonal of the end. If a wave of light falls normally on the

:nd A B c D, the ordinary wave passes through undeviated and

s plane of polarisation
is perpendicular to A c, A c is parallel

FIG. 168.
FIG. 169.

o the direction of vibration. On entering the rhomb the

xtraordinary pencil is bent to one side, and if the rhomb

,e of sufficient length and the breadth of the incident pencil

tot too great, the two are separated on emergence. Let

oo Q be a line through o, the centre of the face A BCD,

naking a small angle a with A c, and suppose the rhomb be

:ut in two by a plane parallel to its length passing through

>Q

'Let the common surface of the two portions thus formed

e polished, and let one of them PD CQ be turned end f

nd, and then let the two halves be cemented together again.

Fhe end of the prism will then be as in fig. 169.
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is obtained from fig. 168, by supposing PDCQ to be ro-

tated through two right angles about an axis perpendicular

to P Q.

To use a mineralogical term the crystals P A B Q, PC' D' Q,

are twinned about the plane P Q. The direction of vibration

for an ordinary ray in the half P D' Q is o c', and in the half

p A B Q it is o A, and these two are inclined to each other at

the small angle 2 a.

In the half p A B Q the extraordinary ray is thrown off in

one direction, in the half p c' D' Q it is thrown in the other,

and by placing a diaphragm with a circular hole in the centre

between the analyser and the eye, the two extraordinary rays

can be prevented from reaching the eye. If, then, we look
:;

through this analyser at a small aperture illuminated by a

parallel beam of plane polarised light, so that one half of the

aperture is seen through one half of the analyser, and the
f

other through the other, for one position of the analyse

one half of the field appears black, for a second inclined tc

the former at an angle 2 a, the other half is black, and fo

a position midway between these the two halves are equall

dark. In this position the plane of polarisation of th

incident light is parallel to P Q.

The essential portion of Laurent's analyser is a plate o

quartz or gypsum cut parallel to its axis, and of such a thick

ness that the difference of phase it produces in the tw<

waves which can traverse it is -. This covers one half o
2

the field of view, the other being occupied by a plate o

glass or other transparent material of such a thickness as tc

absorb the rays of wave-length A equally with the quartz

Let ABC (fig. 170) be the semicircular piece of quartz, ant

suppose A c is the axis.

Let light polarised at right angles to the direction o :

fall on the quartz, and let o P make an angle a with A c.

The vibration in direction o P is resolved by the quart,

into two respectively along and perpendicular to A c, am
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FIG. 170.

of these the one in, direction A c is retarded more than the

other by the quartz, and a difference of phase of - is pro-

duced in the emergent pencil. It, therefore, is plane polar-

ised, and the direction of vibration is inclined at an angle a
to A c on the side remote from o p. If,

then, o Q be drawn so that Q o A is equal to

,
o Q is the direction of vibration in the

pencil emerging from the q.uartz plate. The

planes of polarisation in the two halves of

the field are inclined to each other at an

angle 2. If we fix a Nicol before the

plate, with its principal plane at an angle a

:o A c, and allowing a parallel pencil of

plane polarised light to illuminate the plate,

ook at it through the Nicol, the two halves

of the field will appear of the same in-

:ensity when the plane of polarisation of the incident beam
s parallel to A c.

Since the thickness of a half wave plate depends on A,

Laurent's analyser can only be used for homogeneous light,

[ellett's, on the other hand, can be used with the sun's

rays.

Fig. 171 gives a general idea of the arrangement of the

pieces. A is a convex lens arranged to produce parallel rays

FIG. 171.

from the source of light L which is placed at its focus. B the

polarising Nicol. c is the analysing plate to which a second

Nicol N is attached, or the Jellett analyser. This second

Nicol is fixed to a graduated circle, which can rotate about

an axis parallel to the incident light. D is a telescope
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or eye-piece focused on the plate. In Laurent's instruments

as made by him, a plate of bichromate of potash is placed

between A and B to absorb all but the yellow rays of the

source of light a Bunsen burner with a sodium bead and

the plate of quartz is attached to B, the polarising Nicol,

instead of to A the analysing ;
the theory is the same as that

described above. There is also an arrangement by which

the angle a can be varied, thus altering the sensitiveness ot

the apparatus. Jellett's apparatus can be used equally well

as a polariser, and in many cases this is the most convenient

arrangement. A still simpler application of the principle

of these two instruments has been suggested lately by
Professor Poynting, of Birmingham, but as it depends on :

the phenomena presented when plane polarised light is

allowed to pass through a plate of quartz in a direction i

parallel to its axis, we must defer its description till these

have been considered.

It is found that if plane polarised light is allowed to pas

normally through a plate of quartz cut at right angles to it

axis, the emergent beam is plane polarised ;
but its plane o

polarisation does not coincide with that of the inciden

light. The passage through the quartz in this direction has

rotated the plane of polarisation of the light

This property is common to quartz and many othe

natural substances. Among crystals, it is shown by cinnabar

and the chlorate, bromate, iodate and periodate of sodium

by hyposulphate of lead, and possibly also by some othe

hyposulphates, while solutions of sugar, morphia, and quin

ine, with the essences of turpentine, lemon, aniseed, lavender

and sassafras, also produce it. The rotation varies as the

length of the substance through which the light passes ; b]

doubling the length the rotation is doubled. It differs ver>

considerably for different media in amount, and also in

direction.

Let us suppose we are looking in the direction in which

the light is travelling, then some media turn the plane 01
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polarisation in the direction in which the hands of a clock

appear to move as we look at the face. The rotation is

in this case said to be right-handed. The directions of

rotation and wave propagation are related to each other in

the same way as the directions of rotation and translation of

an ordinary screw. In other media, the rotation is in the

opposite direction, and is said to be left-handed. The

rotation, moreover, depends on the wave-length of the light

used, rays of different wave-length being turned through

very different amounts.

The following table, taken from Verdet, gives the rota-

tion of a decimetre of each of the substances, measured for

the red rays transmitted by a glass coloured with oxide of

copper. Right-handed rotation is considered positive, left-

handed negative.

Essence of Turpentine . . . . 29 6

,, Lemon .....+ 55' 3

,, Aniseed - o- 7

,, Bigarade .....+ 7&
3
'94

,, Carraway + 65 79

Solution of Sugar 50 / . . + 33 64

Quinine 6 % in alcohol . . 30

The rotation produced by a plate of quartz one milli-

metre thick for rays of about the same wave-length is 17

15' ;
so that all the substances in the above list are much

less powerful than quartz in producing this effect. The

rotation, we have seen, is different for waves of different

lengths. Experiment has shown that approximately, at any

rate, the rotation varies inversely as the square of the

wave-length. Thus, M. Broch gives the following table for

the rotation produced by a plate of quartz, one millimetre

thick, on the different rays. The third column gives the

product of the rotation multiplied by X2
,
and since it is

nearly constant, we infer that the rotation varies nearly

nversely as X2
.
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Rays Rotations Rotation x \*

B . isi8' .... 7238
C . I7i5' .... 7429
D . 2i4o' . . . -75"
E . . . . 27 28' .... 7596
F . . . . 323o' .... 7622

G . 42i2' .... 7842

The products in the last column increase gradually,

showing that the law is only approximate.
If a plane polarised ray of white light pass through such

a plate, the planes of polarisation of the different coloured

waves of which it is composed are very different. If, then,

we examine the emergent beam with a Nicol, for any position

of the Nicol within certain limits, light of one colour will be

entirely prevented from passing through, while the others

will be present in different proportions, and the quartz plate

will appear coloured
; the colour will alter very considerably

as we turn the Nicol round. If the thickness of the quartz

be not greater than five millimetres, for one position of the ]

analysing Nicol the plate assumes a greyish violet colour,

which is easily recognised. If the Nicol be turned a little

from this position in one direction, the plate becomes red,

and if it be rotated a little in the opposite direction, the

plate appears blue. On passing through this position, the

colour changes almost suddenly from red to blue or blue to

red.

This peculiar tint is called the tint of passage, and it is

found that when the quartz plate shows the tint of passage,

the principal plane of the Nicol is parallel to the plane of

polarisation of the yellow-green rays near the line E after

they emerge from the quartz ;
these rays, therefore, are

quenched by the Nicol.

The simplest way to test what rays are absent from the

light after it has passed the Nicol is to examine it by means

of a spectroscope. A dark band, corresponding to the

missing rays, will cross the spectrum.



CHAP. XIV.] Circular Polarisation. 401

A complete theoretical explanation of these various

phenomena has not been given ; we can, however, with

advantage analyse them a little further.

We have explained the nature of circular polarisation,
and have seen how circularly polarised light can be con-
sidered as the resultant of two plane polarised beams,

differing in phase by -, polarised in perpendicular planes.

We shall now show that a plane-polarised ray can be con-
sidered as the resultant of two circularly polarised rays of
the same intensity, in which the directions of vibration are

opposite.

Let the circle, A B c D
(fig. 172), represent the path of a

particle in each of these rays, o being its centre
; o is the

position of rest of the particle.

Consider the right-handed vibration

first, and let P be the position after

an interval / of a particle, which

initially was at A. Draw p N per-

pendicular to AC, cutting it in N.

Then, owing to this vibration, the

ether particle is displaced from its

position of rest a distance o N along
C A and P N at right angles to c A

;

and if we produce P N to cut the

circle again in p', p' will be the position of the particle in

the other wave at the same moment Its displacement

parallel to c A is o N, and its displacement at right angles to

c A is N p', equal and opposite to P N. If, then, both these

circular vibrations affect the particle, the displacements per-

pendicular to A c will destroy each other, and the whole

displacement will take place along A c, and will be 2 o N.

The particle will vibrate backwards and forwards along the

line A c
;
the ray will be plane -polarised. If a be the radius

of the circle, w the angular velocity of the particle, and T the

time of a complete revolution,

D D
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a> r= 2 TT w =
7T

Angle AOP = W/ = -

2 7T
-

ON
27T/

# cos A o P = a cos ,

and the displacement of the ether particle along AC is

27T/

Let us now suppose that the plane-polarised ray falling

on the quartz is replaced in this way by two circularly

polarised rays ;
and let us assume that the rate at

which these two rays traverse the

crystal is different, being less for

the left-handed than for the right-

handed ray ;
the particle P, as the

light emerges from the quartz,

will be retarded relatively to P'.

Let the thickness of the plate

be such that the left-handed ray,

which travels with the least
velo-|

city, just passes through in the

periodic time r, and consider a

particle at the second face of the plate after an interval T.

Let the fig. 173 represent the displacements of this par-

ticle, o' A', o' B
'

being parallel to o A and o B respectively

of fig. 172. Then, so far as the left-handed wave is con-

cerned, the particle will be at A'.

Consider now the effect of the right-handed wave. We
know that in any case of wave-motion the displacement of

a particle at any epoch is the same as that which at a time

x\v previously affected a particle at a distance x behind ;

x\v being the time taken by the wave to traverse with

velocity v the distance x ; let f be the time taken by the

right-handed wave to traverse the plate. The displacement,

then, at the second face, due to the right-handed wave,
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will be the same as that at the first face at a time /'' before
the epoch considered

We can easily see what this time, /, is, for if X' is the

wave-length of the left-handed wave in the crystal, then,
since the plate is traversed in time r, its thickness is X', so

\/

that t =
, and we require the displacement in the right-

handed wave at a time X'/z> before the left-handed wave
reaches the second surface, that is, at a time r X'jv after

the ether particle in either wave leaves A. Let p (fig. 1 7 2 ) be the

position of the particle in the right-handed wave on the first

face at this moment, and draw O'P! (fig. 173) parallel to o P;
then PJ is the position of the ether particle in the second

face, at the epoch t, so far at least as it depends on the

right-handed wave ; and to find the actual displacement in this

wave, we have to compound o' A' and O'P! ; join A' PJ, and
draw o' N' to bisect it at right angles. The displacement
o' A' is compounded of o' N' and A' N', o' P! is compounded
of o' N' and P,N' ;

p
r
N' and A'N' are equal and opposite, and

the resulting displacement is twice o' N'. Thus the emergent
wave is plane polarised, and the plane of polarisation has

been turned by the plate through the angle A' O'N.' Also,

A' O' N' = i A O P.
2

Now P (fig. 172) is the position of the ether particle in

the right-handed wave at a time r X' \v. And if v' be the

velocity of the left-hand wave, X' = v'j-.
Thus this time is

-Y The angular velocity in the ether wave is

2 TT
jr. Therefore, the angle A o P = -

2 ^ ~
,
and a length

X' of the crystal rotates the plane of polarisation through

[v v1
} Hence a length c will produce a rotation of
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And if X be the wave-length, v the velocity in air

^7
= - Hence the rotation is -^-^ (v v'). Or, if

/;, //

be the refractive indices for the two circularly polarised

waves, since u = -, /i'
= ^, the rotation = (u

1

u).
V V X

The experimental fact that the rotation varies hearly

inversely as X2
,

leads us to conclude that the difference

p.' n is inversely proportionate to X.

We have thus been able to give a geometrical account

of the action which we may suppose takes place when the

plane of polarisation of light is rotated by a plate of any
medium.

The amount of rotation produced by a given length of a

substance is an important quantity, and we must consider,

therefore, the various means we have of determining it

Jellett's prism and Laurent's analyser were constructed for

this purpose. We first determine the position of the plane
of polarisation of the light coming from the polariser ; then

introduce between the polariser and analyser a column of

the substance we wish to examine, and again determine the

position of the plane of polarisation of the light after

passing through this column. If the substance be a liquid,

it must be put in a tube, the ends of which are closed by

pieces of plane parallel-sided glass.

By using homogeneous light with the Jellett analyser,

we can determine the rotation for light of a known wave-

length.

The biquartz affords us another simple and fairly accu-

rate method of making this determination. It is found that

in some specimens of quartz the rotation is right-handed,
and in others it is left. This difference is connected with

the crystalline form. A biquartz consists of two semicircular

plates of quartz, ABC, ADC (fig. 174), having a common
diameter A c, one of which, ABC, is right-handed, while the

other is left
; the two plates are of the same thickness, and.
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therefore, produce the same amount of rotation, though in

opposite directions, in any given ray. If, now, plane

polarised white light passes through the biquartz, the rays

of difference refrangibilities are differently rotated
;
and if

the emergent light be analysed by a Nicol, the two halves

of the biquartz will appear of different colours.

A position of the Nicol, however, can generally be

found in which the colour is the same in the two. For,

consider the wave which is turned through a right angle by
the biquartz. If p o Q be the direction of vibration in the

incident wave, and P' o Q'

be at right angles to P o Q,

then o P' will be the direc-

tion of vibration in the wave

emerging from ABC, and

o Q' in that which emerges
from ADC; for ABC has

turned the plane of polari-

sation in a right-handed

direction through 90, while

ADC turns it through the

same angle in a left-handed

direction. Thus if the prin-

cipal plane of the analyser be parallel to P o Q, light of the

same wave-length is absent from the two halves of the field
;

the other rays also are present in the same proportion in the

two halves, so that they appear of the same colour.

Now, if the thickness of the biquartz be about 3-3 mm.,

the rays which are turned through 90 are those in the

neighbourhood of E, the brightest part of the spectrum ;
and

the common colour of the two halves is the tint of passage.

A very slight rotation of the analyser in one direction

renders the upper half red and the lower blue, while if the

rotation be in the opposite direction, the upper half becomes

blue, the lower red. Thus the position of the plane of

polarisation of the light falling on the biquartz can be
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determined with considerable exactness. If now we intro-

duce a rotating medium, either between the polariser and

biquartz, or between the biquartz and analyser, in the first

case the direction of the ray which is turned through 90 by

the biquartz will be in some position such as 0?!, and we

shall have to turn the analyser until its principal plane

coincides with o P! to restore uniformity of tint in the two,

halves, and the angle through which the analyser is turned

gives us the rotation of the medium for light of that

definite wave-length. When the rotating medium is placed

between the biquartz and the analyser, the direction of*

vibration in both halves is turned from the position p'o Q' to

some such as P/OQ/, and to restore equality of tint, the';

polariser must be turned till its principal plane is perpen- '.

dicular to P/OQ/.

FIG. 175.

For success in practice, it is necessary that the biquartz ;

should be cut perpendicularly to the axis of the quartz, and

that the light should fall on the face of the quartz normally. ]

To use the apparatus, we require a source of white light, as ti

the sun or a good lamp L
(fig.

1 75), a Nicol's prism, N, to pola- I

rise the light, the biquartz B, a second Nicol, N', mounted in a J
graduated circle so that we can measure the angle through 1

which the Nicol is turned, and a lens or small telescope, T,

focused so as to see the biquartz distinctly. There will be f
two positions of the Nicol differing by about 180, for which

the two halves of the field appear of the same colour. The

readings of the circle in both these positions should be

observed and the mean taken in the result. By this we
eliminate the greater part of the error which arises from the
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fact that the axis of rotation of our Nicol is probably not

exactly parallel to the light which traverses it.

Instead of observing the colour of the biquartz directly,

we may make a spectrum of the light which passes it, and

examine this. For this purpose, we remove the telescope

T, and allow the light to fall on the slit of a spectroscope, s

(fig. 176). A lens, M, is placed between B and s, and ad-

justed so as to form a real image of the biquartz on the slit.

When this is done, two spectra, one above the other, are seen

in the field, one from each half of the biquartz. Each of these

spectra is crossed by a dark band, indicating the light from

the two halves of the biquartz respectively that is quenched

by the analysing Nicol. On turning the Nicol, these two

bands move across the field in opposite directions, and can

FIG. 176.

be brought one above the other. When this is the case,

light of the same refrangibility has been destroyed in each

spectrum by the analyser, and, as before, the principal plane
of the Nicol is parallel to the direction of vibration of the

incident light. It is more easy to decide when these two

bands coincide than when the two halves of the biquartz are

of the same colour
; hence the method of analysis by the

spectroscope is more delicate than the other. We may

apply the spectroscope in a somewhat different manner,

using only a single quartz plate instead of the biquartz, if

we have a source of light, such as the sun, in the spectrum

of which there are definite dark lines. For as before, we

get a dark band in the spectrum, and can bring it into

coincidence with any of the known Fraunhofer lines ;
on

introducing our rotatory substance the dark band moves
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FIG. 177.

across the field, and the analysing Nicol must be turned

through an angle equal to the rotation produced by our

substance to bring about the coincidence again.

I have found a small modification of this apparatus con-

venient. Supposing the polarising Nicol is mounted like the

analysing in a graduated circle, we can remove the analyser

entirely if we use a double image-prism of spar or quartz to

form our spectrum ;
such a prism acts as its own analyser.

We have merely to turn the polariser until the dark bands

in the two spectra appear one vertically above the other, andl

read the circle
;
then introduce the active substance, turn

the polariser until coincidence is again established, and take

the reading.

Soleil's compensator is another apparatus designed for

this purpose ;
A B c, B c D (fig. 177) are two wedges of quartz,

as in Jamin's compensator, one]
of which can slide over the

other. The faces A B and CD

are, however, perpendicular to

the axis in both wedges, but

A B c is right-handed, BCD left-

handed quartz. Consider a ray

passing through the centre of

the two wedges, along o o'
;

it

is rotated to the right by A B c,

and to the left by BCD, and;

since the thickness of the two wedges which it traverses is

the same, no effect is produced. If, however, the movable

wedge, B c D, be displaced to the right, a ray passing along
o o' will be rotated on the whole, by the plate to the right ;

and if B c D be displaced to the left, the ray on emerging
will be rotated to the left, and the amount of rotation, de-

pending as it does on the difference between the thicknesses

traversed in the two wedges, will be proportional to the dis-

placement Suppose, now, this double wedge is introduced

between a polariser and analyser, and adjusted to give the
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tint of passage ;
if a column of an active substance be

placed in the line of sight, the colour changes, but can be

restored by displacing the movable plate, and the displace-

ment of the movable plate thus becomes a measure of the

rotation produced by the column of substance employed.
We have already referred to a very simple arrangement

suggested by Professor Poynting, for utilising the principle

of the Jellett and Laurent Analyser. Take a plate of quartz,

cut at right angles to its axis, and cut it in two along a

diameter. Reduce one-half in thickness by a small amount

FIG. 178.

(about one-tenth of a millimetre is sufficient), and place the

halves together again with their faces parallel.

Let A B c, A D c (fig. 178), be the two halves, ABC being

the thinner; suppose plane polarised light, in which the direc-

tion of vibration is o N, falls on the plate ;
on passing through

ABC the direction of vibration is rotated from o N to some

other, such as o P. On passing through A D c it is rotated

through a somewhat greater angle to the position o Q. Thus

after passing through the plate, the planes of polarisation

in the two halves of the field are inclined to each other at a

small angle, just as in Jellett's and Laurent's instruments.

We may accomplish this by a simpler device, as follows :

Let A BCD (fig. 179) be a cell of glass, with plane parallel
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faces A B, CD. In the figure we are supposed to be looking

down on it from above. Take a piece of glass of about 6

or 8 mm. thickness, and of half the size of the face A B, and

place it in the cell up against the face, as E F in the figure,

then fill the cell with turpentine or some other active surface.

Plane polarised light passing through at right angles to the

face A B is rotated by this cell, but the thickness of active

substance traversed is, in one-half of the field, A D
;

in the

other it is only F c. The planes of polarisation in the two

halves are inclined at a small angle.

Fig. 1 80 shows a graduated circle with verniers and

telescope attached, used for holding a Jellett's or Laurent's

analyser or a Nicol's prism, and measuring the angle

through which the plane of polarisation of light is rotated

by any given substance.
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CHAPTER XV.

ELECTRO OPTICS.

FARADAY discovered that the property of rotating the plane
of polarisation of light was acquired by glass and other

bodies when placed in a strong magnetic field. This may
be shown as follows : Cylindrical holes are bored through
the soft iron poles of a strong electro-magnet, and these are

placed so that the axes of the holes are in the same straight

line. A ray of plane polarised light passes along this axis

and falls on an analyser. Between the poles is placed a

piece of borate of lead, a very dense kind of glass, and the

analyser adjusted so that the light is quenched, or if a

biquartz is used with the analyser, so that the tint is uniform

over the whole plate. On passing a current through the

coils of the electro-magnet, the light at once appears, or the

two halves change colour, and can be quenched again by

turning the analyser round through a certain angle. The

emergent beam is still plane polarised, but the plane of

polarisation has been turned round by the action of the

magnetic field. If we reverse the current in the electro-

magnet, we reverse the direction of rotation of the plane of

polarisation.

The amount of rotation produced is proportional to the

difference between the values of the magnetic potential at

the two points respectively in which the ray enters and

leaves the medium. It depends also on the nature of the

medium.

Thus, if w,, w 2 be the values of the magnetic potential,

w 2 being the greater, the rotation is equal to c (w 2 w
t ),

where c is a constant which for most media is positive. The

rotation has been observed since the time of Faraday in

almost all diamaguetic substances, and the value of the

constant c has been determined for bisulphide of carbon by

J. E. H. Gordon.
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An important difference must be noted between the

rotation produced by a magnetic field and that of a solution

of sugar or turpentine. If we pass a plane polarised ray

through a column of turpentine, and allow it to fall on a

mirror of polished glass at the end, and reflect it back, it

emerges from the first end of the column polarised in the

original plane of polarisation. If, however, instead of

passing through the turpentine, it pass through a diamagnetic
medium under a strong magnetic force, and is reflected

back, the plane of polarisation is rotated by the double

passage through twice the angle produced by once traversing

the medium. We can see some reason for this if we con-

sider the plane polarised

ray as the resultant of two

circularly polarised rays.

In the quartz or turpentine,

the direction of most rapid

rotation depends on thetf

direction in which the wave

is travelling. Thus if the!

circle A B A' B' (fig. 181) re-

present the path of an ether

particle in a right-handed

piece of quartz, in which a wave is travelling through the

plane of the paper from above to below, the wave in which

the rotation is from A to B travels the more quickly; if,

however, the motion be from below upwards, the wave in

which the direction of motion is from A to B will be the

right-handed wave and will travel the faster.

In the case of the magnetic rotation, however, the

direction of fastest rotation depends only on that of the

magnetic force. If this be such that the wave in which the

rotation is from A to B moves the faster when travelling

downwards, this wave will also move the faster when the

direction of motion is from below upwards ; thus as we

look at it from above, the plane of polarisation will be
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rotated in the same direction, whether the wave be moving
from or towards us. In the case of the quartz, the rota-

tion will appear to be in one direction when the wave
is moving from us, and in the other when it is coming
towards us.

Quite recently, M. Becquerel, Professors Kundt, Rontgen,
and Lippich observed this magnetic rotation in gases as well

as in solids and liquids.

Another close connection between magnetism and light

has been discovered lately by Dr. Kerr, of Glasgow. He has

found that if the poles of an electro-magnet be polished so

as to reflect light, and plane polarised light be allowed to fall

on them, and the reflected beam be received on an analyser

so as to determine the position of its plane of polarisation ;

the position of the analyser depends on the magnetisation

of the electro-magnet. When no current passes through the

coils, the reflected beam is plane polarised in one plane.

A current is passed through in such a direction that the re-

flecting pole is positive, then the plane of polarisation of the

reflected beam is turned in one direction. If the current

is reversed so as to make the pole negative, the plane

of polarisation is turned in the opposite direction. Dr.

Kerr has also discovered another link of union between

electricity and light ; he has shown that if a transparent

insulator is subjected to a strong electric stress, and plane

polarised light falls on it, the emergent beam is elliptically

polarised. Two plates of brass were placed parallel to each

other, at a short distance apart, in a cell with parallel glass

sides, and the space between filled with bisulphide of car-

bon. The plates were insulated from each other, and con-

nected with the two poles of an electric machine, and plane

polarised light passed through in a direction parallel to the

plates, the plane of polarisation of the light being inclined at

45 to the brass plates. The emergent light was examined

with a Jamin's analyser, and, on working the electric machine,

the bands moved across the field. It was found that the
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axes of the emergent elliptic vibrations were parallel and

perpendicular to the plane of the plates, and that the

difference of phase between the two components in these

two directions was proportional to the square of the electric

force at each point.

The effects may be more easily produced by using
instead of two plates two small spheres, or a sphere and a

pointed conductor, placed at a small distance apart, in a

dielectric medium, and connected with the two poles of the

electric machine. It is then seen, on passing plane polar-

ised light through, that the medium has become doubly

refracting, and that the axes of refraction are at each point

parallel and perpendicular to the direction of the electric

force. These phenomena have been still further investi-

gated by Professor Rontgen.
All these phenomena teach us that there is some close

connection between electricity and light. Now, we have

seen that many of the phenomena of light can be explained

by the assumption of a medium filling space and endowed

with certain properties. Faraday was the first to refer

electrical action to the motions and strains of such a medium,
and his ideas have been developed by Clerk Maxwell, in his

'

Electricity and Magnetism.' The interesting question then

arises, are these two media the same, or different ?

We will give Maxwell's own account of the matter. He

says :

' We have now to show that the properties of the

electro-magnetic medium are identical with those of the

luminiferous medium.
' To fill all space with a new medium whenever any new

phenomenon is to be explained is by no means philosophical ;

but if the study of two different branches of science has

independently suggested the idea of a medium, and if the

properties, which must be assigned to the medium to account

for electro-magnetic phenomena, are of the same kind as

those which we attribute to the luminiferous medium to

account for the phenomena of light, the evidence for the
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physical existence of the medium will be considerably

strengthened.
' But the properties of bodies are capable of quantitative

measurement. We, therefore, obtain the numerical value

of some property of the medium, such as the velocity with

which a disturbance is propagated through it, which can be

calculated from electro-magnetic experiments, and also

observed directly in the case of light. If it should be found

that the velocity of propagation of electro-magnetic disturb-

ances is the same as that of light, and this not only in air,

but in other transparent media, we shall have strong reasons

for believing that light is an electro-magnetic phenomenon,
and the combination of the optical with the electrical

evidence will produce a conviction of the reality of the

medium similar to that which we obtain in the case of other

kinds of matter from the combined evidence of the senses.'

Now the luminiferous ether is the seat of energy, partly

potential, partly kinetic, which traverses it in waves with a

certain definite velocity. The potential energy arises from

the tendency of the medium, when strained, to recover its

original state, the kinetic, from the velocity with which

the particles vibrate about their position of rest. According
to Faraday and Maxwell, the electro-magnetic medium is the

seat of two forms of energy, electro-static and electro-kinetic,

and these exist not merely in the electrified or magnetised

bodies, but in every part of the surrounding space where

electric or magnetic force is supposed to act.

Again, when a force acts on the luminiferous ether it is

put into a state of strain, and the amount of strain produced

by a given shearing stress depends on the rigidity of the ether.

If the force be periodic and set up waves of transverse dis-

[turbance, the velocity with which these waves traverse the

?dium is proportional to the square root of the rigidity.

According to Maxwell, the effect of electric force acting

a dielectric or non-conducting medium is to produce

:ctric displacement. In an isotropic medium, the electric
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displacement is in the same direction as, and is proportional

to, the electric force. The amount of displacement produced

by a given force depends on the nature of the medium.

The numerical value of that property of the medium
which determines the amount of electric displacement pro-

duced by a given electric force is called the dielectric

constant, or specific inductive capacity of the medium.

For an elastic medium, the rigidity determines the

amount of stress required to produce a certain strain, so

that we see that the rigidity of an elastic medium corre-

sponds to the reciprocal of the specific inductive capacity of

the dielectric.

When a periodic electric force acts on a dielectric, waves

of electric displacement are set up. The displacements hi

these waves are transverse to the direction of propagation ;

and according to the theory the velocity with which they

traverse the medium is proportional to the square root of

the reciprocal of the specific inductive capacity. Waves

of electric displacement in an isotropic medium resemble

those of light in being transverse.

Again, electrical observations enable us to calculate the

specific inductive capacity of a medium such as the air
;
and

hence, to infer the velocity with which waves of electric dis- I

placement traverse it. WT

e can also observe the velocity oi

light in the air by methods entirely independent of the

electrical measurements. The experiments hitherto made

show us that these velocities are, very nearly indeed, the

same. This is obvious from the following table :

Velocity of light in metres

per second

Aberration . 299,300,000
Cornu. . . 300,400,000
Michelson . 299,940,000

Young and

Forbes . 301,382,000
Foucault . . 298,360,000

Velocity of propagation of electric

displacement

Maxwell . . 288,000,000

Thomson . . 293,000,000

Ayrton and

Perry . . 298,000,000
Shida

Weber
299,500,000

310,740,000

The recent determinations of the value of the B.A. unit
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of electrical resistance made by Professor Rowland, of Balti-

more, Lord Rayleigh and Dr. Schuster and the author, at

Cambridge, show us that the values given by Thomson
and Maxwell are about one per cent, too high. We may
say, then, that the velocities of propagations in air, of light,
and electric displacement, are each about 300,000,000 of
metres per second, though we must probably wait for further

observations to decide what is the exact relation between
the two.

Thus the rate at which a wave of transverse disturbance
traverses the electro -magnetic medium in air is very nearly
the same as the velocity of light.

The velocity of light in other transparent media can be
found by measuring their refractive index relatively to air

;

if
fj.
be the refractive index, and the velocity in air be taken

as unity, that in the transparent medium will be i
//u. Again,

if the specific inductive capacity of the medium relatively
to air be K, the velocity with which the electro-magnetic
disturbance traverses it will be I/N/K, so that if the velocity
of light in the transparent medium is to be the same as that

of the electro-magnetic disturbance, we should have /u
= N/K^

tmt we know that p depends on the wave-length of the

light considered, and the time occupied in all methods of

determining K is infinitely long, compared with the period
of vibration of any part of the visible spectrum. We take,

therefore, the value of
/*,

which corresponds to waves of

infinite period ;
if we denote this by /^ ,

we are to have

= N/icT Dr. J. Hopkinson has made a series of experi-

ments to verify this result by determining the refractive

indices and specific inductive capacities of various kinds of

glass and oils. He finds that for the glasses, and animal,

and vegetable oils yu^ is less than V Awhile for the hydro-

carbons HQQ is equal to v^icT

The results of the experiments on the whole would seem

to show that there is some very intimate connection between
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light and the electro-magnetic disturbance. At present, we

understand too little of the theory of dispersion, and the

manner in which the ether is modified in transparent bodies,

to explain why the two velocities should agree so closely for

some media and differ for others.

At the time of the first edition of the '

Electricity and

Magnetism,' paraffin was the only substance whose specific:

inductive-capacity had been determined with sufficient

accuracy for a comparison : for that we have p ^ = 1-422,

VK = 1-405. Speaking of these numbers, Professor Max-]
well wrote :

' Their difference is greater than can be
ac-j

counted for by errors of observation, and shows that our,

theories of the structure of bodies must be much improved]
before we can deduce the optical from the electrical pro- 1

perties. At the same time, I think that the agreement]
between the numbers is such that if no greater discrepancy!

were found between the numbers derived from the optical;

and electrical properties of a considerable number of
sub-j

stances, we should be warranted in concluding that N/icJ

though it may not be the complete expression for the index;.

of refraction, is at least the most important term in it.'

But in addition to this, Maxwell has shown how to

determine the laws of propagation of electro-magnetic waves*

in a crystal, on the assumption that there are three prin-1

cipal axes of electric induction, along which the co-efficients!

of specific inductive capacity are different.

He shows that for any plane wave-front, there are two,

and only two, possible directions of displacement, which

are exactly those given by Fresnel's construction
; the!

wave-surface also is strictly a Fresnel's wave-surface, and, a43

on Fresnel's theory, the velocity of propagation of a given-'

disturbance is inversely proportional to that radius vector

of a certain ellipsoid, which is parallel to the direction of

displacement ;
the third or normal wave of disturbance

does not exist at all in the electro-magnetic waves.

We have seen that Fresnel's construction represents
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very closely indeed the laws of propagation of light in a

crystal, so that we may say that these laws are the same for

light and the electro-magnetic disturbance.

Again, a number of electrical facts lead to the conclu-
sion that the kinetic energy in an electro-magnetic field is

energy of rotation existing at all points of the field. Start-

ing from this assumption, Maxwell has shown that if a wave
of electric displacement traverse a field of magnetic force,
the direction of displacement will be rotated as the wave
travels on. If the wave be plane polarised in a certain

plane on entering the field, it will be plane polarised, but in

a different plane, on emergence. And on certain further

assumptions as to the nature of the molecular rotation in the

magnetic field, he has found an expression for the angle

through which the plane of polarisation of a wave of given

length will be rotated by its passage through a given field of

magnetic force.

This expression agrees fairly with the experimental
determinations by Verdet of the rotation of the plane of

polarisation of light of various wave-lengths by a magnetic
field.

Mr. E. H. Hall, of Baltimore, U.S., has discovered by
direct experiment that in a conductor carrying a current in

a magnetic field, there exists an electro-motive force, de-

pending probably on the product of the strength of the

field and the component of the current at right angles to the

magnetic force. If we assume that a similar electro-motive

force is called into play by currents of electric displace-

ment in a dielectric, Professor Rowland, of Baltimore, has

proved that the direction of the electric displacement would

be rotated by the passage of a wave through the magnetic

field, and the formula he arrives at is the same as that of

Maxwell. I have since proved that this transverse electro-

motive force is a consequence of the molecular rotation as-

sumed by Maxwell, or, to put it in another way, that this

E E 2
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transverse electro-motive force would set up exactly the

motion he took as the basis of his calculations.

The problem of the reflexion and refraction of the

electro-magnetic waves has been considered by Lorentz,

Fitzgerald, J. J. Thomson, and the author. The electric

displacement is found to follow exactly the same laws as

those deduced by Neumann, MacCullagh, and Kirchhoff,

for light. Fitzgerald also has treated the case in which the

reflecting surface is magnetic, and finds that in consequence
there would be a rotation of the direction of vibration, such

as was experimentally discovered by Kerr, when light is re-

flected from a magnet. All these considerations lead us to

conclude that the ether and electro-magnetic medium are

the same
; that, to quote Maxwell's words in the '

Theory of

Heat,'
'

light is a series of oppositely directed magnetisations
and electro-motive forces.' We, perhaps, as yet can hardly

affirm that this must be the case
;
we may, however, feel

quite certain that the link of connection between the two,

light and electric displacement, is very close indeed, and

fairly hope that no long time will elapse before it becomes

known to us.

CHAPTER XVI.

THE VELOCITY OF LIGHT.

IT remains now to describe some of the various methods by
which the velocity of light has been determined.

Rcemer, a Dane, was the first to make the measure-

ment.

Each of the satellites of Jupiter is eclipsed to us once

during its revolution by its passage behind the body of the

planet ;
and the moment at which the eclipse will take place

can be calculated from the masses of the planet and satel-

lite, and the dimensions of their orbits.
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Now observation had shown that the times of eclipse
and reappearance of the satellite were always somewhat
later than those given by calculation, while the amount of

discrepancy between the two was found to depend on the
relative position of the earth and planet

But this is exactly what we should be led to expect if

light travels with a definite velocity, and is not propagated

instantaneously from the luminous object to all parts of

space. Two persons at different distances from a luminous

object, which is suddenly disclosed, will not begin to see it

at the same moment
; just as two persons at different dis-

tances from a source of sound will not begin to hear it at

the same instant.

Now, when Jupiter and the earth are nearest together,
the distance between them is less by the diameter of the

earth's orbit than it is when they are furthest apart, and the

difference between the observed and calculated times of the

eclipse is less also. The eclipse will appear to take place
between sixteen and seventeen minutes sooner than it would
have done had Jupiter been at its furthest distance from the

earth. This interval, then, must be the time it takes the light

to travel over the diameter of the earth's orbit. Let us call

this time 16-5 minutes, and suppose the diameter of the

earth's orbit is 186,000,000 miles : this is equal to 299,270
million metres. To find then the velocity of light in metres

per second, we must divide this by i6'5 x 60, and we find

as the result 302,300,000.

Shortly after the time of Rcemer, the fact that light

moves with a finite though great velocity was applied by

Bradley to explain the phenomenon of aberration of the

stars. The direction in which light from a star will appear

to come to us will be the direction of its relative motion

with respect to the earth, and will thus vary as the earth

changes its position in its orbit. In consequence, the star

will appear to be displaced from its true position, and we

can show that the amount of its displacement will de-
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; *

pend on the ratio of the velocity of the

earth to that of light.

The recent calculations of Gill from

the mean of the best modern determina-

tions of this quantity give as its value

0000994, while the value of the velocity'

of light deduced from this will depend on

the value we take for the solar parallax.

If we take this as 8 "'80, the velocity of

light will be about 299,300,000 metres per \

second.

Neither of these methods, depending
as they do on the delicate astronomical

measurements of the solar parallax and the

constant of aberration is, however, sus-

ceptible of very great accuracy at any
rate in the individual measurements,

though probably the mean of the large

number of observations which have been

made gives us a result which does no

differ much from the truth.

Two other methods for making the de-

termination have been devised by Fizeau

and Foucault respectively. A modification

of Fizeau's method has lately been use<

successfully in Scotland by Messrs. Young
and J. A. Forbes, while A. A. Michelson

of the United States Navy, has determinec

the velocity by Foucault's method, with

some small alterations of detail. We wil

consider Fizeau's method first.

L and L' (fig. 182) are two telescopes

at a considerable distance apart, directed

to look into each other with their axes

parallel. At the focus of L' is a plane

mirror M, at right angles to the axes of the
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telescopes, while between the object-glass and focus of L is

a plane piece of glass G, inclined at an angle of 45 to the

axis, i is a bright source of light, the rays from which pass

through an aperture in the tube of the telescope L, and fall

on the glass G ; they are there reflected along the axis, and
i is so placed that its image, formed by reflection from the

glass G, coincides exactly with the focus of the telescope L.

The rays then emerge from its object-glass parallel to the

axis, and after traversing the distance L L', which, in Fizeau's

experiment, was 8,663 metres, fall on the object-glass of L',

and are refracted by it to its principal focus.

There they are incident on the plane mirror M, and

being reflected by it emerge again from L' as a parallel

pencil of rays, and passing through the first telescope L,

produce on the eye of the observer E the impression of a

bright star of light at M. R is a toothed wheel which re-

volves about an axis parallel to that of the telescopes, and

is so adjusted that as it turns its teeth pass directly between

the image of i, formed by the glass G and the mirror M. As

each tooth in succession crosses the axis of the telescope L,

the light reflected from G is intercepted by it and prevented

from reaching M, while the return beam from M is also

intercepted and prevented from reaching the eye. Let us

suppose that the breadth of each tooth is equal to the dis-

tance between two consecutive teeth. If the wheel be

moving somewhat slowly, as each space between two teeth

begins to cross the axis of L, the light will pass through, and

after reflexion at the mirror M will arrive back at the wheel

before the whole space has crossed ;
it will thus reach the

eye, and the star M will be visible. Suppose now that the

rate of rotation of the wheel is increased. Then it may

happen that by the time the light reflected from M again

arrives at R a tooth is crossing the axis, and in this

case the return beam is stopped and the star of light is

eclipsed.

This will happen if the velocity of the tooth be such that
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it passes through its own breadth in the time occupied by
the light in travelling from L to M and back.

If we double the velocity, by the time that the return

beam reaches R the space next to the one through which,

the light passed will be crossing its path, and we shall see

the star bright through this
;
while with a treble velocity'

there will be an eclipse again, and so on.

Now, in Fizeau's experiments the wheel had 720 teeth,

and the first eclipse took place when the wheel turned 12 '6

times per second. Thus the time required to turn through

the width of a tooth was - x x -^ of a second, and
2 720 1 2 '6

this is equal to - of a second.
18144

But in this time the light has travelled twice the dis-

tance between M and the wheel, that is, through 2 x 8,663,

or 17,326 metres. Thus the velocity of light is

17,326 x 18,144 metres per second, and this, when multi-

plied out, is rather greater than 314,000,000 metres per

second. Cornu, in 1876, repeated the experiments with

improved apparatus, and arrived at the result 300,400,000
metres per second.

The observations required for this method are difficult

to carry out, since it is almost impossible to determine

exactly the rate for which the star appears to be eclipsed.

This rate may be allowed to vary appreciably without pro-

ducing vision at all. Until the speed of rotation differs con-

siderably from that required for darkness, the amount of

light which reaches the eye will be too small to affect the

retina

In the recent experiments of Messrs. Forbes and Young,
a second reflecting telescope L" (fig. 182) is used behind L'.

These two and the telescope L are so adjusted that when the

wheel is at rest the observer sees two stars side by side.

This second telescope L" is considerably further from L

than L'. As the wheel is rotated L" is eclipsed before L'. If
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the speed of rotation be gradually increased L" comes
into view again, its brightness continually increasing, while

L' continues to get less bright ;
and a speed can be found

for which L' and L'' appear equally bright. It is easier to

determine accurately this speed than to find that at which
either light is eclipsed. As we increase the speed L' dis-

appears, and then comes into view again, getting brighter,

while L" has arrived at its maximum, and is decreasing in

intensity, and a second speed can be found for which the

brightness of the two again coincide. Thus we can deter-

mine a series of speeds at which the two lights are equally

bright, and from these speeds can find the velocity of

light.

The formula, which gives the result in terms of the

quantities actually observed, is somewhat complicated, and

for it reference must be made to the original memoir ('Phil.

Trans.' Part I. 1882). The value obtained is 301,382,000
metres per second.

We come next to the experiments of Michelson, who

employed a method which is a modification of Foucault's.

s (fig. 183) is a slit with its length at right angles to 'the paper,

through which light passes, falling on a plane mirror R, which

is capable of rotating about an axis in its own plane, also at

right angles to the paper. L is a lens of considerable focal

length placed at the distance of its own focal length from R.

For certain positions of the mirror R the light reflected there

will fall on the lens L, and an image of the slit s will be formed

as at M suppose. Another plane mirror is fixed so as to pass

through M with its plane at right angles to the line R L.

If the position of the revolving mirror be such that the

axis of the pencil reflected from it falls anywhere on the

lens L, the light, after passing this lens, will emerge parallel

to R L, and fall perpendicularly on the mirror M ;
it will be

reflected back again along the same path to R, and if in the

time occupied by the light in travelling from R to M and

back, the revolving mirror has not appreciably altered its
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position, the return pencil will be reflected back to s, and

an image of the slit formed, which will coincide with s.

If, however, the mirror R be revolving rapidly in the

direction of the hands of a watch, so that by the time the

pencil reflected from M reaches it, its position is that indi-

cated by the dotted line ; the image of the slit formed by

FIG. 183.

s'

reflexion from it will no longer coincide with s, but will

be displaced to some point s' to the left of s
;
and the

amount of this displacement will depend on the velocity of

the mirror and the time occupied by the light in travelling

from R to M and back.

If we measure the displacement s s', the distances s Ri

and R M and the rate of rotation of the mirror, we can cal-'

culate the velocity of light
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Let s s' = ?, s R = a, R M -
c

v = velocity of light

r = time taken by light to traverse twice the dis-

tance R M
= angle turned through by mirror in time r

N = number of complete revolutions of mirror in

one second

In one second the mirror turns through an angle of

2 if N
; therefore in T seconds it will turn through 2 ?r N r.

Thus 6 = 2 TT N r.

Again, by turning the mirror through an angle 6, the

reflected ray has been turned from the position R s to R s'.

/. angle s R s' = 26.

Also s s' = s R tan s R s'.

= a tan 2 6.

so that S = a tan 4 TT N r.

But r = the time taken by light to travel twice the dis-

tances R M.

2

a tan

We may simplify the formula if we remember that the

angle 2 6 being very small, we may write 2 for tan 2 6 ap-

proximately, and hence

a x 8?rN C

v

-H ac

In Michelson's experiments

a = 8-58 metres.

c = 605 metres.

= -113 metres.

N = 257

approximately.
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Substituting in the formula we find v = 296,500,000
metres per second.

Michelson's final result, taking into account all the

necessary corrections, is 299,940,000 metres per second.

Taking as our result the mean of the last three determi-

nations, we get finally for the velocity of light in vacuo,

300,574,000 metres per second.

We have hitherto assumed that waves of all colours travel

through the air at the same rate. Messrs. Young and Forbes

believe that their experiments prove that this is not the case.

They find that the reflected stars were seen to be coloured

one reddish, the other bluish. The particular colour of a

particular star depended on the speed of rotation of the toothed

wheel. The star which was increasing in brightness with

increase of speed of the toothed wheel was reddish, the one

that was diminishing with increase of speed was bluish.

This appearance can be explained by the assumption
that blue rays travel more quickly than red. To test this

experiments were actually made, using instead of white

light the red and blue rays respectively of the spectrum ol

the electric light formed by a prism, and they find that the

difference in velocity between the red and blue rays amounts

to about i -8 per cent, of the whole.

There are, however, numerous considerations which lead

us to look for some other explanation of the phenomena
observed. Thus, if the above result be true, the image oi

the slit s formed in Michelson's experiments should not be

white, but drawn out into a spectrum of more than two

millimetres length. No such effect was observed. The

image was white, and the various individual measurements

of its position agreed to less than a tenth of a millimetre.

Again, if the velocity of light depends on the wave-length,

Jupiter's satellites should be coloured just before and just

after eclipse : red just before, for the last red rays would

arrive later than the blue
;
and blue just after, for the first

blue rays would reach the eye soonest. The same would be
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true of temporary stars, while the effect of aberration would
be to draw out the star into a small spectrum. None of

these consequences have been observed.

In addition to this, Lord Rayleigh has pointed out

that the theoretical difficulties in the way of accepting
Messrs. Forbes and Young's explanation are very great. He
has shown that in cases in which the velocity of wave

propagation depends on the wave-length, there is a dif-

ference between the velocity of a single wave and the

velocity of a group of waves. If we watch the crest of a

wave at sea, and find it travels forward at the rate of a metre

per second, we should call this the velocity of the wave.

But in the case of light we cannot thus distinguish a parti-

cular wave. What we have to do is to impress some

peculiarity on a group of waves, and watch the rate at which

this peculiarity travels. We call this rate the group velocity,

let us denote it by u
;
v being the wave velocity, or rate of

propagation of an individual wave. Whenever v depends
on the wave length the mathematical theory shows that u

and v are different.

Assuming that Forbes and Young's results are true, and

that the relation between velocity and wave-length in air is

of the same nature as in glass, Lord Rayleigh has proved
that u, the group velocity, would be about 3 per cent,

greater than v, the relation connecting the two being

v = u (i -0273).

He has shown, moreover, that the experiments of Fizeau,

Cornu, Forbes, and Young, and the observations on Jupiter's

satellites, would give us u, the group velocity, for they all

depend on impressing a peculiarity the intermittence of

the light on the train of waves, and measuring the rate at

which it travels. The theory of aberration, on the other

hand, would give us v, the actual wave velocity ; while the

result of the experiments of Foucault and Michelson would

bev 2
/u.
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This last result can be proved only by the aid of mathe-

matics.

Hence if v be the velocity determined from Michelson's

experiments, we should have

z; = v 2
/u = u (i '0546).

Thus there should be a difference of nearly 3 per cent,

between the values obtained from the theory of aberration

and the experiments of Cornu or Forbes and Young, and of

more than 5 per cent, between those values and those

deduced from the experiments of Foucault or Michelson. I

Those considerations constitute an almost irresistible

weight of evidence against the views of Forbes and Young,

although we are unable to say to what cause the appearances
observed by them must be assigned.

Our final conclusion then will be that in air, as in a

vacuum, waves of all colours travel at the same rate, while

the velocity of white light in a vacuum is 300,574,000 metres

per second
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, velocity of, 54

Lloyd, i2i, 325, 327
Lockyer, 257
Lorentz, 420
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Malus, 318, 339

Maxwell, J. C., 3, 355, 4M> 4*6, 417,
j
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Michelson, A. A., 422, 425
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Miller, Prof., 212
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NEUMANN, 305, 420
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Rays in a crystal, 305
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Rowland, 193, 417, 419
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Schuster, 257, 417
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Secondary waves, 38, 39
Shadows, 19
Slit measurement of, 162

Soleil's compensatcr, 408
Sound, 3, 5

shadow, 149
Specific inductive capacity. 416
Spectra, comparison of two, 254
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Spectroscope, the, 234, 248

, direct vision, 251
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interference of, 140
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: of phase in, 120, 129

YOU
Thin plates, interference of, 125
Thomson, J. J., 420- Sir W., 258, 417
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